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Abstract: We study the asymptotic law of a network of interacting neurons when the number
of neurons becomes infinite. Given a completely connected network of neurons in which the
synaptic weights are Gaussian correlated random variables, we describe the asymptotic law
of the network when the number of neurons goes to infinity. We introduce the process-level
empirical measure of the trajectories of the solutions to the equations of the finite network
of neurons and the averaged law (with respect to the synaptic weights) of the trajectories of
the solutions to the equations of the network of neurons. The main result of this article is
that the image law through the empirical measure satisfies a large deviation principle with
a good rate function which is shown to have a unique global minimum. Our analysis of the
rate function allows us also to characterize the limit measure as the image of a stationary
Gaussian measure defined on a transformed set of trajectories.
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1. Introduction

The goal of this paper is to study the asymptotic behavior and large deviations of a network of

interacting neurons when the number of neurons becomes infinite. Our network may be thought of as
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a network of weakly-interacting diffusions: thus before we begin we briefly overview other asymptotic
analyses of such systems. In particular, a lot of work has been done on spin glass dynamics, including
Ben Arous and Guionnet on the mathematical side [1-4] and Sompolinsky and his co-workers on the
theoretical physics side [5-8]. Furthermore, the large deviations of weakly interacting diffusions has
been extensively studied by Dawson and Gartner [9,10], and more recently Budhiraja, Dupuis and
Fischer [11,12]. More references to previous work on this particular subject can be found in
these references.

Because the dynamics of spin glasses is not too far from that of networks of interacting neurons,
Sompolinsky also succesfully explored this particular topic [13] for fully connected networks of rate
neurons, i.e., neurons represented by the time variation of their firing rates (the number of spikes they
emit per unit of time), as opposed to spiking neurons, i.e., neurons represented by the time variation
of their membrane potential (including the individual spikes). For an introduction to these notions, the
interested reader is referred to such textbooks as [14—16]. In his study of the continuous time dynamics
of networks of rate neurons, Sompolinsky and his colleagues assumed, as in the work on spin glasses,
that the coupling coefficients, called the synaptic weights in neuroscience, were random variables
independent and identically distributed with zero mean Gaussian laws. The main result obtained by
Ben Arous and Guionnet for spin glass networks using a large deviations approach (respectively by
Sompolinsky and his colleagues for networks of rate neurons using the local chaos hypothesis) under the
previous hypotheses is that the averaged law of Langevin spin glass (respectively rate neurons) dynamics
is chaotic in the sense that the averaged law of a finite number of spins (respectively neurons) converges
to a product measure as the system gets very large.

The next theoretical efforts in the direction of understanding the averaged law of rate neurons are those
of Cessac, Moynot and Samuelides [17-21]. From the technical viewpoint, the study of the collective
dynamics is done in discrete time, assuming no leak (this term is explained below) in the individual
dynamics of each of the rate neurons. Moynot and Samuelides obtained a large deviation principle
and were able to describe in detail the limit averaged law that had been obtained by Cessac using the
local chaos hypothesis and to prove rigorously the propagation of chaos property. Moynot extended
these results to the more general case where the neurons can belong to two populations, the synaptic
weights are non-Gaussian (with some restrictions) but still independent and identically distributed, and
the network is not fully connected (with some restrictions) [18].

The common thread to all of the above approaches is that, in the large network limit, the neurons
are (probabilistically) independent of each other. This independence is desirable because it facilitates a
reduction to the macroscopic level, since the net activity of the network can be accurately represented
by the mean activity of any particular neuron. However, as our results further below demonstrate,
complete independence between the neurons is not the only situation in which one may obtain an accurate
reduction to the macroscopic level. We are therefore motivated to incorporate in the network model the
fact that the synaptic weights are not independent and in effect often highly correlated. One of the reasons
for this is the plasticity processes at work at the levels of the synaptic connections between neurons; see
for example [22] for a biological viewpoint, and [14,16,23] for a more computational and mathematical
account of these phenomena.
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Our results imply that there are system-wide correlations between the neurons, even in the asymptotic
limit. The key reason why we do not have propagation of chaos is that the Radon-Nikodym derivative
% of the average laws in Proposition 8 cannot be tensored into /N independent and identically
distributed processes; whereas the simpler assumptions on the weight function A in Moynot and
Samuelides allow the Radon-Nikodym derivative to be tensored. We remind the reader that the
Radon-Nikodym derivative of a measure with respect to another measure is an extension to more general
spaces of the following simple result from differential calculus: given two differentiable functions F'(x)
and G(z) defined on R with derivatives f(z) and g(z), then the ration of the differentials dF'(z) and
dG(z) is equal to f(x)/g(z) whenever g(z) # 0. In this example, the first measure is f(z) dz and the
second g(x) dz. The interested reader may look at standard textbooks on real and complex analysis such
as [24].

A very important implication of our result is that the mean-field behavior is insufficient to characterize
the behavior of a population. Our limit process f. is system-wide and ergodic. Our work challenges the
assumption held by some that one cannot have a “‘concise” macroscopic description of a neural network
without an assumption of asynchronicity at the local population level.

In more details, the problem we solve in this paper is the following. Given a completely connected
network of firing rate neurons in which the synaptic weights are Gaussian correlated random variables,
we describe the asymptotic behavior of the network when the number of neurons goes to infinity. Like
in [18,19] we study a discrete time dynamics but unlike these authors we cope with more complex
intrinsic dynamics of the neurons, in particular we allow for a leak (to be explained in more detail below).
In the large-size limit, the neurons are highly correlated. The probabilistic law is ergodic, which basically
means that it is invariant under a shift of the indices. Despite the non-trivial correlations, we are able to
obtain a macroscopic process . which describes the large-size behavior of the system. Furthermore we
are able to obtain various “reductions” to the macroscopic level, as outlined in Section 6.

To be complete, let us mention the fact that this problem has already partially been explored in Physics
by Sompolinsky and Zippelius [5,6] and in Mathematics by Alice Guionnet [4] who analyzed symmetric
spin glass dynamics, i.e., the case where the matrix of the coupling coefficients (the synaptic weights in
our case) is symmetric. This is a very special case of correlation. The work in [25] is also an important
step forward in the direction of understanding the spin glass dynamics when more general correlations
are present.

Let us also mention very briefly another class of approaches toward the description of very large
populations of neurons where the individual spikes generated by the neurons are considered. The model
for individual neurons is usually of the class of Integrate and Fire (IF) neurons [26] and the underlying
mathematical tools are those of the theory of point-processes [27]. Important results have been obtained
in this framework by Gerstner and his collaborators, e.g., [28,29] in the case of deterministic synaptic
weights. Related to this approach but from a more mathematical viewpoint, important results on the
solutions of the mean-field equations have been obtained in [30]. In the case of spiking neurons but
with a continuous dynamics (unlike that of IF neurons), the first author and collaborators have recently
obtained some limit equations that describe the asymptotic dynamics of fully connected networks of
neurons [31] with independent synaptic weights.
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Because of the correlation of the synaptic weights, the natural space to work in is the infinite
dimensional space of the trajectories, noted 7Z, of a countably-infinite set of neurons and the set of
stationary probability measures defined on this set, noted Mf S(TH).

We introduce the process-level empirical measure, noted /i, of the N trajectories of the solutions to
the equations of the network of N neurons and the averaged (with respect to the synaptic weights) law
QN of the N trajectories of the solutions to the equations of the network of N neurons. The first result of
this article (Theorem 1) is that the image law ITV of Q¥ through /1" satisfies a large deviation principle
(LDP) with a good rate function 4 which is shown to have a unique global minimum, z.. We remind the
reader that the notion of an image law is simply an extension to more complicated objects than functions,
i.e., probability measures, of the usual notion of a change of variables. The interested reader is referred
to e.g., the textbook as [32]. Thus, with respect to the measure TV on MT 5(T?%), if the set X contains
the measure d,,,, then [TV (X) — 1 as N — oo, whereas if d,,, is not in the closure of X, [TV (X) — 0
as N — oo exponentially fast and the constant in the exponential rate is determined by the rate function.
Our analysis of the rate function allows us also, and this is our second result (Theorem 3), to characterize
the limit measure (.. as the image of a stationary Gaussian measure /i defined on a transformed set of
trajectories 7 %. This is potentially very useful for applications since He can be completely characterized
by its mean and spectral density. Furthermore the rate function allows us to quantify the probability of
finite-size effects. Theorems 1 and 3 allows us to characterize the average (over the synaptic weights)
behavior of the network. We also derive, and this is our third result, some properties of the infinite-size
network that are true for almost all realizations of the synaptic weights (Theorems 4 and 6).

The paper is organized as follows. In Section 2 we describe the equations of our network of neurons,
the type of correlation between the synaptic weights, define the proper state spaces and introduce
the different probability measures that are necessary for establishing our results, in particular the
process-level empirical measure, fi, II'V and the image R” through /iy of the law of the uncoupled
neurons. We state the principle result of this paper in Theorem 1.

In Section 3 we introduce a certain Gaussian process attached to a given measure in M ¢(77) and
Mf s(T™) and motivate this introduction by showing that the Radon-Nikodym derivative of Q" with
respect to the law of the uncoupled neurons can be expressed by the Gaussian process corresponding
to the empirical measure /1. This allows us to compute the Radon-Nikodym derivative of IT"V with
respect to RV for any measure in /\/l;r s(T?%). Using these results, Section 4 is dedicated to the proof
of the existence of a strong LDP for the measure IT"V. In Section 5 we show that the good rate function
obtained in the previous section has a unique global minimum and we characterize it as the image of
a stationary Gaussian measure. Section 6 is dedicated to drawing some important consequences of our
first main theorem, in particular some quenched results. Section 7 explores some possible extensions of

our work and we conclude with Section 8.

2. The Neural Network Model

We consider a fully connected network of N neurons. Not all sets of neurons are fully connected but
many are, e.g., within the same cortical column. One of the major aims of this article is to quantify how

quickly the system converges to its limit, so the rate function gives us a means of assessing whether the
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number of neurons in a cortical column is sufficiently high for the mean field equations to be accurate.
For simplicity but without loss of generality, we assume N odd [33] and write N = 2n + 1, n > 0. The
state of the neurons is described by the variables (Utj ),j=—-n,---,n,t=0,---,T which represent

the values of the neurons membrane potentials.

2.1. The Model Equations

The equation describing the time variation of the membrane potential U” of the jth neuron writes

Ul =yUL, + > NP0 )+ By, j=-n...n t=1... T (1)
f : R —]0, 1] is a monotonically increasing bijection which we assume to be Lipschitz continuous. Its
Lipschitz constant is noted ky. We could for example employ f(z) = (1 + tanh(gx))/2, where the
parameter g can be used to control the slope of the “sigmoid” f at the origin z = 0.
J

This equation involves the parameters v, .JY, and the time processes B/, i, = —n,...,n,

ij
t =0,...,7 — 1. The initial conditions are discus]sed at the beginning of Section 2.2.2.

