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Abstract: In the paper we define three kinds of entropy of a fuzzy dynamical system using different
entropies of fuzzy partitions. It is shown that different definitions of the entropy of fuzzy partitions
lead to different notions of entropies of fuzzy dynamical systems. The relationships between these
entropies are studied and connections with the classical case are mentioned as well. Finally, an analogy
of the Kolmogorov—Sinai Theorem on generators is proved for fuzzy dynamical systems.

Keywords: probability space; fuzzy set; fuzzy partition; entropy; fuzzy dynamical system

1. Introduction

The notion of entropy is basic in information theory [1,2]; it is suitable for measuring the value of
information which we get from a realization of the considered experiment. A customary mathematical
model of a random experiment in the information theory is a measurable partition of a probability
space. Partitions are standardly defined within classical, crisp sets. It turned out however, that for
solving real problems partitions defined within the concept of fuzzy sets [3,4] are more suitable.
That was a reason why several concepts of generalization of the classical set partition to a fuzzy
partition [5-10] have been created. A fuzzy partition can serve as a mathematical model of the random
experiment whose results are vaguely defined events, the so-called fuzzy events. Kolmogorov and
Sinai [11] (see also [12]) used the entropy to prove the existence of non-isomorphic Bernoulli shifts
(Example 1). Because the Kolmogorov and Sinai theory of entropy of classical dynamical systems
has many important and interesting applications, it is reasonable to also expect similar results in the
fuzzy case.

In this paper we present our results concerning the entropy of fuzzy dynamical system based
on a given probability space. The results represent fuzzy generalizations of some concepts from the
classical probability theory. First, we briefly repeat some basic facts from the theory of fuzzy partitions
(Section 2) and the classical Kolmogorov—Sinai theory (Section 3). The presented concepts of entropy
of fuzzy partitions (Rie¢an-Dumitrescu, Malicky, and Hudetz entropy) were used to define three
kinds of entropy of a fuzzy dynamical system (Section 4). We study the relationships between these
entropies and also connections with the classical case. We obtain the measure which can distinguish
non-isomorphic dynamical systems more sensitively than the Kolmogorov-Sinai entropy (Theorem 4).
Finally, we prove an analogy of the Kolmogorov—Sinai Theorem on generators for the case of fuzzy
dynamical systems. The final section presents conclusions and some suggestions for further research.
It is noted that certain basic studies on entropy of fuzzy partitions and related notions were done
in [13-31].
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2. Fuzzy Partitions

In our considerations the Kolmogorov name appears twice. First the Shannon entropy has been
used for the distiguishing non-isomorphic dynamical systems by the Kolmogorov-Sinai entropy.
We generalize the distinguishing to the fuzzy case. Secondly the whole modern probability theory and
mathematical statistics with applications is based on the set theory, and this method was suggested
by Kolmogorov. The main prerequisite of the Kolmogorov approach (cf. [32]) is the identification of
the notion of an event with the notion of a set. So consider a non-empty set (), some subsets of ()
will be called events. Denote by S the family of all events. In the probability theory it is assumed that
Sisa o— algebra.

Definition 1. A family S of subsets of a non-empty set () is called a o— algebra if the following conditions
are satisfied:

(i) Qe S,
(ii) if Ae S,then(3—Ae S,
(iii) if Ape S (n=1,2,...), then U2 Ay, € S.

The couple (Q), S) will be called a measurable space.

Definition 2. Let (Q), S) be a measurable space. A mapping P : S — [0, 1] is called a probability measure if
the following properties are satisfied:

(i) P(Q) = 1,
(i) A,BeS, An B = implies P(Au B) = P(A) + P(B),
(iii) AneS, Ayc Anpi(n=1,2,...) implies P(UE1 Ay) = lim P(Ay).
n—

The triplet (Q), S, P) is called a probability space.

If we have a set A (), and w € (), then we have only two possibilities: w € A or w € Q) — A.
The set A can be characterized by the characteristic function x4 : Q — {0, 1}. On the other hand a
fuzzy set is a mapping f : Q — [0, 1]. Analogously to the c—algebra of sets, we consider a tribe of
fuzzy sets.

