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1. Introduction

The aim of this article is to deal with two subjects related with information geometry. One is Fisher
metric G defined on a space P(M) of probability measures having continuous positive density function
over a connected, compact manifold M, and another one is barycenter map from P (0X) to an Hadamard
manifold X, where 0.X is the ideal boundary of X. This article is an extended version of [1] presented
at MaxEnt 2014, Amboise, France.

The Fisher metric G, remarkably important in information geometry, is defined in a natural way.
The metric GG is push-forward invariant, and has an explicit formula of Levi—Civita connection and its
sectional curvature is constant 1/4, as shown in [2] by T. Friedrich.

Before introducing main results, we will explain motivation and background of our study.

An n-dimensional Hadamard manifold (X, g) is diffeomorphic to R", and hence to an open ball D",
whose actual boundary is S"~!. X admits also the ideal boundary X as a quotient space of oriented
geodesics on X . Then, we are able to consider Dirichlet problem at boundary 9X; givena f € C°(0X),
find a solution u = w(z) on X satisfying Au = 0, u|sx = f. Using the fundamental solution
P = P(x,0), called Poisson kernel, when its existence is guaranteed, the solution is described as

u(z) = / P(z,0)df, ze€ X. (1)
9o X

Refer to [3] for precise definition of Poisson kernel. We obtain then a probability measure P(x,#)d6 on
0X parametrized in x € X and have a map, called Poisson kernel map © : X — P(0X).

Theorem 1 ([4-6]). Let (X, g) be an n-dimensional Damek-Ricci space. Then the map © is homothetic
with respect to the Fisher metric G and g; ©*G = **g where Q is volume entropy of (X, g). Further ©

is a harmonic map.

Here, for volume entropy () refer to §4. The quantity () is an invariant of Riemannian geometry which
is closely related to the topological entropy of geodesic flow ([7,8]). Refer to [9] with respect to volume
entropy treated in a framework of information geometry.

In the theorem a Damek-Ricci space is a solvable Lie group of a left invariant metric, one dimensional
extension of a generalized Heisenberg group. Refer to [10] for details. A Damek-Ricci space is
a harmonic, Einstein Hadamard manifold and any rank one symmetric space of non-compact type,
namely hyperbolic spaces over the real numbers R, the complex numbers C, the quaternions H and
16-dimensional one over Cayley numbers O are also Damek-Ricci spaces. With respect to Theorem 1,

we have the following theorem.

Theorem 2 ([5]). Let (X, g) be an Hadamard manifold which is equipped with Poisson kernel P(x,0).
Assume that the map © : X — P(0X) is homothetic; ©*G = C g, C' > 0, and harmonic with respect
to the metrics G and g. Then (X, g) is asymptotically harmonic and satisfies visibility axiom. Moreover,
C' = Q/n and the Poisson kernel has the form P(x,0) = exp{—Q By(x)} in terms of Busemann function
By on X.

The terminology with respect to asymptotical harmonicity, visibility axiom and Busemann function

will be explained in the subsequent sections.
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Remark that the equality C' = @)/n is derived from asymptotical formula related with mean curvature
of geodesic spheres and mean curvature of corresponding horospheres, level hypersurfaces of Busemann
function ([11]).

With respect to these theorems we are interested in characterization of Damek-Ricci space from
information geometry, especially from a viewpoint of Fisher metric Gz, since a Damek-Ricci space is
a counterexample of Lichnerowicz conjecture of non-compact version ([12]) and its characterization is
only given by Heber in [13] by Lie group theory argument. By approaching from a viewpoint of the
ideal boundary 0.X, we focus on barycenter of probability measures on 0.X with respect to Busemann
function and shed a light on information geometry of barycenter map bar : P(0X) — X.

2. Main Results and Conclusive Remarks

Before entering into the detailed argument, we give an outline of main results and remarks.
In Section 3 we deal with several results on Fisher metric G and also on geodesic, a basic notion of
geometry, defined on (P(M), G). We give a formula of geodesic () = exp, t7 on P(M) in a simple

form (Theorem 9);

t t dr

2
w(t) = (COS§ + sin§ @(x)) u, xeM

for an initial condition; ;(0) = p, 4(0) = 7 (|7|g, = 1). Here, (d7/du)(x) denotes Radon-Nikodym
derivative of 7 with respect to u. From this, it is concluded in Corollary 2 that any geodesic is periodic,
of period 27, while not definable over R. Moreover, from this formula which is an improvement of the
formula given by T. Friedrich ([2]) we obtain