7 is in [0, 1) and determines the time scale of the intrinsic dynamics, i.e., without interactions, of the
neurons. If v = 0 the dynamics is said to have no leak.

The B;Z s represent random fluctuations of the membrane potential of neuron j. They are independent
random processes with the same law. We assume that at each time instant ¢, the Bg s are independent and
identically distributed random variables distributed as N; (0, 0?) [34].

The Ji]]\.] s are the synaptic weights. Jijj\f represents the strength with which the “presynaptic” neuron
j influences the “postsynaptic” neuron i. They are Gaussian random variables, independent of the

membrane fluctuations, whose mean is given by

)

=~

E[J]] =

where .J is some number independent of N.
We note /" the N x N matrix of the synaptic weights, J = (.J}); j——pn,.. n. Their covariance is
assumed to satisfy the following shift invariance property,

COU(‘]%]JVJI;Z\;) = COU(JZ']-Vi-mJ-i-nJIi\-]i-m,l-l-n)

for all indexes ¢, j, k, [ = —n, --- ,n and all integers m and n, the indexes being taken modulo V. Here,

and throughout this paper, ¢ mod /N is taken to lie between —n and n .

Remark 1. This shift invariance property is technically useful since it allows us to use the tools of
Fourier analysis. In terms of the neural population it means that the neurons “live” on a circle.
Therefore, unlike in the uncorrelated case studied in the papers cited in the introduction, we have to

indirectly introduce a notion of space.

We stipulate the covariances through a covariance function A : Z? — R and assume that they scale
as 1/N. We write

cov(JY i) = %A((k—z’) mod N, (I — j) mod N). (2)
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The function A is even:
A(_ka_l) = A(k7l)> (3)

corresponding to the simultaneous exchange of the two presynaptic and postsynaptic neurons
(cov(J] Jf)) = cou(Jy J))1). To be a well-defined covariance function, A must be a positive-definite
function, i.e., satisfy the following property. For any (b;;); je[—nn C R,

> bibuA(k —i,1—5) > 0.
irjikl=—n
This implies that the two-dimensional Fourier transform of A (also called the power spectral density) is
positive, see also Proposition 1 below. Furthermore, for any k, [ € Z*, A(0,0) > |A(k, ).
We must make further assumptions on A to ensure that the system is well-behaved as the number of
neurons N asymptotes to infinity. We assume that the series (A(k, 1)), 1cz) is absolutely convergent, i.e.,

o

A= N AR, 1) < oo, 4)

kl=—oc0

and furthermore that -
A=y A (k1) >0
k) l=—o0
We let AN be the restriction of A to [—n,n]?, i.e., AN (i,7) = A(4, j) for —n < 0,5 < n.

We next introduce the spectral properties of A that are crucial for the results in this paper. We use
throughout the paper the notation that if x is some quantity, Z represents its Fourier transform in a sense
that depends on the particular space where z is defined. For example A is the 27 doubly periodic Fourier
transform of the function A whose properties are described in the next proposition. Similarly, AN is the
two-dimensional Discrete Fourier Transform (DFT) of the doubly periodic sequence A”". The proof of
the following proposition is obvious.

Proposition 1. The sum A(6,60,) of the absolutely convergent series (A(k,1)e=:01+102)), /s
continuous on [—7, 7[> and positive. The covariance function A is recovered from the inverse Fourier

transform of A:

1 ™ T )
A(kv l) = —/ / A(el, 02)6Z(k01+l92) d91d02
o
Moreover there exists ™" > ( such that
AN(0,0) > A > 0, (5)

forall N.
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2.2. The Laws of the Uncoupled and Coupled Processes
2.2.1. Preliminaries
Sets of Trajectories, Temporal and Spatial Projections

The time evolution of one membrane potential is represented by the set RI>7! := T of finite
sequences (u;)io... 7 of length T+ 1 of real numbers. T is the set of sequences (u™™, -, u™)
(N = 2n + 1) of elements of 7 that we use to describe the solutions to Equation (1). Similarly we
note 77 the set of doubly infinite sequences of elements of 7. If u is in 7% we note ', i € Z, its ith
coordinate, an element of 7. Hence . = (4%);=_oo...c0-

Given the integers sand ¢, 0 < s < ¢t < T, we define the temporal projection 75, : 7 — Rls1 .= Tsi
as the set of finite sequences of length ¢ — s + 1 of real numbers such that 7, ;(u) = (U )r—s..t = Uss.
When s = ¢ we note 7, and 7; rather than 7, , and 7;,. The temporal projection 7, extends in a natural
way to 7" and 7”: for example 7, maps 7" to 7). We define the spatial projection 7" : 77 —
TN (N = 2n + 1) tobe 7¥(u) = (u™,...,u"). Temporal and spatial projections commute, i.e.,
NV omgy =meomh.

The shift operator S : T% — TZ is defined by

(Su)' =u', icZ. (6)
Given the element u = (u™, ..., u") of 7™ we form the doubly infinite periodic sequence
pyv(u) = (.u"u w e u T, u ) (7

which is an element of 77%. We have (py(u))’ = vl ™4 V) py is a mapping 7V — T7%. With a slight

abuse of notation we also note S the shift operator induced by S on 7 through the function py:
Su=71"(Spy(u)) uweTV (8)
Topologies on the Sets of Trajectories

We equip 77 with the projective topology, i.e., the topology generated by the following metric. For
u, v € TV, we define their distance dy(u,v) to be

— J J
dy(u,v) = sup  |ul —0l|.
171<n,0<s<T

This allows us to define the following metric over 7%, whereby if v, v € T%, then

d(u,v) = 27V (dy(rVu, 7Vv) A 1)), 9)
N=1
where a A b is the smallest of @ and b. Equiped with this topology, 7 # is Polish (a complete, separable
metric space).
The metric d generates the Borelian o-algebra B(T%) := F. It is generated by the coordinate
functions (u});cz ¢—o..7. The spatial and temporal projections defined above can be used to define the
corresponding o-algebras on the sets 7;]\[ e.g., Fs]ﬂ = 7N (m4(F)),0< s <t <T.
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Probability Measures on the Sets of Trajectories

We note M7 (T%) (respectively M (T™)) the set of probability measures on (7%, F) (respectively
(TN, FN)).

For 1 € M (T%), we denote its marginal distribution at time ¢ by i, = p o m; . Similarly, [, is its
N-dimensional spatial, ¢ — s 4 1-dimensional time marginal 1o (7)o 7 /.

We denote the conditional probability distribution of i, given Ug = ué (for all 7), by ty,. This is
understood to be a probability measure over B(7,%) = Fir.

We note MI“ 5(T7) the set of stationary probability measures on 7%. Given a random variable u with
values in 77 governed by j in ./\/l;r 5(T7%), so is the random variable Su, with S the shift operator defined
by Equation (6) (equivalently ;1 o S™' = p). With a slight abuse of notation, we define M 4(7™) to
be the set of all u € M (T™) satisfying the following property. If (u™",...,u") are random variables
governed by pV, then for all |m| < n, (™™™, ..., u™"™") has the same law as (u™", ..., u") (recall that

the indexing is taken modulo ), or equivalently that ¥ o S~! = V¥ (remember Equation (8)).

Remark 2. Note that the stationarity discussed here is a spatial stationarity.
Process-Level Empirical Measure

We next introduce the following process-level empirical measure, see e.g., [35]. Given an element

w=(u"",...,u") in TV we associate with it the measure, noted fin(u™",...,u"), in M{4(T%)
defined by

[ N —n n 1 -

vt TN = M{g(T%) suchthat din(u™, - ,u")(y) = ~ > Ssimm (). (10)

S is the shift operator defined in Equation (6).

Remark 3. This is a significant difference with previous work dealing with uncorrelated
weights (e.g., [19]) where the N processes are coupled through the “usual” empirical measure
diy(u™, - u")(y) = ~ >or_, 0ui(y) which is a measure on T. In our case, because of the
correlations and as shown in Section 3.4 the processes are coupled through the process-level empirical
measure Equation (10) which is a probability measure on T . This makes our analysis more biologically
realistic, since we know that correlations between the synaptic weights do exist, but technically

more involved.
Topology on Sets of Measures

We next equip M7 (T%) with the topology of weak convergence, as follows. For ™, vV € M (TV),
we note the Wasserstein distance induced by the metric kydy(u,v) A 1,

Dy (p o) = jnf {E-(kpdn(u,v) A1)}, (11)

where k& is a positive constant defined at the start of Section 2.1 and 7 is the set of all measures in

M (TN x TN) with N-dimensional marginals 4~ and vV,
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Remark 4. The use of ks in Equation (11) is technical and used to simplify the proof of Proposition 5.

For y,v € M{(T?), we define

D(p,v) =2 knDy(p™,v"), (12)
n=0
where N = 2n + 1. Here k, = max(\,,27 ) and A\, = >_;° _ |A(k,n)|. We note that this metric is
well-defined because Dy (uV, ") < 1land Y2 K, < co. It can be shown that M (7%) equiped with
this metric is Polish.

2.2.2. Coupled and Uncoupled Processes

We specify the initial conditions for Equation (1) as /V independent and identically distributed random
variables (U] )j=—n,. - Let p; be the individual law on R of U; it follows that the joint law of the
variables is M?N on RY. We note P the law of the solution to one of the uncoupled equations (1) where
we take Ji]]\.] =0, 5 = —n,---,n. Pisthe law of the solution to the following stochastic difference
equation:

Uy =vU;-1+ By, t=1,---,T (13)

the law of the initial condition being p ;. This process can be characterized exactly, as follows.
Let U : 7 — T be the following bicontinuous bijection. Writing v = W(u), we define

{ Vo = \I/()(U) = U

14
vy = VYy(u) =us—yusqy s=1,---,T. (14

The following proposition is evident from Equations (13) and (14).

Proposition 2. The law P of the solution to Equation (13) writes
P = (N7 (07, 0%1dr) ® pur) o 0,

where Or is the T-dimensional vector of coordinates equal to 0 and 1dr is the T-dimensional

identity matrix.

We later employ the convention that if u = (u™",...,u") € T then ¥(u) = (U(u™™),..., ¥ (u")).
A similar convention applies if u € T%. We also use the notation VU, p for the mapping 7 — 71 1 such
that Wy 7 = 7y 7o W.

Reintroducing the coupling between the neurons, we note QV (JV) the element of M7 (7") which
is the law of the solution to Equation (1) conditioned on JV. We let Q¥ = E’[Q"(J")] be the law
averaged with respect to the weights. The reason for this is as follows. We want to study the empirical
measure /iy on path space. There is no reason for this to be a simple problem since for a fixed interaction
JN, the variables (U™, --- ,U™) are not exchangeable. So we first study the law of /i averaged over
the interaction before we prove in Section 6 some almost sure properties of this law. Q% is a common
construction in the physics of interacting particle systems and is known as the annealed law [36].