Definition 3. By a tribe of fuzzy subsets of a set () we shall mean a family F of functions f : Q3 — [0, 1]
satisfying the following conditions:

(l) 10 € F,
(ii) if feF, thenl—feF,
(iii) if fueF (n=1,2,..), then supf, € F.

The elements of F are called fuzzy events. If S is a 0— algebra, then F = {x4; A € S} is a tribe.
Another example of a tribe is the family F of all functions f : Q) — [0, 1] measurable with respect
to S. Analogously to the notion of a probability P on a 0— algebra S, P: S — [0, 1], we introduce the
notion of astatemonF, m: F— [0, 1] .

Definition 4. Let F be a tribe. By a state on F we mean a mapping m : F — [0, 1] satisfying the
following conditions:

(Z) m(lg) = 1,
(ii) if f,g,heF f =g+ h, thenm(f) =m(g)+ m(h),
(Gii) if fu € F(n=1,2,..), fu 1 f, then m(fy) 1 m(f).

One of the nicest results in the theory is the Butnariu and Klement representation theorem [33]
(see also Theorem 8.1.12 in [34]).
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Theorem 1. Let F be a tribe and m : F — [0, 1] be a state. Then there exists a probability measure P
such that

m(f) = [ rap
for every f € E.

Recall that P is defined on the o— algebra 7 = {A < Q; x4 € F}. Hence it is reasonable to
consider a probability space (2, S, P) and the family F of all S-measurable functions f : Q) — [0, 1].
The following concept was used, for example, in [6,23].

Definition 5. Let (Q), S, P) bea probability space, F be the family of all S-measurable functions f : Q0 — [0, 1]
(ie, [a, Bl = [0, 1] = f~'([a, B]) €S). By a fuzzy partition (more precisely F—partition) we
understand any sequence f1, ..., fn € F such that:

A+ ottt fu=1

Evidently, if A = {fi, ..., fx} , B = {g1,...,§1} are fuzzy partitions of ((), S, P), then the system
Av B:= {fi-g;i=12,.,k j=1,2,..,1} is also a fuzzy partition of (Q, S, P). We put
v Ai = Ar v Aav...v Ay A usual measurable partition {Ay, ..., Ay} of Q) (i.e., each finite sequence
{A1, ..., An} of measurable subsets of ) such that Ul jA; = Qand A;n Aj = O (i # ) can be
regarded as a fuzzy partition, if we consider f; = x 4, instead of A;. Indeed:

XA, T XA, + T XA, = 1.

3. Kolmogorov-Sinai Entropy

An inspiration for fuzzy entropy was the entropy of the classical partition.

Definition 6. Let (), S, P) be a probability space, A = {A1, ..., An} be an S-measurable partition of Q).
Then the Kolmogorov—Sinai entropy of A is the number:

H(A) = Y IL19(P(A),

where ¢ : [0, 1] — R is the Shannon entropy defined via:

B —xlogx, if x>0;
9(x) = { 0,  if x=0.

If A, B are two partitions of (0, S, P), then A v B :={AnB; Ae A, Be B}. The symbol
Aiv A v..v A = \/i-‘: 1A; has a similar meaning.

Of course, the most important application of Kolmogorov-Sinai entropy has occured in
dynamical systems.

Definition 7. By a dynamical system we mean the quadruple (Q3, S, P, T), where (Q3, S, P) is a probability
space and T : Q) — Q) is a measure preserving transformation (ie.,, T (A) € S, and P(T~(A)) = P(A) for
any A€ S).

Example 1. Let X = {uy, ..., u}, p1, s Pk = O, p1+p2+ o+ pe =1, Q= XN = { (xp)72q: xn€ X},
S be the o— algebra generated by the family of all subsets A < () of the form
A = {(xn),: Xy = Ui, Xjy = Ujy, ..., xj, = uj,}, and P: S — [0, 1] be the probability generated by
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the equalities P ({ (xn), : Xi, =, Xjy = Uiy, ..., Xjy = Uj,}) = Piy - Piy = - - Piy, and the mapping
T : Q) — Q by the equality:

T((xn)pey) = Wn)peys Yn = Xns1, 1 =1,2,....

