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Abstract: This paper is devoted to studying the existence and uniqueness of weak solutions
for an initial boundary problem of a nonlinear fourth-order parabolic equation with variable
exponent v; + div(|VAv|[PM-2VAv) — |Av[i®)-2Av = ¢(x,v). By applying Leray-Schauder’s
fixed point theorem, the existence of weak solutions of the elliptic problem is given. Furthermore, the
semi-discrete method yields the existence of weak solutions of the corresponding parabolic problem
by constructing two approximate solutions.
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1. Introduction

We mainly study the following fourth-order parabolic equations with variable exponents:

v + div(|VA0[PM 2V Av) — | Av|T¥ 2 Av = g(x,0), (x,t) € Qr, 1)
v(x,t) = Nov(x,t) =0, (x,t) €T, (2)
v(x,0) = vp(x), x €, 3)

where () is an open, bounded domain in RN, 9Q) € C!. Define Qr = Q x (0, T) and T't = 9Q x (0, T).
If p is a constant (especially p = 2 and g = 2), the Equation (1) has the structure of the classical
Cahn-Hilliard problem, which is often used to describe the evolution of a conserved concentration
field during phase separation in physics. It is also related to the thin-film equation if |V Ag|P(¥)~2
becomes v?, which can analyze the motion of a very thin layer of viscous incompressible fluids along
an include plane.

There have been some results related to the existence, uniqueness and properties of solutions to
the fourth-order degenerate parabolic equations (see [1,2]). The paper [3] has studied the existence of
the Cahn-Hilliard equation and the reader may refer to [4] to obtain its physical background. For the
constant exponent case of (1), the paper [5] has given the existence and uniqueness of weak solutions.
For the problems in variable exponent spaces, the papers [6-8] have studied the existence of some
fourth-order parabolic equations with a variable exponent, and [9] has given the Fujita type conditions
for fast diffusion equation.

For the research of the existence and long-time behavior of the fourth-order partial differential
equations, the entropy functional method is often applied in order to obtain the necessary estimates
and to show the entropy dissipation. The large time behavior of solutions of the thin film equation
ur + (u"tyrr)x = 0 was addressed in [10,11] by the entropy function method. For 0 < n < 3, [12]
proved the existence of (1) in the distributional sense and obtained the exponentially fast convergence
in L*-norm via the entropy method of a regularized problem. We apply the idea of the entropy method
to deal with the corresponding problems with variable exponents.
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In this paper, we apply the Leray-Schauder’s fixed point theorem to prove the existence of weak
solutions of the corresponding elliptic problem of (1)—(3) in order to deal with the nonlinear source.
Furthermore, the semi-discrete method yields the existence of weak solutions of the parabolic problem
by constructing two approximate solutions. We will show the effect of the variable exponents and the
second-order nonlinear diffusion to the degenerate parabolic Equation (1).

1.1. Preliminaries

We introduce some elementary concepts and lemmas related to the variable exponent spaces
in this part.
Let p(x) > 1 be a continuous function in Q) and we define the variable exponent space as follows:

L£rO Q) = {v(x) : v is measureable and T,y (v) = /Q lo]PMdx < oo}

. (Y
ol = inf {7>0: T, (2) <1},

It is easy to check that the variable exponent space £P(*) (()) becomes the classical Lebesgue space
LP(Q) when p(x) is a positive constant.

with the norm

For convenience, we list some definitions and notations of the generalized Lebesgue-Sobolev
space WhP() (Q):
WhPE) (Q) = {v(x) € Lr@(Q) : D*0 € £ (Q), |a| < k},

[ollypkp =2 Y [D*0p(x),
| <k

Ey = {v € WP () n W2 (Q) n w21 (Q)| Ao e Wit P ()},
Ey =: {v € H3(Q) n W™ () nW2P®) () n W ()| Av € WP ()},

£V (Q) denotes the dual space with ,1 + S 1.

p(x) " plx)

Moreover, Wg'p(x) denotes the closure of C3(Q) in W&?(¥)(Q) —norm, W, L) (Q)) denotes the

dual space of Wé’p (x) (Q)). For any positive continuous function 6(x), we define

0~ = inf 0(x),0" = sup6(x).

x€Q xeQ

Throughout the paper, C and C;(i = 1,2,3,...) denote the general positive constants independent
of solutions and may change from line to line.
In the following, we list some known results for the variable exponent spaces (see [13,14]).