We may thus infer that
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Lemma 1. P*N, Q" and ji}y (the N-dimensional marginal of jy) are in M7 g(T™).

Since the application ¥ defined in Equation (14) plays a central role in the sequel we introduce the

following definition.
Definition 1. For each measure 1 € M (T) or M{ 4(T”) we define p to be p1 o 7.

In particular, note that
P = Nr(0r,0°1dr) @ py. (15)

Finally we introduce the image laws in terms of which the principal results of this paper

are formulated.

Definition 2. Let IT" (respectively R") be the image law of Q" (respectively P®") through the function
fin : TV = M{ 4(T?) defined by Equation (10).

The central result of this paper is in the next theorem.

Theorem 1. 11V is governed by a large deviation principle (LDP) with a good rate function H (to be
found in Definition 5). That is, if F' is a closed set in Mf o(T%), then
lim N~'logIIV(F) < — inf H(p). (16)

N—oo peF

Conversely, for all open sets O in MIS (T%),

lim N~ log ITV(O) > — inf H(u). (17)

N—o0 Heo

Note lim is the lim-sup and lim is the lim-inf. By “good rate function”, we mean that for all a > 0,
—roo N—o0
the following set is compact

{v:H(v) <a},
see for example [37,38].
Remark 5. We recall that the above LDP is also called a strong LDP.

Our proof of Theorem 1 will occur in several steps. We prove in Sections 4.1 and 4.3 that ITV satisfies
a weak LDP, i.e., that it satisfies Equation (16) when [ is compact and Equation (17) for all open O.
We also prove in Section 4.2 that {IT} is exponentially tight, and we prove in Section 4.4 that H is a
good rate function. It directly follows from these results that [TV satisfies a strong LDP with good rate
function A [38]. Finally, in Section 5 we prove that H has a unique minimum g, which /i converges
to weakly as N — co. This minimum is a (stationary) Gaussian measure which we describe in detail in
Theorem 3.
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3. The Good Rate Function

In the sections to follow we will obtain an LDP for the process with correlations (II'V) via the (simpler)
process without correlations (RY). However, to do this we require an expression for the Radon-Nikodym
derivative of IV with respect to RY, which is the main result of this section. The derivative will be
expressed in terms of a function I'jy; : /\/l{r s(TY) — R. We will firstly define I'[y|(p), demonstrating
that it may be expressed in terms of a Gaussian process Gf‘ N (to be defined below), and then use this to
determine the Radon-Nikodym derivative of IV with respect to R

3.1. Gaussian Processes

Given p in Mf 5(T%) we define a stationary Gaussian process G** with values in l,ZT'
For all 7 the mean of G"" is given by ¢}’, where

=7 [ fi)du(w).t=1,- T icZ, (1s)
TZ

the above integral being well-defined because of the definition of f (which maps the state-variable to the
activity, see text after Equation (1)) and independent of ¢ due to the stationarity of .
We now define the covariance of G*. We first define the following matrix-valued process.

Definition 3. Let M** k € 7 be the T' x T matrix defined by (for s,t € [1,T)),

MG = | Fludo) f () dpu), (19)
T
the above integral being well-defined because of the definition of f.

These matrices satisfy
Pk = ppr, (20)

because of the stationarity of 1. Recall that T denotes the transpose. Furthermore, they feature a spectral
representation, i.e., there exists a 7' x T' matrix-valued measure M+ = (M M)s. t=1.... 7 with the following
properties. Each M is a complex measure on [—7, 7| of finite total variation and such that

Mk = / e NP (dB). (21)

T or

—Tr

Relations (20) and (21) imply the following relations, for all Borelian sets A C [, 7|,
M*(—A) = TM"(A) = MH*(A)", (22)

where * indicates complex conjugation. We may infer from this that M?* is Hermitian-valued. The
spectral representation means that for all vectors W € R, TWM#(d§)W is a positive measure
on [—m,m|.

The covariance between the Gaussian vectors G** and G*'** is defined to be

KM= 3" Ak, )M, (23)

l=—0c0
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We note that the above summation converges for all k& € Z since the series (A(k, 1))k, ez is absolutely
convergent and the elements of M*! are bounded by 1 for all [ € Z.
It follows immediately from the definition that for p € MT s(T%) and k € Z we have

tRmE — gk (24)

This is necessary for the covariance function to be well-defined. The following proposition may be easily
proved from the above definitions.

Proposition 3. The sequence (K"*) ey, has spectral density K" given by

Rr(g) = 2 / R0, — ) JT"(dy).

That is, K* is Hermitian positive and satisfies K*(—0) = TK*(0) and K" = L [T ¢* K1(6)db.

Proof. The proof essentially consists of demonstrating that the matrix function

K (0) = > Krke ™ (25)
k=—00
is well-defined on [—m, 7| and is equal to the expression in the statement of the proposition. Afterwards,
we will prove that K" is positive.
From Equation (23) we obtain that, for all s,¢ € [1---T],

KBS < D AR D). (26)

l=—00

This shows that, because by Equation (4) the series (A(k,[))x ez is absolutely convergent, K*(6) is
well-defined on [, 7]. The fact that K#(6) is Hermitian follows from Equations (25) and (24).
Combining Equations (21), (23) and (25) we write

KH*(0) = % /_ z< > A(k:,m)e_i(ke_m“")> M*(dyp).

m=—o00 k=—o0

This can be rewritten in terms of the spectral density A of A

™

Rr(g) = 2 / R0, ) JT#(dy).

:% B

We note that K #(0) is positive, because for all vectors W of R7,

™

. 1 - .
WRAOW = 5 [ A6.—) (Wi W), @7)
™ —T
the spectral density A is positive and the measure 1V AL K(dp)W is positive. The identity
K"(—6) = TK#(f) follows from Equation (24). [
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We may also define the /NV-dimensional Gaussian process Gﬁ\r] with values in Tl]\} as follows . The
mean of G’ﬁv], 1 = —n,--- ,nis given by Equation (18) (or rather its finite dimensional analog) and the

covariance between G’[” z’v?] and G’[‘ ]fo’k is given by

Ky = Z A(k, m)M*™, (28)
for k = —n, --- ,n. Equation (24) holds for K [’j\,’f, k = —n, - ,n. This finite sequence has a Hermitian
positive Discrete Fourier Transform denoted by K/} [ N], forl =—n,--- ,n.

3.2. Convergence of Gaussian Processes

The finite-dimensional system “converges” to the infinite-dimensional system in the following sense.

In what follows, and throughout the paper, we use the Frobenius norm on the 7' x 7" matrices. We write

v (0) = Yoo K exp( ik0) . Note that for |j| < n, K N (275 /N) = K[’”] The lemma below
follows directly from the absolute convergence of >, [A(7, k)|

Lemma 2. Fix p € MTS(TZ) For all ¢, there exists an N such that for all M > N and all j such that
27| +1< M, HK[’% — KMi|| < e andforall 0 € [—m, ], HK[M]( ) — K*(0)| < e

o
=

()

Lemma 3. The eigenvalues of K" [N] and K "(0) are upperbounded by px = TN, where A*™ is
defined in Equation (4).

Proof. Let W € R”. We find from Proposition 3 and Equation (4) that

B Asum [T 5
TWK#(@)W < 5 / TWM'“(ng)W — Asum TWMM,OW

7

—T

The eigenvalues of M*° are all positive (since it is a correlation matrix), which means that each
eigenvalue is upperbounded by the trace, which in turn is upperbounded by 7'. The proof in the finite

dimensional case follows similarly. [

We note K [“ ) the (NT x NT) covariance matrix of the sequence of Gaussian random variables

(G[ N N]) Because of the properties of the matrixes K k = -+ n, this is a symmetric

N]’
block elreulant matrix. It is also positive, being a covariance matrix.

We let Af = K[’“]‘V

symmetric and real) and has positive eigenvalues (being a covariance matrix). It follows from Lemma 20

(o*Idyr + K )~ 1. This is well-defined because K (v] is diagonalizable (being

in Appendix A that this is a symmetric block circulant matrix, with blocks A (k N, - ,n)
such that
w—k __ _ 1 ,u k
and that the matrixes
T 27rzkl 1 Tl o\ —
A Z Ale™ ™ = Kl (0”1 + Kfy) ™ (29)
k=—n

are Hermitian positive.
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In the limit N — oo we may define
AM0) = KM(0) (o™ 1dy 4+ K*(6)) 7. (30)

The Fourier series of A is absolutely convergent as a consequence of Wiener’s Theorem. We thus find

that, for [ € Z,
1

VR T a0 g0 1 ol
APt = o | AH(9)e™dl = ]&EI;OA[N], 31
and A*(0) = SO0 Anle=i0 Let Aﬁv} @) = >, . Aﬁ;ﬁ exp(—ikd) and note that for |j| < n,
Ay (2T /N) = AR,

Lemma 4. The map B — B(c?Idy + B) ™! is Lipschitz continuous over the set A = {f([’jv] (0), K*(6) -
e Mig(T#),N >0,0 € [—x,7[}.

Proof. The proof is straightforward using the boundedness of the eigenvalues of the matrixes in A. []

The following lemma is a consequence of Lemmas 2 and 4.

Lemma 5. Fix i € M{ g(T?). For all ¢, there exists an N such that for all M > N and all § € [—, 7],
1Af(0) — A(O)] < e.

The above-defined matrices have the following “uniform convergen” properties.

Proposition 4. Fix v € ./\/lir s(T%). Forall € > 0, there exists an open neighbourhood V.(v) such that
forall e V.(v),all s,t € [1,T] and all § € [—m, 7],

K20 - Ky(0)| <. (32)
|A%0) - A(0)| <, (33)
¢ — k| <, (34)

and for all N > 0, and for all k such that |k| < n,

vk TN
‘K[N],st - KﬁV]7st <¢, 35)
and
v,k A,k
A = At | <= (36)

Proof. The proof is found in Appendix B. [

Before we close this section we define a subset of MfS(TZ) which appears naturally, i.e., it is
the subset of MfS(T Z) where the rate function (to be defined) is not infinite, see Section 3.3.2 and

Lemma 8.

Definition 4. Let &, be the subset of M{ ¢(77) defined by
&2 = {n € Myg(T?) B [|[°]7] < oo},

where v € 7,7 and

IE“LT[HUOHQ]:/Z le(v>|\2dgm(v>=/ 0% 2y (o).

LT T,
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For this set of measures, we may define the stationary process (v*)gcz in 7;2 , where vF = U (uF),
s = 1,---,T. This has a finite mean E*1.7[¢°], noted #*. It admits the following spectral density
measure, noted v¥, such that

L™
Rl [0Tyk] = > / e 5t (dg). (37)

3.3. Definition of the Functional I’

In this section we define and study a functional I'n; = I'y)1 + I'[nj2, which will be used to
characterize the Radon-Nikodym derivative of IT" with respect to RN. Let u € M7 4(7%), and let
(™) n>1 be the N-dimensional marginals of i (for N = 2n + 1 odd).