Then (Q), S, P, T)isa dynamical system, so-called Bernoulli shift (the independent repetition of the
experiment {p1, ..., Px})-

Let A = {A,..,As} be an S-measurable partition of (), S, P). In the following,
by T71(A) the partition { T~!(A;), T"1(A2),...,T"1(A,)} is denoted. The partition A v
T Y A)v..v T~ =D (A) = vf:é T~/(A) represents an experiment consisting of 1 realizations A,

T=Y(A), ..., T~ "= (A) of experiment A. The entropy h(T, A) of experiment A with respect to T is
defined via:

W(T, A) = lim ZH(IIT(A)).

n—oon

Definition 8. The Kolmogorov-Sinai entropy of dynamical system (Q0, S, P, T) is defined by the formula
h(T) = sup {h(T, A)},
where the supremum is taken over all S-measurable partitions A of Q).

If two dynamical systems are isomorphic, then they have the same entropy. It solves the existence
of non-isomorphic Bernoulli shifts. Probably one of the most important results of the theory of
invariant measures for practical purposes is the Kolmogorov-Sinai Theorem stating that h(T) = h(T, A),
whenever A is a partition generating the given o— algebra S (i.e., a measurable partition such that
o(UP,T~/(A)) = S). In the following section, we give an analogy of this theorem for the case of fuzzy
dynamical systems.

4. The Entropy of Fuzzy Dynamical Systems

Let us return to the fuzzy case. Let a probability space (), S, P) be given. Each fuzzy
partition A = {fy,..., fx} of Q) represents in the sense of the classical probability theory a random
experiment with a finite number of outcomes f;, i = 1,2,...,k, (which are fuzzy events) with a
probability distribution p; = m(f;) = (f;dP, i = 1,2,...,k, since p; > 0 for i = 1,2,...,k, and
MK pi =3k §fidP={YX | f;dP = 1. This is a motivation for the following definition.

Definition 9. Let (), S, P) be a probability space and A = {f1,..., fx} be a fuzzy partition of Q). Put
m(f) = § f dP. Then the entropy of A is given by the formula:

H(A) = ) iz¢p(m(fi))-

In the preceding section we have defined a dynamical system (Q), S, P, T ). Now we shall define
the fuzzy dynamical system.

Definition 10. Let (Q), S, P) be a probability space, F be the family of all S-measurable functions f:
Q— [0, 1], m(f) = §fdP. Then the quadruple (Q0, ¥, m, T), where T : F — F is m-invariant (i.e.,
m(t(f)) = m(f) forall f € F), is called a fuzzy dynamical system.

Example 2. Let T : (3 — Q) be a measure P preserving map. Define 7 : F — F by the formula:

T(f) =foT forall feF. (1)
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Then:
m(t(f) = m(f o T) :Jfonp:ffdpoT—l :ffdP:m(f),

hence T is invariant.

Example 3. Let (), S, P, T) be a classical dynamical system. PutF = {x4; A € S} . Then the system
(), E m, t), where 7 : F — F is defined by (1), is a fuzzy dynamical system. By this procedure the
classical model can be embedded to a fuzzy one.

Lemma 1. Let (Q), E m, ) be a fuzzy dynamical system, A be a fuzzy partition of Q). Then the following
limit exists:

h(r, A) = lim LH(V1T ().

n—-oon
Proof. Put:
ap = H(v!Z 7' (A)).
1
Then a,,1m < ay + am, for any n, m € N, and this inequality implies the existence of lin(')lO ;an. O]
n—

Definition 11. Let (Q), F, m, 1) be a fuzzy dynamical system. For any non-empty G < F define the
Riecan—Dumitrescu entropy hg(t) of (O, F, m, T) by the equality:

hg(7) = sup {h(z, A)},
where the supremum is taken over all fuzzy partitions Ac G .