Lemma 1. Letting f € £PY)(Q), one has
(1> Hf”p(x) < 1(: 1> 1) — Tp(.)(f) < 1(: 1> 1);
+ -
@ [l < 1= IF1%5, < Ty () < 10,y
- +
Wl = 1= 1£170 < T (F) < 1177y

G fllpx) = 0= Ty (f) = O Ifllp(x) = 00 == Tp()(f) — 0.

Lemma 2. (Poincaré’s inequality) Letting f € Wé’p (x)(Q), there exists a positive constant C such that
Hf”p(x) < CHVf”p(x)'
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Lemma 3. (Holder’s inequality) Letting f € LPX(Q) and g € LP'™)(Q), one has | [ fedx| <
(3 + ) 1l I8y < 20l 18-

1.2. Results

In (1), we require that p(x) and q(x) are two continuous functions in Q and p—,4~ > 1. Besides,
the nonlinear source term g(x,v) € C!(Q x R) satisfies the growth condition:

1g(x,0)| < K|o|'®) +5(x), v € (—o00,+00),x € O, @)

where K is a positive constant, [(x) is a continuous function in O and s(x) € £¢'(*)(Q). Furthermore,
by letting 7t(x) =: I(x)p’(x), we require that

mt Np(x)
— <L0<I(x) < : ®)
p O
The corresponding steady-state problem of (1)-(3) has the form:
div(|V AP 2T Av) — | Av]1)72 A0 = ¢(x,0) in Q, (6)
v = /Av = 0on Q. (7)
The weak solution is defined in the following sense.
Definition 1. A function v € E is said to be a weak solution of (6) and (7) provided that
- / |V AP =27 Ao Vpdx — / | A1) =2 Avgpdx = / g(x,v)pdx 8)
0 0 Jo

for each ¢ € Wé’p(x)(()) N L1 (Q) and g(x,v(x)) € LV D (Q).
The following theorem gives the existence of solutions.

Theorem 1. Let vy € Wé’p (<) (Q)). There exists at least a weak solution of (6) and (7) satisfying Definition 1.
For the evolution equation case, we define the weak solution of (1)-(3) as following.

Definition 2. A function v is said to be a weak solution of (1)—(3) provided that

(@) v € C((0,T}; £2(Qr)) N LY (0, T; W™ (Q)) n £7 (0, T; W2 (),
Ao e LV (0, ;WP (), & e £V (0, T; W17 (Q))), 0(x,0) = vg(x) ae. in Q;
(i) Forany ¢ € LV (0, T; Wé’p(x) (Q)) N LI (0, T; W21 (Q))), one has

T T
/O <%:’¢>dt:/o /Q|VAU\”(")_2VAUV¢dxdt

T T
+/ / Ao|10-2 Ay dxdt+/ / x,v)pdxdt.
A ¢ AL
The existence of solutions is the following theorem.

Theorem 2. Let p'~ >1,4'~ > 1,09 € H{(Q)N Wé’p(x)(ﬂ) and Avy € Wg’p(x)(()). There exists at least
a weak solution of (1)—(3).
Moreover, the solution of (1)—(3) is unique when g(x,v) = u(v(x,t) — b(x)) where y is a constant and

b(x) € LF')(Q).
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This paper is organized as follows. In Section 2, we prove the existence and uniqueness of weak
solution to the steady-state problem by using Leray-Schauder’s fixed point theorem. In Section 3,
we prove the existence of the solution to an evolution equation by applying the semi-discrete method
with necessary uniform estimates.

2. Steady-State Problem

In order to apply the fixed point theorem, we consider a steady-state problem with the source g(x):

div(|VA0[PW =2V Av) — | A0|10) 2 A0 = ¢(x) in O, 9)
v =Av =0ond. (10)

By constructing an energy functional and obtaining its minimizer, we have the following existence
of weak solutions.