33.1. 14

We define .
F[N],l(ﬂ) = —ﬁ log (det (IdNT + K[N]>> . (38)

V] is positive, that of Id yr + = L K* N
positive (in effect larger than 1) and the above expression has a sense. Moreover, F[NM( ) <0.

Because of the remarks after Lemma 3 the spectrum of K7, | is strictly

We now define I'; (1) = limy_,o0 I' 3,1 (1¢). The following lemma indicates that this is well-defined.

Lemma 6. When N goes to infinity the limit of Equation (38) is given by
1 [" I
[y(p) = i B log ( det ( Idy + ;K @) de (39)

Jorall i € Mig(T?).

Proof. Through Lemma 20 in Appendix A, we have that

1 27l
F[N],l(,u) = Z log (det (IdT + K[N] ( ]7\; ))> , (40)

l——n

where we recall that K ﬁ\q (%t ) K, [’jvl]

is evident that the above expression converges to the desired result. [

Since, by Lemma 2, K" (n(0) converges uniformly to KH(8), it

Proposition 5. I'\y) 1 and Ty are bounded below and continuous on M 4(T7).

Proof. Applying Lemma 19 in the case of Z = (G[3," — ¢*,-+ ,Glj] —¢*),a=0,b= o~2, we write
1 1 & ok g2
P () = 5 log E fexp | —5— dolGE =) |-
k=—n

Using Jensen’s inequality we have

F[N],l(,u) = 2N 2

Z It - c“HQI =~ [lG5S - 7).
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By definition of K0 (V] the right-hand side is equal to — Trace(K [‘j\,}) From Equation (28), we find that

Trace(K“O Z A(0, m)Trace(M*™).

m=—n

It follows from Equation (19) that 0 < Trace(M*™) < T. Hence I'(ny1 (1) > —B1, where

TAsum

202

B = (41)

It follows from Lemma 6 that —3; is a lower bound for I'; (1) as well.
The continuity of both I' 5, and I'; follows from the expressions (38) and (39), continuity of the
applications 1 — K" (V] and y — K* (Proposition 4) and the continuity of the determinant. [

332. 1%

For p1 € MY 4(T”) we define
Pz = | ¢ (uv)p'(dv) (42)
7 ’
where ¢" : M o(T%) x T — R is defined by

n n

¢N(M7v):27i2<% . *<vj—c”>Af‘fv§“<v’““—c“>+% Z<c“,vf>—|!c“||2). (43)

jik=—n j=—n

[nj2(p) is finite in the subset & of M{ ¢(7”) defined in Definition 4. If 1 ¢ &, then we set

Iiny2(p) = oo.
We define I'y (1) = limy 00 I'a),2(14). The following proposition indicates that I'y(12) is well-defined.

Proposition 6. If the measure 1 is in &, i.e., if EX17[||0°)|?] < oo, then T'y(p) is finite and writes

La(p) = 5.5 (2 / A=) : 54 (dh) e (AP(0) — Tdp)et + 2B r [t0(1dy — A“(O))c“]) .
o ™
The “:” symbol indicates the double contraction on the indexes. One also has
L, 0N _ 2
La) = 5o (nlggo )y /r 0 — ) AR — ) g, (0) H2ES(, 0] — ).
Proof. Using Equations (37) and (42) the stationarity of ;1 and the fact that > A’[LN]? = A” (O),
we have
17O _ i
Linj2(p) = o2 / Z eXp(zkﬁ)Aﬁgﬁ : 0M(d0)
T k=—n
1 ~ 1
+ gy N R TCMAIﬁN](O)UOdHfT( v) + ) fer (IdT —A N](0)> c'. (44)
1,7
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From the spectral representation of Af‘ N We find that

al0) = oo | Ay (=0): (a9

4rro?
1 By | 14,0 AL " 1 Top A j
+ FE* J [ v (IdT — A[N]<O))C i| + @ C (IdT — A[N](0)> c. (45)

Since (according to Proposition 5) flf‘N](G) converges uniformly to A#(f) as N — oo, it follows by
dominated convergence that 'y} (1) converges to the expression in the proposition.

The second expression for I'y(1) follows analogously, although this time we make use of the fact that
the partial sums of the Fourier Series of An converge uniformly to A* (because the Fourier Series is

absolutely convergent). [

2k:7r)

We next obtain more information about the eigenvalues of the matrices fl‘[j;f] = flf” ( (where

k= —n,...,n)and A*(6).

Lemma 7. There exists 0 <« < 1, such that for all N and p, the eigenvalues of A 121“(6) and Af‘ N]

[N)’
are less than or equal to a.

Proof. By Lemma 3, the eigenvalues of K#(#) are positive and upperbounded by px. Since K*(#) and

. -1 -
(021dT + K ”(9)) are coaxial (because K* is Hermitian and therefore diagonalisable), we may take

_ _ PK
0%+ pr’

This upperbound also holds for flf” ., and for the eigenvalues of A because of Lemma 20. [

[N]’
We wish to prove that I'|y) »(j¢) is lower semicontinuous. A consequence of this will be that 'y 2 (1)
is measureable with respect to B(M{ ¢(7%)). In effect, we prove in Appendix C that ¢" (1, v) defined
by Equation (43) satisfies
¢N(M7 v) = =B
for some positive constant 3, defined in Equation (87) in Appendix C.
We then have the following proposition.

Proposition 7. 'y 2(11) is lower-semicontinuous.

Proof. We define ¢™"(pu,v) = 1p,,(v) (¢"(1,v) + B2), where 1p,, is the indicator of B, and
ve By if NTPYTU[[o7]]* < M. We have just seen that ™" > 0. We also define

o) = [ 6™ oyl () = o

1,T

Suppose that v,, — p with respect to the weak topology in ./\/l;r s(T7%). Observe that

/ M () (do) = [ VM (), ()

N
Tir

’FN]2 ) — F[N]2 Vn

+ o™ (i vy p(dv) = | MM (v, v)igy o (dv)]

N N
Tir Tir
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We may infer from the above expression that Féw[ N (u) is continuous (with respect to p) for the following
reasons. The first term on the right hand side converges to zero because ¢ is continuous and bounded
(with respect to v). The second term converges to zero because ¢ (u, v) is a continuous function of
1, see Proposition 4.

Since F% o(1) grows to I'inj2(p) as M — oo, we may conclude that I'jyjo(p) is lower
semicontinuous with respect to p. [

We define I'[nj(11) = T'inga(p) + Ty 2(r). We may conclude from Propositions 5 and 7 that I'jy
is measurable.

3.4. The Radon-Nikodym Derivative

In this section we determine the Radon-Nikodym derivative of II"V with respect to RY. However, in
order for us to do this, we must first compute the Radon-Nikodym derivative of Q” with respect to P=%

We do this in the next proposition.

Proposition 8. The Radon-Nikodym derivative of QV with respect to PN is given by the

following expression.

4V n Ly i aiy — Ligige
o () =B fexp | > (Trr(u ).G) =516 : (46)
j=—n
the expectation being taken against the N T-dimensional Gaussian processes (G'), i = —n,---,n
given by
Gi=Y Jifluy), t=1---.T @7)
j=-—n

and the function U being defined by Equation (14). Note that the (G") constitute a finite-dimensional

Gaussian Process because they are a linear combination of the Gaussian Processes JZ-J]V .

Proof. For fixed JV, we let R;n : RNI*TD 5 RNT*D be the mapping v — v, ie.,

RJN(U_TL7--- ’un) = (y_"’... ’y”)’whereforj =-—n,---,n,

o=
vl = ul-qul -Gl t=1. T

The determinant of the Jacobian of R ;~ is 1 for the following reasons. Since gﬁ =01if t > s, the
t

determinant is HZ:O Dy, where D; is the Jacobian of the map (u.;",...,u?) — (y;",...,yr) induced

by R;~. However, Dy is evidently 1. Similar reasoning implies that R ;~ is a bijection.
It may be seen that the random vector Y = R ;~(U), U solution of Equation (1), is such that Yoj = Ug
and Y/ = B/ | where |j| <nandt=1,---,T. Therefore

Y/ ENT(0,02IdT) Q pr, J=-—N,cc N,

Since the determinant of the Jacobian of R~ is one, we obtain the law of QV(J") by applying the
inverse of R ~ to the above distribution, i.e.,

n

Q")) = (2r0) " exp (5o I ) TT sty Tl

j=—n
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Note that, exceptionally, || || is the Euclidean norm in RN™+Y or 7V,
Recalling that P®Y = QN (0), we therefore find that

i = exp (— 5 (IR @I = IRI) )

Taking the expectation of this with respect to J* yields the result. []

.....

as the system G%, as defined in Equation (28) and afterwards.

Proposition 9. Fix u € T™. The covariance of the Gaussian system (G'), where i = —n, ..., n and
s=1,...,T writes Kfj\]f](u). For each i, the mean of G* is ¢V,

The proof of this proposition is an easy verification left to the reader. We obtain an alternative
expression for the Radon-Nikodym derivative in Equation (46) by applying Lemma 19 in Appendix A.
That is, we substitute Z = (G™",--- ,G"), a = (v™",---,v"), and b = 2 into the formula in

Lemma 19. After noting Proposition 9 we thus find that

Proposition 10. The Radon-Nikodym derivatives write as

Qv . o )
W(u RN 1) ):eXp(NF[N](/LN(u Ly U ))7
dIy

W(M) = exp(NTap(p))-

Here 1 € MfS(TZ), Piv(1) = Tivya(p) + Tinvy2(pe) and the expressions for T'iny 1 and 'y 2 have
been defined in Equations (38) and (42).

The second expression in the above proposition follows from the first one because I'[y; is measureable.

Remark 6. Proposition 10 shows that the process solutions of Equation (1) are coupled through the
process-level empirical measure unlike in the case of independent weights where they are coupled
through the usual empirical measure. As mentioned in the Remark 3 this complicates significantly the

mathematical analysis.

4. The Large Deviation Principle

In this section we prove the principal result of this paper (Theorem 1), that the image laws 1"V satisfy
an LDP with good rate function  (to be defined below). We do this by firstly establishing an LDP
for the image law with uncoupled weights (RY), see Definition 2, and then use the Radon-Nikodym
derivative of Corollary 10 to establish the full LDP for II"V. Therefore our first task is to write the LDP
governing R".

Let u, v be probability measures over a Polish Space () equipped with its Borelian o-algebra. The
Kiillback-Leibler divergence of u relative to v (also called the relative entropy) is

IP(u,v) = /Qlog (Z—'Z) dp (48)
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if  is absolutely continuous with respect to v, and 1 (u, v) = oo otherwise. It is a standard result that

I9(u0) = sup {E[f] — log B exp()]}, @9)
FECH(Y)

the supremum being taken over all bounded continuous functions.
For € M 1* 5(Q%) and v € M (Q), the process-level entropy of 1 with respect to v/% is defined to be

1
I®(u,v?) = lim —IP (N, o). (50)

N—o0

See Lemma [X.2.4 in [35] for a proof that this (possibly infinite) limit always exists (the superadditivity
of the sequence N 1) (1Y) follows from Equation (49)).