From the following example it follows that the entropy hg(7) is a fuzzy generalization of the
Kolmogorov-5Sinai entropy.

Example 4. Let (), S, P, T) be a dynamical system. Put G = {x4; A€ S}, and definet : F - F
by (1). Then hg(t) = h(T) is the Kolmogorov-Sinai entropy.

The main result in the Rie¢an-Dumitrescu entropy is the following theorem on generators (cf. [25]).

Theorem 2. Let C be an S-measurable partition of Q) generating S, i.e., o(U®,T/(C)) = S. Then, for any
fuzzy partition A = {g1,..., g}, the following inequality holds:

h(t, A) <h(t, C)+ J.Z —19(8i)d

Of course, if G contains all constant functions, then hg(t) = 0. This defect can be removed by
two other constructions, by means of the Mali¢ky entropy and the Hudetz entropy.
In the Rie¢can-Dumitrescu definition we considered the entropy:

H (VI3 (A))

for any fuzzy partition A. Instead of this number, we will use the number H(A, T(A), ... 7" 1(A))

defined as follows. If A, B are two fuzzy partitions, A = {f1, ..., fx}, B = {g1,... g1} , then we write

A < Bif there is a partition {Iy, ..., I} of the set {1,2, ..., I} such that f; = >} gjforanyie {1,2,.. k}.
JiEl

Definition 12. Let A be a fuzzy partition. Then we define

H(A, T(A), ..., T 1(A) = inf{H(C): C>AC>1A),..C> TH(A)}.
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It is noted that this approach was suggested by Mali¢ky and Riecan in [35], but only for the case
of classical dynamical systems. The above definition includes a more general case. Similarly as in
Lemma 1, the following assertion can be proved.

Lemma 2. Let A be any fuzzy partition of Q). Then the following limit exists:

(T, A) = lim ~H(A, T(A), ..., T (A)).

n—oon
Therefore we are able to define the entropy hg(7) of a fuzzy dynamical system (Q), F, m, 7).
Definition 13. Let G < F. Then the entropy hg(T) of (Q, F, m, T) is defined by the equality:
g (1) = sup {i(x, A)},
where the supremum is taken over all fuzzy partitions A c G.
Now we can compare the entropy /g (7) with the Rie¢an-Dumitrescu entropy.
Theorem 3. For any G < F it holds:

hg(T) < hg (7).

Proof. Let A be a fuzzy partition, A = G, C = v 17! (A). Then:
A<C 1(A)<C, ..., T HA) <C,

hence:
H(A, ©(A), ..., T"’l(A)) < H(C) = H(vﬂ:gri(A)),

and:
for any A < G. Therefore hg(T)< hg(T). O

Theorem 4. Let (), S, P, T') be a dynamical system. Let G = {xa; A€ S}, m(f) = §fdP, and
T(f) = fo T. Then:
h(T) < hg(T).

Proof. Let A be an S-partition. Then:

A<C (A <C, ..., T 1A) <C,

implies: '
V:Ho T(A) <C
Hence: '
H(vIZit(A) < H(C),
and:

lim LH(VI-17(A)) < h(t, A) < fig().

n—oon 1=
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Therefore:
WT) < hg(t). O

Note that the oposite inequality hg(7)< h(T) is proved for some G in [23].

Let (O, S, P, T) be a dynamical system. In the following we shall consider a fuzzy dynamical
system (Q), E m, T), where the mapping 7 : F — F is defined by the formula 7(f) = f o T. We shall
consider the entropy suggested and studied by Hudetz in [36-38].

Definition 14. Let A = {f1,..., f} be a fuzzy partition of Q). Then the Hudetz entropy of A is defined by
the equality:

A

H(A) = Y25 p(m(f) = Y ym(e (i)

Using the Hudetz entropy of fuzzy partition we will define the entropy of fuzzy dynamical
systems. The possibility of this definition is based on the following theorem.