Lemma4. Let g € LP' () (Q)). There exists a unique weak solution v € Ey of (9) and (10) satisfying

- / IV 80P 29 AoV Agdix — /Q |A0)1-2 ApAgdx
- / %) Addx (11)
forany ¢ € Eq.
Proof. Introduce a functional

F(v) :/Q o )\VAZJ| (= dx+/ |Av|" dx—/ gAvdx. (12)

For the last term, Holder’s inequality, the Young inequality, the Sobolev embedding theorem (see [15])
and the L7-theory of the second-order elliptic equation (see [16]) gives

| [ g20dx] < I8l 140l
< (3) max {lglf o sl } + / 8ol
< cmax {|lgll . sl + 5 / oy | VAl (13)

On the other hand, (12) implies

~C< inf [ (v) < F(0)=0.
vEE]

Hence there exists a sequence {v;};? ; € E; such that

F(vg) = inf F (v)(k — o0). (14)

veE;

Equations (13) and (14) give

||VAvk||p(x) <C, ”Avk”q(x) <C,
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which implies that F (v ) is bounded and thus Lemmas 1-3 yield

HkaZp < ”Avk”p(x) < CHVAUka(x)

1
< C1 maXx { </ VAUHP(X)) (/ |VAUk|p ) a } < Cg,

and

||Uk||2,q(x) < HAkaq(x)

§C3max{</Q|Avk|q(x)> (/ |Avk|‘7(") }gq.

It shows that vy belongs to the space Wé # () N W2P(x) | W24() uniformly, and then there exists
a function v € E; such that

1

v — v weakly in WS”’(")( Q)N W2 p(x) Q)N W24(x) (Q),
Av — Av weakly in W1 p(x)( Q)N LIB(Q).

Furthermore, since F (v) is weakly lower semi-continuous on Ej, we have

inf £ (v) < F(v) < liminff (v) = inf F (v),

vEE, k—o00 vEE;

ie., v is a minimizer of f (-) and F (v) = inf,cf, F (v). It guarantees that v is a weak solution
of (9) and (10).
The uniqueness is obvious and we omit the details. O

Now, we consider the problem (6) and (7) with the nonlinear source g(x, v).
Lemma 5. Letting v(x) € E; be a weak solution of (6) and (7), one has ||v||g, < C.
Proof. Multiplying (8) by v gives

/|VAv|p(x)dx+/ | Ao]1)dx
Q Q
= [ 8(x,0) A0dx < 2ligll (o) 140
<Cllgllyo) IV A2l
1 X /— 1+
<q | IV o0l ax+ Cmax gl ), I8l b (1)

By Lemmas 2 and 3 and LF-estimate (see [16]), we conclude that

V(0 gy < I(x) V()
/Q|g(x,v)| dx < C/Q(K|v| +s(x))P ®dx
< CMW/ |v|l(")7’/(")dx—l—C/ |s(x)|P“x>dx+c

<C\|v|| +C<C||Avy| +C

WlP
< C||VAv||l(x e} (16)
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and thus
/— I+ + —
max{ 1., 181175y} < Cmax{[[V A0 7, IV A0l ) +C
<1 / IV A0|P@dx + C. (17)
4 /o
Equations (15)—(17) yield
/ |VAU\P(X>dx+/ |A01¥dx < C. (18)
Q Q

It completes the proof of Lemma 5. [

Proof of Theorem 1. Letting w € L' )(Q) and § € [0,1] where we choose p*(x) such that
E1 < LP"()(Q) is compact, we consider the auxiliary problem

div(|VA0[PH =2V Av) — | A1) 2 A0 = 6g(x,w) in O,
v=Av=00n0Q.

Lemma 4 ensures its existence and so we can define the fixed point operator

T:00,1] x £/"™(Q) — £P"' (),

(6,w) — v

and T(w,0) = 0.