Theorem 2. RY is governed by a large deviation principle with good rate function [39,40]

1 (1. P%) = 1 o) + [ 19 (g PE) o). e

o0

where [y = p o my L is the time marginal of u at time 0 and fi,, € MIS(TLZT) is the conditional
probability distribution of . given ug in RZ. In addition, the set of measures { RN } is exponentially tight.

Proof. R" satisfies an LDP with good rate function I (z, PZ) [35]. In turn, a sequence of probability
measures (such as { RV'}) over a Polish Space satisfying a large deviations upper bound with a good rate
function is exponentially tight [38].

It is an identity in [41] that

1N PENY = 1O (il pN) + / IO (Y, PENY dps (up). (52)
RN
It follows directly from the variational expression (49) that

[P (2N P2 > 21D (N pENy. (53)

u07

Note that although our convention throughout this paper is for /V to be odd, the limit in Equation (50)
exists for any sequence of integers going to oo. We divide Equation (52) by N and consider the
subsequence of all N of the form N = 2F for k € Z*. It follows from Equation (53) that
N1 )(uuo, P®N ) is strictly nondecreasing as N = 2% — oo (for all ug), so that Equation (51) follows
by the monotone convergence theorem. []

Because V is bijective and bicontinuous, it may be easily shown that
7 (MN’ P®N) — 7@ (HN’ B@N) (54)
I® (u, Py = 1V (p, P"). (55)
Before we move to a statement of the LDP governing IV, we prove the following relationship between

the set & (see Definition 4) and the set of stationary measures which have a finite Kiillback-Leibler

divergence or process-level entropy with respect to PZ.

Lemma 8.
{n € M{g(T"), I®)(u, P*) < 00} C &s.
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See Lemma 10 in [42] for a proof. We are now in a position to define what will be the rate function
of the LDP governing 1.

Definition 5. Let H be the function M{ ¢(7%) — R U {400} defined by

Hp) = +00 if 1®(u, P%) = oo
a I3 (u, P%) —T(u)  otherwise.

Here I'(11) = I'1(u) + T'a(p) and the expressions for I'; and I'; have been defined in Lemma 6 and
Proposition 6. Note that because of Proposition 6 and Lemma 8, whenever / (3) (i, PZ) is finite, so

is T'(p).
4.1. Lower Bound on the Open Sets
We prove the second half of Proposition 1.
Lemma 9. For all open sets O, Equation (17)
lim N~'log ITV(0) > — inf H(u),
N—o00 peo

holds.

Proof. From the expression for the Radon-Nikodym derivative in Proposition 10 we have

1(0) = [ exp (VI 1) AR 1),

If u € O is such that I® (u, P%) = oo, then H(p) = oo and evidently Equation (17) holds. We now
prove Equation (17) for all = € O such that 1®® (u, P%) < co. Lete > 0 and Z™ (1) C O be an open
neighbourhood containing y such that inf, e zv () Ty () > Ty () — €. Such {ZY (1)} exist for all N
because of the lower semi-continuity of '} (1) (see Propositions 5 and 7). Then

lim N~'logIIY(O) = lim N 'log / exp(NT v (v))dRY (v)
O

N—oo N—oo
> tim N og (RY(2(0) x| inf exp(VTw(0))
N—oo veZN (u)

> —1®(u, P%)+ lim inf T(n(v) because of Theorem 2
N—roo vEZN (1)

> —1®(u, P*) + lim Iy(p) — ¢
N—oco

= —I®(u, P*) +T(n) —e.

The last equality follows from Lemma 6 and Proposition 6. Since ¢ is arbitrary, we may take the limit as
¢ — 0 to obtain Equation (17). Since Equation (17) is true for all u € O the lemma is proved. []
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4.2. Exponential Tightness of IV

We begin with the following technical lemma, the proof of which can be found in Appendix D.

Lemma 10. There exist positive constants ¢ > 0 and a > 1 such that, for all N,
/T exp (aNg (i) W17 () P (du) < exp(N),
where ¢ is defined in Equation (43).
This lemma allows us to prove the exponential tightness:

Proposition 11. The family {11} is exponentially tight.

Proof. Let B € B(M; 4(T?)). We have from Proposition 10

1Y (B) = /( o PN T 1) P ).
an)~t

Through Holder’s Inequality, we find that for any a > 1:

a

mY(B) < RN ()1~ < /

A exp (aNT ) (fin (u))) P®N(du)>
(An)~H(B)

Now it may be observed that

/T exp (VT i (u))) P (du)
= /TN exp (aN¢" (fin(u), U1 r(u)) + aNTinp (i (u))) PEY (du).  (56)
Since I'; < 0, it follows from Lemma 10 that
1V (B) < RN(B)~) exp <%> . (57)

By the exponential tightness of { R™} (as stated in Theorem 2), for each L > 0, there exists a compact
set K such that Nh_m N~1log(RN(K¢)) < —L. Thus if we choose compact K; such that K1, =
—00

K _a (1<), thenforall L > 0, Nm N 'log(IIN(KG ;) < —L. O
a —00 k)

4.3. Upper Bound on the Compact Sets

In this section we obtain an upper bound on the compact sets, i.e., the first half of Theorem 1 for F
compact. Our method is to obtain an LDP for a simplified Gaussian system (with fixed A” and ¢”), and

then prove that this converges to the required bound as v — p.
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4.3.1. An LDP for a Gaussian Measure

We linearise I in the following manner. Fix v € M{ 4(T%) and assume for the moment that
n e 52. Let

.2 (1) = /T _ Oxe(v,0)dpl’ (v), where (58)
1,T

¢+ M (T%) x T — R is defined by

202

¢§o<y,v>—i<% > TW—c”)A””%v’“”—c”>+% Z<c”,vj>—|rc”||2). (59)

Jk=—n Jj=-n

Remark 7. Note the subtle difference with the definition of ®" in Equation (43): we use A"'* instead of
Al[']\la When turning to spectral representations of ® this will bring in the matrixes ANl = —pn..op
defined at the beginning of Section 4.3.2.

Let us also define ) )
M) = N log det (IdNT + ;K”’N> , (60)

where KV is the NT x NT matrix with T x T blocks noted K ™V:!. We define

(1) =T (v) + Dy o(p), and (61)

I'5(p) = limy o0 Iy (1) We find, using the first identity in Proposition 6, that

T2 () = Tiz (% / A(—6) 0 (d) 2 A0+ T A0 + 2 ) — ¢IP) . (62)

—T

where v+ = E*1.7[0%], and §* is the spectral measure defined in Equation (37). We recall that : denotes
double contraction on the indices.
Similarly to Lemma 6, we find that

™

1

im I'Y(v) = =

1 _
N—oo 47 —r

<log det (IdT + f(V(e))) do =T (v). (63)

For ji € &, we define H" () = I® (uu, P%) — T¥(p); for pu & &, we define T (u) = I'(11) = oo and
H" (1) = oc.

Definition 6. Let Q" € Mf s (TZ) with N-dimensional marginals Q”’N given by
QY (B) = [ exp (Vi (0))) PV(ao) (64
B

where B € B(T™N). This defines a law Q" € M4 (T?) according to the correspondence in
Definition 1.

We have the following lemma.
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Lemma 11. Q’I . Is a stationary Gaussian process of mean c”. Its N-dimensional spatial, T-dimensional
temporal, marginals QIIIZ“V are in M{ 4(T™;) and have covariance o*1dyy + K*". The spectral density
of QY . is o*1dr + K () and in addition,

Q=i (65)

Proof. In effect we find that

1
1 2
v,N _ v,N
QI,T (BN) = (det <IdNT + ;K )) X

n

1 tr g k/ ktj
v Au, +7 v
/BN exp 5 < E (v) — ) AV (v )+

j’k:_n

2y (e 0l) - NHc”HZ>_P%¥(dv), (66)

j=—n

for each Borelian By € B (7’1]\}) We note ¢*V the NT-dimensional vector obtained by concatenating
N times the vector ¢”. We also have that

1

o2

(Idyr — A”N) = (6®Idyr + K2N) 7L

Thus, through Proposition 2, we find that

SIS

o= ¥ (s (000 -40) )

n T
/B exp —%‘J (v — c”’N) (IdNT — A”’N) (v — CV’N) H H dvf. (67)
N

j=—nt=1

It is seen that Q’;? is an NT-dimensional Gaussian measure with mean ¢**", inverse covariance matrix

% (Idyy — A*Y), and covariance matrix o2Idy7 4+ K*". Hence Q’;g is in M{ g(7), and
QN =Qrrou (68)

is in M o(T™). It follows also that the spectral density of Q" is o*Idr + K*(#). O

We may thus define the measure Q" of a stationary process over the variables {vi}ez s=0.... 7» With
N-dimensional marginals given by Equations (67) and (68).

Definition 7. Let IT"" be the image law of Q" under i _, i.e., for B € B(M{ 4(T%)),

"N (B) = QV,N (EN c B) '

The point is that it can be shown that the image II*'" of the measure Q”’N satisfies a strong LDP
(see next lemma) and that this LDP can be transferred to II"V, see Proposition 12. We begin with the
following lemma which is a generalization of the result in [39].



Entropy 2015, 17 4725

Lemma 12. The image law II"N satisfies a strong LDP (in the manner of Theorem 1) with good

rate function
HY () = 19 (1, P¥) = (). (69)

Proof. We have found an LDP for a Gaussian process in [42]. Since () may be separated in the manner
of Equation (68), we may use the expression in Theorem 2 to obtain the result. [

For B € B(M{4(T”)), we define the image law
Y (B) = Q" (jix € B) = "V (i" € B).
It follows from the contraction principle that if we write H" () := H" (1), then
Corollary 1. The image law 11"V satisfies a strong LDP with good rate function
HY () = 1% (p, P*) = T"(p). (70)
4.3.2. An Upper Bound for IT" over Compact Sets

In this section we derive an upper bound for IT"V over compact sets using the LDP of the previous
section. Before we do this, we require two lemmas governing the ‘distance’ between I'¥ and I'. Let

KN be the DFT of (K7 );—_,» and similarly AN is the DFT of (A*9)"__ . We define
v ~Vul ~V7 ) 2% V’l % v, ’
Cy = sup {HA[M]_A MlHaHK[M]_K MlH}' (71)
M>N, @l +1)<M

Lemma 13. Forallv € MfS(TZ), CY is finite and
Cy —0as N — oo.