Theorem 5. Let (), E, m, T) be a fuzzy dynamical system, A = {f1, ..., fx} be a fuzzy partition of Q). Then the
following limit exists:

h(r, A) = lim A1 (A)).

n—oon

It holds:
e, A) = (e, A) - [ SEg(f)ap

Proof. Let A = {f}, ..., fx} be a fuzzy partition. Since A v T(A) = {f; - (fi); i=1,..kj= 1,...k},
we get:

A(A v T(A)) = H(A v (A L fam(@(fi- T(f).
Puta = {(i,j); fi-T(f;) > 0}.
Calculate:
i S m@(fi - T(f)) = § (S 12] L 9Ufi - T(f))))dP
= - (T St f,)(logfz+10gf(f])))
1,]) Ex
= =S T() Doy filogfi)dP — § (S £i) Xy T(f;)log(f;))dP
= m(SEa9(f) +m(Sae@() =2m (S 9(f)
Hence:

A(A T(A) = H(A v 7(A) —2m (S, 0(6))
By the principle of mathematical induction we get:
AMVIZAT(A) = HVIS T (A) —nm (N E10(),

1~
and therefore, hm H( _ O’L’ ' (A)) exists.

Moreover we have
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Definition 15. For any non-empty G  F define the entropy hg(7) of a fuzzy dynamical system (Q, F,
m, T) by the equality:

ftg('r) = sup {fz(f, A)} ,

where the supremum is taken over all F-partitions A c G.
The following theorem is a fuzzy analogy of Kolmogorov-Sinai Theorem on generators.

Theorem 6. Let C be an S-measurable partition of Q) generating S such that C = G < F. Then:

~

hg(t) = h(z,C) < h(z,C).

Proof. Let A = {g1,.., g} be a fuzzy partition of Q. It is sufficient to prove the inequality f(t, A) <
h(t,C). Based on Theorem 2 we have:

(e A) < h(r,C)+ | B 9(g)dP, @

According to Theorem 5:
i, A) < (e, A) = [ S 9(aP. @)

By the combination of Equations (2) and (3) we get that i(7, A) < h(t,C). O

5. Conclusions

In this paper we study the entropy of fuzzy partitions and the entropy of fuzzy dynamical systems.
The presented concepts of entropy of fuzzy partitions were used to define three kinds of entropy of
a fuzzy dynamical system. The relationships between these entropies are studied. The presented
measures can be considered as measures of information of experiments whose outcomes are vaguely
defined events, the so-called fuzzy events. Finally, we prove an analogy of the Kolmogorov-Sinai
Theorem on generators for the case of fuzzy dynamical systems.

Similarly to the set theory the fuzzy set theory has also been shown to be useful in many
applications of mathematics as well as in the theoretical research. We hope that also the present
text can be presented as an illustration of the fact. Of course, there exists a remarkable generalization
of fuzzy set theory. It was suggested by K. Atanassov and it is named IF-set theory [39,40]. Instead of
one fuzzy setf: () — [0, 1], IF-setisa pair A = (ua, v4) of fuzzy sets pa, v4 : Q — [0, 1] such that
pua—+ va < 1. Thefunction y 4 is called the membership function, the function v 4 the non-membership
function. If we have a fuzzy set f : () — [0, 1] then it can be represented as anIF-set A = (f, 1— f).
It was reasonable to construct the probability theory on families of IF-sets (see e.g., [34,41]).

There are some results about the entropy on IF-sets (cf. [42]). Namely, any IF-set can be embedded
to a suitable MV-algebra (multivalued algebra). MV-algebras (cf. [43-45]) play in multi-valued logic
similar role as Boolean algebras in two-valued logic. There are at least two ways for further research
in the area. The first way: to study the IF-entropy without using MV-algebras, and by this way to
achieve some applications. The second way: to study the entropy on MV-algebras and some of its
generalizations as D-posets (cf. [46]), effect algebras (cf. [47]), or A-posets (cf. [48-50]).
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