Theorem 3. Let 1 and 1* be arbitrary distinct probability measures in P(M). Then, a curve t € R —
w(t) € P(M) defined by

dr

t ot ?
p(t) = exp, tt = (cos 3 + sin 5@@0 I (2)

is a unique geodesic such that (0) = p and p(f) = p*. Here { = ((u, u*) is defined by (4) and 7 is a

unit tangent vector at | given by

T = snllg <\/C;—l:;(fv) - /yEM \/ CZZ (y) du(y)> (). 3)

This theorem asserts that any u, p*, © # p* can be joined by a unique geodesic. The quantity
0= 0(p, p1*), 0 < ¢ < 7 is defined as

cosg = [ [ H @ duto), @

giving an apparent length of a geodesic joining ;o and p*. Notice that the RHS is an f-divergence-like
quantity with respect to f(u) = /u (refer to [14]).
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Another main subject is information geometry of barycenter map by applying results of Fisher
information geometry, thus obtained in Section 3. Related results on barycenter map will be explained
in Section 4 and Section 5.

Let (X, g) be an Hadamard manifold with a Riemannian metric g, a simply connected, complete
Riemannian manifold of non-positive curvature. Then, it admits the ideal boundary 0X and by

using a probability measure defined on J.X, we consider a function, a p-average Busemann function
B,: X = R;

Bu()= [ Byla)du(0)

whose critical point is called a barycenter of a probability measure y so that we have a map, barycenter
map, from a space P(0X) of probability measures on JX to an Hadamard manifold X. Here, the
integrand is a normalized Busemann function (for its detailed argument see Section 4).

Recall, here, an original definition of a barycenter, a center of mass, as follows. Let y1,...,y, be
points of a Euclidean space R? and pi1, . . ., 1, be non-negative real numbers satisfying . p; = 1. A
point p of R? is called a barycenter of 3;,7 = 1,...,n of weights y;,7 = 1,...,n, when p satisfies

p= ZMZ/@' or Zlh(yl —p) =0.
i=1 =1

A barycenter is defined also by a critical point of a function on R3; f : R® — R; f(q) =
Z?:l H’Zd2<Qa yl)

This definition of barycenter for a finite points of R? with weights with respect to the square-distance
can be generalized as one for points of R? distributed continuously over a bounded set D of R3;

RS R fl0) = [ g ple) de

where 4o = p(z) is a non-negative function with supp(p) C D satisfying [, pu(z) dz = 1. A critical
point of f can be regarded as a barycenter of a probability measure p(z)dx. A famous theorem of
E. Cartan is regarded as a barycenter theorem ([15]). A choice of testing function d*(z,y) is not
essential. Convexity of testing function is crucial in a theory of barycenter. In our study we deal
with barycenter with respect to Busemann function, a convex testing function, by following the idea
of Douady, Earle ([16]) and Besson, Courtois and Gallot ([8,17]). Refer to [18,19] for studies and results
on barycenter of square-distance and of distance over a Riemannian manifold. Refer also to [20] in this
direction, which is a reference comment due to Professor M. Gromov at the conference.

In our situation, the existence of barycenter for any ;1 € P(0X) is assured in Theorem 12, when
(X, g) satisfies visibility axiom (for precise definition see Definition 4 and refer to [21]) and Busemann
function By(z) on X is continuous with respect to § € 0X. Uniqueness of barycenter for any p is
assured, when, for some i, average Hessian VdB,, of B, is positive definite everywhere on X
(Proposition 6). Thus, we have the barycenter map bar : P(0X) — X; u — y, by assigning to u
a barycenter point y of ;. This map turns out to be surjective, when (X, g) admits Busemann-Poisson
kernel P(x,6) = exp{—Q By(x)}, Poisson kernel of Busemann type. Denote by p, the probability
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measure P(z,0)df. Then, bar(u,) = « for any z € X. Busemann-Poisson kernel ensures also the
uniqueness of barycenter for any p from the identity (see Theorem 14)

VdB,,).(u,v) = QG, (Vi*u,vi=v), uv,ve T, X, ze X
( Ha Hax\"x x

where, G, is Fisher metric at the tangent space 7),, P(0X), and v&+ : T, X — T, P(0X) is an injective
linear map associated to p and a point = = bar(u) (for its definition see Section 4).

The map bar : P(0X) — X, being surjective gives us a projection of a fibre space whose total space
is P(0X) and base space is X with fibres {bar ' (z); z € X}. The image of the linear map v* for y
and x = bar(p) yields a subspace of 7),P(0X), normal to T,,bar™ ' (x), the subspace tangent to a fibre
bar~!(z) so that T, P(9X) splits into a G-orthogonal direct sum (Theorem 15);

T,P(0X) = T,bar ' (z) ® Im v/*.

T,bar™'(r) and Im v* are the vertical, horizontal subspaces of T, P(0X), respectively. Here,
dim Im v# = dim X. Remark that the fibration asserted here is infinitesimal.