Proof. We recall from Proposition 4 that K [”M]Vst(Q) converges uniformly (in ) to K ¥ (0). The same
holds for K ;’,;M’l, because this represents the partial summation of an absolutely converging Fourier
Series. That is, for fixed 6 = 27l /M, K%' — K (#) as M — oo. The result then follows from

the equivalence of matrix norms. The proof for A" is analogous. [

The second lemma, the proof of which can be found in Appendix E, goes as follows.
Lemma 14. There exists a constant Cy such that for all v in M7 ¢(T”), alle > 0 and all ;i € V(v)N&,,
T (1) = Ty (1) | < Co(CF + ) (1 + EFrr[[|o°)7)).
Here V_(v) is the open neighbourhood defined in Proposition 4, and yu is given in Definition 1.

We are now ready to begin the proof of the upper bound on compact sets for which we follow the
ideas in [4].

Proposition 12. Let K be a compact subset of My s(T%). Then

lim N~ log(IIV(K)) < — i%fH

N—o0
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Proof. Fix ¢ > 0. Let V.(v) be the open neighbourhood of v defined in Proposition 4, and let V.(v) be

its closure. Since K is compact and {V.(v)},cx is an open cover, there exists an 7 and {v;}/_, such that
K c U._, Vz(v;). We find that

lim N'log (HN (O V() N IC)) < sup lim N7 'log (IIV (V(r;) NK)) .

N—o0 el 1<i<yr N—=00
1=

It follows from the fact that iy € &, Proposition 10 and Lemma 14 that
Y (Vo) N K) < / exp NI (i) +
fin (w) € Ve (v;)NK
12 1 . 1
NCy(e + C¥%) (1 + 5 > ||xp1,T(uJ)||2>> PEN(du). (72)

j=-n

From the definition of Q""" in Equation (64) and Holder’s Inequality, for p, ¢ such that % + % =1,

we have )
¥ (Va(vi) N K) < (@7 () € Vals) 1K) D (73)
where
_ 1 « . b
D= / ) exp (qNCo(a +CY) <1 t5 Z ||‘1’1,T(U])||2>> T (du)
fin (w)€Ve (vi)NK j=—n

=expgNCy(e + Cy) x / exp | qCo(e + CR) Z 1712 QTTN(dv)
i (0)€U(7: (r)K) Qy

j=—n
We note from Lemma 3 that the eigenvalues of the covariance of Q;’TN are upperbounded by o2 + px-.
Thus for this integral to converge it is sufficient that

1
2(0? + pr)’

This condition will always be satisfied for sufficiently small ¢ and sufficiently large N (since C; — 0

qCols + C%) < (74)

as N — oo by Lemma 13). Considering Equation (73), by Corollary 1,

lim N'log (Q"""(an(v) € Va(r)) NK)) < —  inf  H"(u), (75)

N—o0 ,LLEVE(Z/i)ﬂ’C

We next find an upper bound for the integral appearing in the definition of the quantity ). We apply
Lemma 19 in Appendix A to find

exp ¢Cole + C) 7|17 ) Qv (dv) <
/ﬂN(v)E\IJ(VE(w)mK) ( Z T

]_771
(det ((1 — 2¢Co(e + C)o*)dnr — 2qCo(e + CJ’(’;’)K”“N))_% X
exp (2C5¢*((e + Cx)*) (Inre”) B((Idr ® 1x)c”) + NqCy(e + Cx)

where Idr ® 15 is the NT' x T block matrix with each block Id; and

B = (0"Idyr + K"™)((1 = 2Chq(e + CF)o*)Idwr — 2Cog(e + C) K N) !



Entropy 2015, 17 4727

is a symmetric block circulant matrix. We note B*, k = —n,--- ,nits T x T blocks. We have

f((Idy ® 1x)¢")B((Idy ® 1y)c") = NTc¥ ( Z Bk> & = NTe" BO¢¥,
k=—n

where B is the Oth component of the spectral representation of the sequence (B¥)k=—n.... n. Let v,, be
the largest eigenvalue of 5. Since (by Lemma 20) the eigenvalues of B are a subset of the eigenvalues
of B, we have

2

T(Idr ® 1x5)¢)B((Idy ® 15)c) < Nuy,||¢”

02+pK
1-2C0q(e+CRE) (02 +pK)

From the definition of B and through Lemma 3 we have v,, <
2 S Tj2

Hence we have,

since ||¢”

exp (2C5(q*(e + CF)*N((Idr ® 1y)c”) B((Idr ® 1y)c™)) <

2 2 Viy2( 2 72
exp (NT y 2C5¢% (e + CY)* (0% + p)J ) '

1 —2Chq(e + CY)(0? + pK)

Since the determinant is the product of the eigenvalues, we similarly find that

NT

(det ((1 — 2Coq(e + C)o*)dyr — 2Coq(e + CK;)KW,N»_% <
(1 —2Coq(e + C) (0> + pK)) 2 .

Upon collecting the above inequalities, and noting that ||c”||? < T'J?, we find that
D < exp(Nsy(q,¢€)) (76)
where

, 1 y
svlg,e) =T (—5 log (1 — 2Coq(e + CX) (0 + px))

2C3¢° (e + CF)* (0 + pic) 2 - (1 2>)
. Cole +C%) (= + 72 ).
T 2Coale + O (o + pr) TICEF N (7 +

We let s(q,¢) = ]\P_m shi(q,¢€), and find through Lemma 13 that
—00

1 202¢%% (0% + pr)J? L5
—7(—Z1og(1-2 2 ° 7))
s(q,¢€) ( 5 og( Coge(o” + pK)> * 1 —2Cyqe(0? + pK) T aCoe (T +/ ))

Notice that s(q, €) is independent of v; and that s(q,) — 0 as ¢ — 0. Using Equations (73), (75) and
(76) we thus find that

_ 1 1
A}im N 'log(ITV(K)) < sup ——  inf  H"(u) — =s(q,¢).
oo q

1<i<r P peknVe(vi)

Recall that HY(u) = oo for all p ¢ &. Thus if K N & = 0, we may infer that

A}i_m N~'log(ITV(K)) = —oo and the proposition is evident. Thus we may assume without loss of
—00
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generality that inf,,cxc H"(u) = inf,excne, H" (11). Furthermore it follows from Proposition 13 (below)
that there exists a constant C; such that for all ;1 € V(v;) N &,

H" (1) > I®(, P*) = T(p) — Cre(1 4 1%, P)).

We thus find that

T a1 N _1- (3) 7 _ _ _s(q,s) €
Jim N7 log(IT7(K0)) < p,clgi(f (1, PE)(1 = Cre) = T(n)) . +pCI-

We take ¢ — 0 and find, through the use of Lemma 15, that

— —-1 N 1 : 3 Z
lim N~ log(IT™(K)) < —]—jl%f (]( ), Py — T(w)) .

N—oo

The proof may thus be completed by taking p — 1. [

Proposition 13. There exists a positive constant C such that, for all v in ./\/ll+ (TEYNEy, alle > 0 and
all i € V.(v) N E; (where V.(v) is the neighbourhood defined in Proposition 4),

() = TH()| < Cre (1419 (, PP)) . (77)

The proof is very similar to that of Lemma 14 and we leave it to the reader. We end this section with

Lemma 15 whose proof can be found in Appendix D

Lemma 15. There exist constants a > 1 and c > 0 such that for all i € MIS(TZ) N &,

(I®(u, P%) + ¢)

I'(p) < - :

4.4. End of the Proof of Theorem 1

Lemma 16. H (p) is lower-semi-continuous.

The proof is very similar to that in [42]. Because {II"} is exponentially tight and satisfies the weak
LDP with rate function H (1), the following corollary is immediate (Lemma 2.1.5 in [37]).

Corollary 2. H(u) is a good rate function, i.e., the sets {u : H(u) < 0} are compact for all § € R,
and it satisfies the first condition of Theorem 1.

This allows us to complete the proof of Theorem 1:

Proof. By combining Lemmas 16 and 9, Proposition 11, and Corollary 2, we complete the proof of
Theorem 1. [
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5. Characterization of the Unique Minimum of the Rate Function

We prove that there exists a unique minimum . of the rate function. and provide explicit equations

for p. which would facilitate its numerical simulation. We start with the following lemma.
Lemma 17. For j,v € MIS(TZ), HY(p) = 0ifand only if p = Q.
Proof. This is a straightforward consequence of Theorem 1 in [42] and Theorem 2. []

Proposition 14. There is a unique distribution p. € Mf s(T%) which minimizes H. This distribution
satisfies H (1) = 0.

Proof. By the previous lemma, it suffices to prove that there is a unique p. such that

Q" = fe. (78)

We define the mapping L : MIS(TZ) — MIS(TZ) by

p— L(p) = Q"

It follows from Equation (65) that
Qb = 17, (79)

which is independent of .

It may be inferred from the definitions in Section 3.1 that the marginal of L(u) = Q" over Fy, only
depends upon the marginal of 11 over Fy;_1,t > 1. This follows from the fact that Q‘l‘t (which determines
Q) is completely determined by the means {c%;s = 1,...,t} and covariances {K%;j € Z,u,v €
[1,¢]}. In turn, it may be observed from Equations (18) and (23) that these variables are determined by
f10,4—1. Thus for any i, v € M{ ¢(T%) and t € [1,T], if

Hot—1 = Vo,t—-1,

then
L(M)o,t = L(V)o,t-

It follows from repeated application of the above identity that for any v satisfying vy = p%,
L™ (v)or = L(L"(v))or- (80)

Defining
pe = LT (v), (81)

it follows from Equation (80) that y. satisfies Equation (78).

Conversely if 4 = L(u) for some y, then we have that = L?(v) for any v such that v 79 = o 12
Continuing this reasoning, we find that = L7 (v) for any v such that vy = po. But by Equation (79),
since Q" = y, we have 1o = p%. But we have just seen that any y satisfying = LT (v), where vy = p%,
is uniquely defined by Equation (81), which means that y = p.. U
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We may use the proof of Proposition 14 to characterize the unique measure pi. such that p, = Q"¢
in terms of its image f.. This characterization allows one to directly numerically calculate .. We
characterize fi. recursively (in time), by providing a method of determining fi. o in terms of i, 041"
However, we must firstly outline explicitly the bijective correspondence between pi.,, and O
follows. For v € T, we write U"'(v) = (U~ Y(v)g,..., ¥ (v)r). We recall from Equation (14)
that U~ (v)g = wy. The coordinate W~!(v); is the affine function of v,, s = 0---¢ obtained from
Equation (14)

t
\D_l(v)t - Z’yivt—ia t= 07 e 7T'
=0

Let Kéf_’ll 51y bethe (t —1) x (s — 1) submatrix of K*#e! composed of the rows from times 1 to (£ — 1)

and the columns from times 1 to (s — 1), and

He _t( e He
Ci-1) = (CRPPPNCA

(0. be given by

Let the measures /. , and 1,

ey (dv) = pi(dvo) @ Ny (cg;, o’1d, + K“Q’O) dvy - dvy_y.