If o € LPFM(Q) satisfies T(w,d) = w, we can check that |w|g, £ C where C > 0 is
independence of w and ¢ from the idea of Lemma 5. The compact embedding E; — LF'(¥)(Q))
can ensure that T is a continuous and compact operator. Leray-Schauder’s fixed point theorem yields
the existence of solutions of (6) and (7). O

3. Evolution Equation

In this section, we study the existence solutions of (1)-(3). For this purpose, we establish
a semi-discrete problem at first:

%(U" — 0 1) + div(|VAG [P 2V Avg) — [ A0 10972 Ay
:g(X, Uk,]),x cQ), (19)
vr(x,t) = Avg(x,t) = 0,x € 9, 20)

where v = v(x,kh), h = Tk=1,2---,nandn € N.

n

Lemma 6. Assume vy € Ey. (19) and (20) admits a unique weak solution vy € Ej satisfying

i i i
2/ |Vvk|2dx+h2/ |VAvk|”(x)dx+h2/ | A |1 dx
k=179 k=170 k=170

i h i .
< Vop q2dx+ = / VAv_PWdx +CT, 21
k_zi/0| k1l zk; Q| k1l (21)
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and

hd h
.2 p(x) |p(x)
/ |Vo;|“dx + k§1/ |V Av; [PF)dx + / |V Av; [P dx

i
+h2/ | A1) dx
k=179
< / |vvo|2dx+ﬁ / |V Ao |P¥)dx 4 CT. (22)
Q 2 /o

Proof. According to the argument of the Section 2, we conclude that the problem (19) and (20) has a
unique weak solution vy € E; satisfying

%/{)V(vk—vk,l)-V¢dx+/0|VAvk|P(X)*2|VAvk|-VA4>dx
+/ | Av|[TO 2 A Adpdx = —/ g(x,v5_1)Apdx (23)
0 o)
for any¢ € C°(Q)). Letting ¢ = vy in (23), we have
1/ |Vvk|2dx+/ |VAvk|p(x)dx+/ | Ao |19 dx
hJa Ja Ja
:%/QVvk-Vvk,ldx—/Qg(x,vk,l)Avkdx
1 2 1 2
< = - .
_2h/0|vvk_1| dx+2h/Q|Vvk| dx /Qg(x,vk_1)Avkdx (24)
Similar to the proof of (16) and (17), we get
*/ 8(x, 1) Avpdx
o)
1 /
<5 | IVaaldr+c [ o)l Vds
! / |VAvk|P<X>dx+1/ IV A1 |P@dx + C. (25)
2 Jo 4 Jo
By (24) and (25), one has
1 24x 4+ L (x) (x)
—/ |Vog| dx+f/ |V Avg|P dx+/ | Ave | T dx
2h Jo 2 Ja Q
gi/ |vvk,1|2dx+1/ |V Avp_q[P¥dx + C. (26)
2h Jo 4 Jo

Hence, for any 1 <i < n, we obtain
i i i
2/ |Vvk|2dx+h2/ |VAvk|V(x)dx+hZ/ | Av |19 dx
k=170 k=170 k=170

i h i
< Vo 1|*dx + = / VAv_[PWdx + CT. 27
k_zi/0| k1l zk; Q| k1l (27)

It completes the proof of (21) and (22) obtained from (21). O

Now, we are in the position to define the first approximate solution of (1)—(3)

o) (x,1) = Y. 1oy (1) 2s)
k=1
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where X (t) is the characteristic function over the interval ((k — 1)k, kh] fork = 1,2,...,n

approximate solution, we have the following uniform estimates.
Lemma 7. One has

(n) (n)
1™ 20,2300y + 0@ H,CP’(O,T;W&”’(")(Q))

VAR PR 2V AR | g ) + |4 102 A0
+ ||g("‘°(n))“z:f’”(m) <C.
Proof. By Lemma 6 and
I90® oy = 1V0:() 220y < C.

we have the estimate
Vo™ lzoo0,7:02(02)) < C-

On the other hand, we have

1
=

T _
_ p
||Aa)(”) ||£p, (O,T;Wé,p(x)) = (/O ||Aa)(”) |1,p(X)dx)