(tt)

o e e,(0,1
&(8:?) (do’dv") = pr(dvg) @ pr(dvg) © Mﬂ((@éy Clé)% o?Idess + Ké,sg ))dv? - dvfdoy -+ do

ER

where

(te) =

lu‘670 /‘Lﬁvl
[ TK(t,t)l K(t,s()] ] ‘
/erv .L"E’
Ky Ko
The lemma below is evident from the definitions above.
Lemma 18. For any t € [1,T), the variables {ct<, Kt<7 : 1 < r.s < t,j € 7 <} are necessary
and sufficient to completely characterize the measures { &B iy &((%’lt)) :
{&B,t’ &((%’% 11 € Z} are necessary and sufficient to characterize ji. 0

[ € Z}. In turn, the measures

The inductive method for calculating i is outlined in the theorem below.

Theorem 3. We may characterize ji. inductively as follows. Initially . 0= uZ. Given that we have a

complete characterization of
(0,0) 1 )
{&(o,t—l)’&o,t—l Hle Z} !
we may characterize
{M(O,l) 1! 'ZEZ}
e,y 2ot
according to the following identities. For s € [1,t],

e = /}R (U 0))) g, (o)
For1 <r,s<t Kter =5 _ A(k,[)M"'. Here, for p=max(r — 1,s — 1),
Mg = [ @) X (O 0)0) ()
and for | # 0

M= /IRTX]RS (FOETH)r-0) < (FT (0)s0) &((3791,571)@“%“[)'
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Of course the measure 1, may be determined from fi. since fie = e 0 W.

6. Some Important Consequences of Theorem 1

We state some important consequences of our results including some which are valid J almost surely

(quenched results). We recall that QV (J?) is the conditional law of N neurons for given J%.

Theorem 4. TV converges weakly to 6,,, i.e.,, for all ® € C,(M{ 4(T%)),
Tim [ ®(uy(a) QV(du) = D).
— 00 TN
Similarly,
lim iy (w) QN (JV)(du) = ®(e) J  almost surely

N—o0 TN

Proof. The proof of the first result follows directly from the existence of an LDP for the measure 17,
see Theorem 1, and is a straightforward adaptation of Theorem 2.5.1 in [18]. The proof of the second
result uses the same method, making use of Theorem 5 below. []

We can in fact obtain the following quenched convergence analogue of Equation (16).

Theorem S. For each closed set F' of M;’ s(T?%) and for almost all J
T 1 N/ NN/ ~ .
_ < —
Jim = 1og [QY(JY) (v € F)] < — inf H(p).
Proof. The proof is a combination of Tchebyshev’s inequality and the Borel-Cantelli lemma and is a

straightforward adaptation of Theorem 2.5.4 and Corollary 2.5.6 in [18]. [

We define QV(JV) = %37 QN(JN) o S/, where we recall the shift operator S defined by
Equation (8). Clearly Q™ (J) is in M 4(T™).

Corollary 3. Fix M and let N > M. For almost every J and all h € Cy(T™),

im [ R QYN () (du) = / h(u) i (du).

N—oo T™ TM

lim h(w) QMM (du) = / h(w) pM (du).

N—oo [rum TM
That is, the M*"* marginals QN’M(JN) and QMM converge weakly to uM as N — oc.

Proof. It is sufficient to apply Theorem 4 in the case where ® in C,(M ¢(77)) is defined by

o) = [
lef

and to use the fact that QV, Q" (J) € M{ 4(T") (Lemma I and above remark). []

We now prove the following ergodic-type theorem. We may represent the ambient probability space
by 20, where w € 20 is such that w = (Jij,B{,ué), where 7,7 € Zand 0 < t < T — 1, recall
Equation (1). We denote the probability measure governing w by 9B. Let u"™)(w) € T be defined by
Equation (1). As an aside, we may then understand Q" (JV) to be the conditional law of 9 on u"™)(w),

for given J%.
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Theorem 6. Fix M > 0 and let h € Cy(T™). For u™) (w) € TV (where N > M) and |j| < n.Then 3

almost surely,

N—oo N

lim — Z h (mar(STu™ (W) = /T h(w)dpM (u), (82)

j=—n

where STu™)(w) is defined in Equation (8). Hence fin(u™N) (w)) converges B-almost-surely to ..

Proof. Our proof is an adaptation of [18]. We may suppose without loss of generality that

Jorar h(u)dpl! (u) = 0. For p > 1 let
1
[, (aw)| = —} .
T™ Y%

Since ji. ¢ F),, but it is the unique zero of H, it follows that inf,, /' = m > 0. Thus by Theorem 1 there
exists an Vg, such that for all N > N,,

F,= {u € MEo(T?)|

Q" (iy € F,) < exp (—mN).
However
P (wlin (W (w)) € F,) = QN (uljin(u) € F,).
Thus -
S B (wliv(@M (W) € B) < oo

We may thus conclude from the Borel-Cantelli Lemma that ‘3 almost surely, for every w € 20, there
exists N, such that for all N > N,

% i h (S u™ (w)) | <

j=—n

SH

This yields (82) because p is arbitrary. The convergence of iy (u¥)(w)) is a direct consequence of

Equation (82), since this means that each of the M*" marginals converge. [J

7. Possible Extensions

Our results hold true if we assume that Equation (1) is replaced by the more general equation

}:%@k+§: FUL)+0;+B,, j=-n,...on t=1..T,
i=—n

where [ is a positive integer strictly less than 7" (in practice much smaller) and the §;s are independent and
identically distributed random variables independent of the synaptic weights .J and the random processes
BJ. They can be thought of as external stimuli imposed on the neurons. This equation accounts for a
more complicated “intrinsic” dynamics of the neurons, i.e., when they are uncoupled. The parameters

Yk, k =1, - -+, must satisfy some conditions to ensure stability of the uncoupled dynamics.
This result can be straightforwardly extended to the case when the noise is correlated but stationary
Gaussian, that is cov(B?, BF) is some function of s, ¢ and (k — j). It can also be easily extended to the

case that the initial distribution is correlated but mixing, using the Large Deviation Principle in [43].
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The hypothesis that the synaptic weights are Gaussian is somewhat unrealistic from the biological
viewpoint. In his PhD thesis [18], Moynot has obtained some preliminary results in the case of
uncorrelated weights. We think that this is also a promising avenue.

Moynot again, in his thesis, has extended the uncorrelated weights case, to include two populations
with different (Gaussian) statistics for each population. This is also an important practical problem in
neuroscience. Extending Moynot’s result to the correlated case is probably a low hanging fruit.

Last but not least, the solutions of the equations for the mean and covariance operator of the measure
minimizing the rate function derived in Section 5 and their numerical simulation are very much worth

investigating and their predictions confronted to biological measurements.

8. Conclusions

In recent years there has been a lot of effort to mathematically justify neural-field models, through
some sort of asymptotic analysis of finite-size neural networks. Many, if not most, of these models
assume/prove some sort of thermodynamic limit, whereby if one isolates a particular population of
neurons in a localized area of space, they are found to fire increasingly asynchronously as the number
in the population asymptotes to infinity [44]. Indeed, this was the result of Moynot and Samuelides.
However, our results imply that there are system-wide correlations between the neurons, even in the
asymptotic limit. The key reason why we do not have propagation of chaos is that the Radon-Nikodym
derivative Z}QTx of the average laws in Proposition 8 cannot be tensored into N independent and identically
distributed processes; whereas the simpler assumptions on the weight function A in Moynot and
Samuelides allow the Radon-Nikodym derivative to be tensored. A very important implication of our
result is that the mean-field behavior is insufficient to characterize the behavior of a population. Our
limit process f. is system-wide and ergodic. Our work challenges the assumption held by some that
one cannot have a “concise” macroscopic description of a neural network without an assumption of
asynchronicity at the local population level.

It would be of interest to compare our LDP with other analyses of the rate of convergence of neural
networks to their limits as the size asymptotes to infinity. This includes the system-size expansion of
Bressloff [45], the path-integral formulation of Buice and Cowan [46] and the systematic expansion of
the moments by (amongst others) [47—49].
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Appendix

A. Two Useful Lemmas

The following lemma from Gaussian calculus [18,50] which we recall for completeness is used several
times throughout the paper.

Lemma 19. Let Z be a Gaussian vector of RP with mean c and covariance matrix K. If a € R? and
b € R is such that for all eigenvalues o of K the relation ab > —1 holds, we have

o [oo (a2 2127) | -

1
v/det (Id, + bK)

1
X exp (tac — g||c||2 + 5 “la —be)K (Id, + bK) " (a— bc))

Block-circulant matrices may be diagonalised using DFTs as follows.

Lemma 20. Let B be a symmetric block-circulant matrix with the (j, k) T x T block given by

(BU=R) mod Ny 5k = —p ... n. Let WN) be the N x N Unitary matrix with elements W/j(,iv) =
\/LN exp(%]i,jk), Jysk = —n,--- n. Then B may be ‘block’-diagonalised in the follow manner (where ®

is the Kronecker Product and * the complex conjugate),
B = (W™ ®1dr)diag (B*n, . B”) (W @ Idr)".

Here B? is a T x T Hermitian matrix and is the DFT defined in Equation (88). We observe also that A

is an eigenvalue of B if and only if X is an eigenvalue of B* for some k.

B. Proof of Proposition 4

We first recall Proposition 4:
Proposition 4. Fix v € M{ 4(T?”). For all € > 0, there exists an open neighborhood V.(v) such that
forall p € V(v), all s,t € [1,T) and all § € [—m, 7],

Ki(0) — K4(60)] < <.

)Ait@) - A/;t(g)‘ <e¢,

e — el <e,
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and for all N > 0, and for all k such that |k| < n,

k
’K[N st K[lj\f] st| — ¢,
and
v,k w,k
)A[N st A [N],st < ¢
Proof. Let y be in M{ 4(7%)and § € [, 7[. We have
K4(0) = K5(0) = > (KL — KiFe ™.
k=—0c0

Using Equation (23) we have

f(ﬁ(@) - f(syt(e) = Z A(k:,l)(Méf;l _ Mgl)e—ikG’

kl=—o0

hence

R4(0) - K4(0)| <

S MOl [ ) A0 = £ )] £, o),

k,l=—o00

where L = 2|I| + 1 and £?! has marginals p” and v*. Since |f(u®_|)f(ul_;) — f(°_)f (0! )| <
2(ksdp(mpu, mv) A 1), where ky is the Lipschitz constant of the function f, we find (through
Equation (12)) that

K4(0) — K4(0)| < 2D(p,v).

Thus for Equation (32) to be satisfied, it suffices for us to stipulate that V(v) is a ball of radius less than
5 (with respect to the distance metric in Equation (12)). Similar reasoning dictates that Equation (35) is
satisfied too.