1
= (h Yy, Hmkngﬁp(x)dx)
k=1

=

1

n _ ) n
< (Ch y ||VAvk||Z(x)dx> <c <h Z(/Q |VApk|P(x)dx+1)>
k=1

k=1
1

<C(C+T)r.
Letting i = n in (22), we get
T T
/ /|VAw(”)|P(x)dxdt+/ /IA@(”)W(")dxdt
0 JO 0 Jo
n n
=h Z/ |VAUk|p(x)dx+h Z/ |Avk|q(x)dx <C.
k=179 k=179

O

Another approximate solution is defined as follows:
n
o (x, 1) = Y xk(B)[0(£)or(x) + (1= 8(£)) o1 (x)],
k=1

where

{ L (k—1), ifte ((k—1)hkh],

0, otherwise.

We also obtain some uniform estimates for this approximate solution.

Lemma 8. One has

(n)
o rw-w @) 12" 2o ey < ©

%
ot

: HE"/ (Qr)

8of 13

. For this

(29)

(30)

(31)

(32)

(33)

(34)
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Proof. By (33), we get

=7 ) Xe(ok = vg1) (35)
Ty
and then
a0 UVECERNG
/ H WL (x Q)dtg/o < ot ,1p> dt
T P
<c [M £ ) [ 19000027 0, pas| a
P
(t)/Qg(x,vk_1)1/de dt
p-
(t)/ | Ao |10 2 Avppdx| At
<CIvaR ™|, o +Clig(x v DIE,- @)
<C,
forany ¢ € Wé’p(x)(Q) with [|]], . ) () < 1. It follows from (22) and (33) that
m
Hv(n) HE’”(O,T;H%(Q))
T 7
L)'
2\ %
:cm/0 (/ () Vor(x) + (1 = (1)) Vo1 (x)] dx) dt

m

—cm ;/(k—l)h </Q|[19k(t)Vvk(x)+(1—19k(t))Vvk ()] dx> Car

%l
<cm ([ (Vo0 + 900 ()Pl
Scm+nl
with C > 0 independent of m. Perform the limit m — co to get

1o e~ o ey = Jim, 1™l en o ey < €

O

Proof of Theorem 2. By (29) we can seek a subsequence of @) (still denoted by itself) and two
functions v € £V' ) (Q7),v" € £7®) (Qr) such that

@™ — v weakly *in £L2(0, T; H)(Q))),

Ao™ — Novweakly in L (0, T, WP (Q)),

VLA™ P27 A0 — v weakly in £r'®) (Qr),

|A@™M 102 A0 — v/ weakly in £1¥) (),
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asn — oo.
It is easy to check that there exists a positive integer r such that W= (Q) — H"(Q) and thus

compact

the embedding H}(Q) L£2(Q) < H7(Q), the uniform estimate (34) and the Aubin lemma [17]
yield the existence of a subsequence of v(") and a function ¢ such that, as 1 — oo,
(n) -
a’gt - % weakly in £F (0, T; W= 1P (),

o) — g weakly *in £2(0, T; H3(Q0)),
oM o strongly in C(]0, T}}EZ(Q))/

o = pae. inQr.

Moreover, (23) gives, for any ¢ € C°(Qr),

/OT/Q(@(”) — U(”))cpdxdt‘

— /OT/Q ka(t)(l—ﬁk(t))(vk—vk_l)gz»dxdt‘
k=1

T n

= / hZXk(l—ﬁk)/ (IVAY PO 2V Ay Vg
(It 0

+ | Avg| 192 Aved + g (x, Uk_l)cp)dxdt‘

T
- (n) [p(x) =257 A g )
_h/o (‘/meo P27 A@ )V pdx

+| [ 1200220 gdx

Jar

M\ od
+‘/Qg(x,a> )pdx
<Ch—0,

+‘/Qg(x,vo)cpdx

asn — oo.
By the continuity of ¢ and ¢ = v a.e. in Qr, we have g(x, @) — g(x,v) a.e. in Q. Furthermore,
the estimate (see Lemma 7) ||g(x, @) ) <o gives

”gp’(x)(QT
g(x,@™) = ¢(x,0) weakly in Ep,(x)(QT).
Applying (23) and (35), we obtain, for any test function ¢,
T v
Jy o)
T
- / /Q IV A0 P27 A T pdxdt
0
T
+ / / 1AM [16)-2 A0 pdxdt
Jo Ja
T
—i—/ /Qg(x,(i)(”))cpdxdt—i—h/ﬂg(x,vo)cp(x,O)dx
0

—/(:l)h/gg(x,vnmdxdt.