However, in light of Lemma 4, it is evident that we may take the radius of V.(v) to be sufficiently
small that Equations (32), (35) and (36) are satisfied. In fact Equation (33) is also satisfied, as it may be
obtained by taking the limit as N — oo of Equation (36). Since ¢ is determined by the one-dimensional
spatial marginal of p, it follows from the definition of the metric in Equation (12) that we may take the
radius of V(v) to be sufficiently small that Equation (34) is satisfied too. [J

C. Existence of a Lower Bound for ®" (y, v)

In order to prove that ¢ (11, v) defined in Equation (42) possesses a lower bound, we use a spectral

representation and let @/ = 97 for all j, except that 7’ = ?° — Nc*. We may then write

* U o 1,
" (10) = 5 3 ot g+ (e a”) + e, (83)

l=—n
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Thus in order that the integrand possesses a lower bound, it suffices to prove, since the matrixes flﬁé]
are Hermitian positive, that there exists a lower bound for
1 T ~0 A,u ,0 ~0 2 ~0 84
Nz o+ N (w", ey, (84)
We have made use of the fact that @° and fl“ ’0 are real (since they are each a sum of real variables). Let

K ° 0 O[ N]D O[ N’ where D 1s dlagonal and O[ ] is orthonormal. We define X = ijv]u?o, so that
Equatlon (84) is equal to

T

2
(%1 + Diy) X 4 5 ) {10y ) Xe (85)

t=1

T 12

where Oﬁv} ; 18 the t-th column vector of Oﬁv]- In order that Equation (85) is bounded below, we require
that the coefficient of X converges to zero when ijv] does. The following lemma is sufficient.

Lemma 21. Foreach1 <t <T,
(ct, O“

where A™" is given in Proposition 1.

Proof. If J = 0 the conclusion is evident, thus we assume throughout this proof that J # 0. Since

Dy, = 'Ol KOl 1> we find from the definition that
Diy, Z AN (k, m)T Ol M* Ol
k,m=—n

We introduce the matrixes (L**), k € 7Z, where for 1 < s,t < T,

Ll;ik = Mgk aie = / (Flud_y) =) (f(ufy) — & y) p(du)
TN

where ¢ = S,
These matrices have the same properties as the matrixes M**, in particular the discrete Fourier

Transform (D‘N’l) l=—n,- n 18 Hermitian positive. Using this spectral representation we write

Dy = AV (0,0)(e", Ol )° + Z AN(0, =D)T Ol L1 Ol o,
l—fn
and since AM(0,—1) is positive for all I = —n,---,n and TOﬁVLti"NJOfN is positive for all
t=1,---,T, we have
AN(O,O)
Diju 2 =55 (¢ Op)”

and the conclusion follows from assumption (5).
O]
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We may use the previous lemma to obtain a lower-bound for the quadratic form (85). We recall the
easily-proved identity from the calculus of quadratics that, for all z € R,

2

ax® + 2bx > ——.
a

We therefore find, through Lemma 21, that Equation (85) is greater than or equal to

J? d J? 11,0
_ To? + Z Dl | = i <T02 + Trace(Kﬁ(,ﬂ) : (86)
t=1

Amm min

We have already noted in the proof of Proposition 5 that Trace(f( “N’O) < TA*"™. Thus, pulling these
results together, we find that ¢V (11, v) is greater than — 3, where
TJ?

_>202Amm

B

(o + A%™) . (87)

D. Proof of Lemmas 10 and 15

For technical reasons, we need the following definition which is also used in Appendix E. The
motivation is that when we analyze the function ®% (u,v) defined in Equation (43) we are led to
use spectral representations and to introduce the Fourier transform @ of v. Since © € (CT)V the
correspondence v — v from 1{\:} to (CT) is not one to one. We need to take into account the symmetries
of v, hence the following definition.

Definition 8. For v = (v/);—_p.., € T}, we note HY(v) = v, = (v;",...,v}) € T where v, is
defined from the Discrete Fourier Transform © = (07", -+ ,0") of v as follows
"L omijk
o = : - : 88
= Y wew (-25F) %)
j=-—n
i ‘S o i _ 1N~k 2mijk
The inverse transform is given by v/ = 5 > 7 0" exp ( N )
Because v is in 7, the real part of its DFT is even (Re(0~*) = Re(¢¥), k = —n, - -+ ,n) and similarly

its imaginary part is odd. As a consequence we define
oY k=0
vf =4 V2Im(t*) k= -n, -, —1 (89)
V2Re(?*) k=1,---,n

It is easily verified that the mapping v — v, = H™ (v) is a bijection from 71]\} to itself the inverse being

given by

1
N

v =

v+ v2Re <Z(U§ + ivo_k)ezwféjk>]

k=1
and that

n n n
Do lEr= ) Tt =N Yy ot

k=—n k=—n k=—n

For a probability measure ™ € M{ (T™), we define p) = p{' o (H™) ™" to be the image law.
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We also note Hiv the measure Hff 7 © (HN)~! (where HN is given in Definition 1). We note that
P, ~ Ny (0r,No®ldr) . (90)

We notice that I'jy (1 fTN o3 (1, vo) Y (dvs ), where

1
¢<]>V(mu>v<>): IN252 ZT Z*AM )0 l
o

l=—n

_|_

1
g1 (1dr = A (0)) = e (Tdp = Aty (0)) e, ©O)

and o is implicitly given by Equation (89) as a function of v,. We have used Definition 8 and the DFT
diagonalisation of Lemma 20. We note that, since fl% is Hermitian positive, Tﬁl’*fl’[‘];f]ﬁl is real and
positive. We recall Lemma 10 and give a proof.

Lemma 10. There exist positive constants ¢ > 0 and a > 1 such that, for all N,
[ e (@N6¥ (i (), War(0))) P (du) < exp(No),
TN

where ¢V is defined in Equation (43).

Proof. We have from Equation (83) that ¢" (u,v) = in (p, ws), where w! = vJ for all j, except
that w? = v — Nc#. Since (by Equation (90)) the distribution of the variables v, under P,®" is
Nt (07, NO'QIdT)®N, the distribution of w, under PY™ is N (Nc*, NUQIdT)®N. By Lemma 7, the
eigenvalues of /Nl’[j\?] are upperbounded by 0 < o < 1, for all 5. Thus

N
2 0 2
NG () € 0 3t ) + S e ©2

I=—n

Hence we find that

/ exp (aN o™ (jin (), U (u))) POV (du) < (\/W)NT x
TN

n

n T
1 . . .
/7-N1 G1 exp IN o2 Z ac|ly’ || — Iy’ ||? H deg,

L =1 i=1 =1

where
1 T
o~ | m4ﬁﬁwhwwﬁwmwwwwwwwwﬂww+mwm]H@?
Ti,T o —

We note the dependency of G; on (y7) (for all |j| # n) via ¢®¥. After diagonalisation, we find that

Nlc*||?ala —1)(1 —a) (1 —aa) a o Nd™(a—1) 0
_ _ Jetla—l) dy?.
G /Tl,T P [ 2(1 — aa)o? 2No? Z R H Y

s=1
We assume that @ > 1 is such that 1 — aa>0. To bound this expression, we note the identity that if
A : R — R satisfies | 4] < B > 0 and 7. > 0, then

/]Rexp <_2ic (t— A(t))2> dt < 2B + /2.
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Since |c2V| < |J|, s =1,---, T, and hence ||c*¥||? < T'J?, we therefore find that G, < Gf, where
_ _ T
. NTJ?a(a —1)(1 —a)] { 2N|J|(a — 1) |2t No?
Gy = exp l 20%(1 — ax) 1 —axa * 1 —aa
Thus
T(N-1 _T
/ exp (aN¢™ (fun (w), Uy r(w))) PEY(du) < GF(1 - aar)” Ea (2nNo?) 7,
TN

which yields the lemma. [

We include the proof of Lemma 15 which is used in the proof of the upper bound on compact sets in
Section 4.3.2.
Lemma 15. There exist constants a > 1 and ¢ > 0 such that for all ;1 € M{ g(T”) N &,
(1 (u, P*) + )

I'(p) < ” :

Proof. a > 1 is chosen as in the proof of Lemma 10. We have (from Equation (50) that

I®(p, PPy = lim N'@ (pN, PN,

N—oo

We recall that /) may be expressed using the variational expression (49) as

1) = s ([ o)~ og |

exp(gN(u))P®N(du)) , (93)
NeC,(TN) TN

where ¢V is a continuous, bounded function on 7V. We let ¢}y = alg,sY, where ¢¥(u) =
NN (1™, Uy 7 (u)) + Tinja(p)), and uw € By only if either ||¥(u)|| < NM or (¢N (1, Uy 7(uw)) +

D1 (1)) < 0. We proved in Section 3.3.2 that ¢™ (1, Uy 1(u)) possesses a lower bound, which means
N

that <1} is continuous and bounded. Furthermore <2 grows to ¢V, so that after substituting <2 into

Equation (93) and taking M — oo (i.e., applying the dominated convergence theorem), we obtain

o [ ) <tos [ exp (o (w) P ) + 10, P, ©94)
TN TN

It can be easily shown, similarly to Lemma 10, that log [ exp (ac) (u)) P®V(du) < Nc. We may
thus divide both sides by a/N and let N — oo to obtain the required result. [

E. Proof of Lemma 14

We prove Lemma 14.
Lemma 14. There exists a constant Cy such that for all v in M{ (T7), all ¢ > 0 and all i € V.(v)NEs,

Ty (1) — Ty ()] < Co(CR + ) (1 + ERr[[[o°]%)).

Here V_(v) is the open neighborhood defined in Proposition 4, and . is given in Definition 1.
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Proof. We firstly bound I';. From Equations (60) and (61) and Lemma 20 we have
v 1 - —2 7l —2 vl
T () = Ty )] < 53 D ‘log det (IdT Vo Km) ~log det (IdT +o K[N]> ‘
l=—n

1 .
+ 2 2 )bg det (IdT n 0—2Km> — log det (IdT g K%N»l) ‘ ,

It thus follows from Proposition 4 and Lemma 13 that
[Tivga (1) = D ()] < C5(CF +¢),

for some constant C;j which is independent of v and V.
We define ¢Y (v, v,) = ¢X (v, (H") ' (v)), where H" is given in Definition 8 and ¢ is given in
Equation (59), and find that

n

1 s Kv—l~
¢£,0(N7U0) = 2N20-2 Z TUZ? A lvl

l=—n

_|_

gt (IdT - Au(o)) o %‘;cu (IdT _ Au(o)) & (95)

This means that
[2(8) — Tl / O () — 6 (1, )i (). (%)

Upon expansion of the above expression, we find that

N 2 }
0Y o) = 6 (00| < 5 (NQZHA — A l||||v’u2+Nndu,unnvon+\ewl),

l=—n

where d,,, = c# — ¢ + A»NO¢ A“ jctand e, = TC“A” Oc“ —[Je”||? = ter A»N O 4 || ¢”||2. Tt follows
from Proposition 5 and Lemma 13 that the (Euclidean) norm each of the above terms is bounded by
C*(C + ¢) for some constant C*.

The lemma now follows after consideration of the fact that qu@ [0¥ |1, (dv) = EFLr {00,
12°)1> < N S°0_ . |[[v¥||? (Cauchy-Schwarz) and, because of the properties of the DFT, >, ||o!||> =
NS O
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