By taking n — co, we have
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/()T<git’,¢>dt: /OT/Qqubdxdt+/O.T/Qv’gbdxdt+/()T/Qg(x,v)<pdxdt.

It remains to prove v = |VA9|[PM) -2V Ap and v/ = |Av|70)-2Ap. By using v as a test function
in (23) and integrating by part, we get

T T
%/Q‘VU(JC,T)Fdx—%/Q‘VUQFdx—i—/ /QVVAvdxdt—i—/ /K)U’Avdxdt
0 0
T
:—/0 /Qg(x,v)Avdxdt. (36)
On the other hand, (23) implies
1/ Vo™ (x T)|2dx71/ Voo Pdx
2 Jo ' 2 Ja
T , T
+ [0 1vae P [ [ jaet i
0 JO 0 JO
T
§—/0 /Qg(x,co(”))A(D(”)dxdt—h/Qg(x,UO)vodx
T
, dxdt. 37
+/(n71)h/0g(x U )Updx (37)
For any test functions ¢, ¢; and constant e > 0, we have
T ,
| L P20 — 2 (o) — )t > 0, (8)
and
T ,
L0200 — 9021 (o — )t =, 39)

where p(") = VA®@™, . = VA(v — e¢)) and pgn) =AM, . = A(v —e¢y).
By (37)—(39), we arrive at

! 245 — 240 - [ e P
2/0|Vv(x,T)| dx Z/QWUO\ dx /O /Q|VA(ZJ e¢)|P¥) dxdt
T
—i—/ /Q\VA(U—£4>)|p(x)*2VA(U—s¢)VAvdxdt
0
T T
_ — - q(x)
-l—/o /QVVA(U e¢p)dxdt /O/Q|A(v epq) |1 dxdt
T
—i—/o /Q\A(v—e4>1)|‘7(x)_2A(v—84)1)Avdxdt
T T
/ —_— J—
—i—/o /01/ A(v —egp)dxdt < /O/Qg(x,v)Avdxdt.
Moreover, (36) gives
T
/0 IV A0 =) P2V A0 - e) — VIV Agdxds

+/OT/QHA(U_84’1)|q(x)72]ﬁ(0—€4>)—V']Atpdxdtgo,
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By letting ¢ — 0, we obtain

T T
/ /Q [V 20]P®0) 2] Av — 1]V Agdxdt + / /Q (120992 A0 — /] Agydxdt
0 0
<0

By letting ¢; = 0, we have
T
/ / [V 20" =29 Av — 1]V Agdxdt < 0.
0 JO

The arbitrariness of ¢ yields |[VAv|[P®¥)2VAv = v, ae. inQr. Similarly, we can obtain

\AUW(")’ZAU =v,ae. inQr. O

Proof of Uniqueness. Let v1(x) and v, (x) be two weak solutions to (1)—(3) and ¢ = v; — v,. By taking
A¢ as the test function, we get

1t d

t
+ /0 /Q [V A0y [PH 72V Avy — |V Ay [PY 2]V Ay ]V Addxdt
t t
+/0 /QHA?HW(X)_ZA?M—|szlq(")_2sz]A¢dxdt:y/0 /Q|V4>|2dxdt.

It implies

t
V2d<2//V2ddt,
[ voPdx <o [ [ V4P

where we have used the fact (|x|"2x — |y|" 2y)(x —y) > Oform > 1 and x,y € R (or RY).
By Gronwall’s inequality, we obtain v1 (x,t) = vp(x,t) a.e. in Qp. O
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