Each fibre bar~!(x), 2 € X is a path-connected submanifold of P(9.X). Its geometry is investigated
in terms of the second fundamental form;

H, : T,bar () x T,bar Y(z) = Im v¥;  H,(r,7) = (V.7)", Q)

which is the normal component of V.7, the covariant derivative of 7; in direction to 7 with respect to
the Levi—Civita connection V. Refer to [22,23] for definition of the second fundamental form. Applying
the results concerning geodesics on (90X ) given in Section 3 to a submanifold bar™'(z), we are able
to determine a geodesic p(t) = exp,, t7 which is entirely contained in bar ™! (z) as

Theorem 4. Let ju(t) = exp, t7 be a unit speed geodesic, of j(0) = p, 1(0) = 7, |T|g, = 1. Then,
(u(t) lies entirely on fibre bar™" (z) if and only if, u € bar™'(x), T € T,bar ' (x) and H,(7,7) = 0.

Remark that the equation H,,(7,7) = 0 on 7 is written down in a manner of information geometry as

Sy (ABo)a(w) (dr/dp)*(8) du(6) = 0.
Moreover, by applying Theorem 11 in Section 3, it is possible to assert the following theorem.

Theorem 5. Let i, i* € bar™'(z). Then, a geodesic joining ju and p* is contained completely in the
same fibre bar_l(x) if and only if . and p* fulfill

dp B
| am. S0

foranyu € T, X.

Let ¢ be an isometry of an Hadamard manifold (X, g). Then, a p-average Busemann function B,

satisfies a cocycle formula with respect to ¢;

B, (¢ 'z) = B(&,u)u(x) + B¢ 'w,), z€X,pePOX),
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where ¢! is the inverse of ¢, and gfg : 0X — 0X is a 9X-extension of ¢ and ngSﬁ is a push-forward
induced by ¢. See Theorem 18. From this formula we have

bar(gy) = ¢(bar(n)), € P(OX)

from which each fibre bar~!(z) is mapped by ¢ to a fibre bar ' (¢z) over ¢z.

By the aid of information geometry we are able to apply above results to an isometry problem; given
a homeomorphism ® of 0.X, find an isometry ¢ of (X, g) whose 0.X -extension coincides with ®. With
respect to this problem we consider a bijective map ¢ of X satisfying bar(®yp) = ¢(bar(y)) for any
p € P(0X) (we call such a map ¢ as barycentrically associated to @ ).

The following theorem gives us an answer to this problem, even partial, provided there exists a cross
section of the fibre space bar : P(0X) — X enjoying commutativity properties.

Theorem 6. Let © : X — X be a C'-map barycentrically associated to a homeomorphism ® : 0X —
0X. Assume that there exists a cross section > : X — P(0X) of the fibre space bar : P(0X) — X, a

map satisfying bar o > = idx such that a fibrewise diagram commutes

POX) 2 POX)
+ 3 + 9
X = X

and a diagram of tangent space level commutes

Hx

T.X — T,,P(0X)
b (e L @ (6)
T.x 5 T, POX)

where we denote by i, = X(x) € P(0X). Then, ¢ is an isometry of (X, g) and 0X -extension ¢ of ¢

coincides with ®.

A particularly significant cross section ¥ is given by a Poisson kernel map; © : X — P(0X);
x — P(x,0)d0 = exp{—QBy(x)} db, where P(z,0) is a Busemann-Poisson kernel on (X, g). The
differential map (0..), of © fulfills (©,),(u) = — Q v**(u), u € T, X in terms of the linear map v*=,
e := P(x,0)df, so that we have
Corollary 1 ([24]). Let ® : 0X — 0X be a homeomorphism of 0X and ¢ : X — X be a C'-map.
Assume the following diagram commutes with respect to Poisson kernel map ©;
POX) — POX)
(S S, (7)
X 5 X

Then, ¢ is an isometry of (X, g) and its 0X -extension coincides with ® of 0X.

Theorem 6 is a generalization of Corollary 1, a main result of [24,25].
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The article is organized as follows. In Section 3 we introduce basic notions of information geometry
of a space P(M) of probability measures on a compact manifold M and define Fisher metric G on it.
We show several useful theorems on the Levi—Civita connection and geodesics on P(M) with detailed
proofs. We derive in Section 4 fundamental properties of Busemann function on an Hadamard manifold,
preliminarily. By using them, we investigate existence and uniqueness of barycenter of a probability
measure, following a proof given in [8]. We define the barycenter map and develop information geometry
of this map. A fibration theorem is similar to our earlier paper [25]. However, geodesical arguments on
fibres develop further the arguments of [25], by applying the results of geodesics on P (M) in Section 3.
Finally, in Section 5, we treat an isometry problem for an Hadamard manifold and give a proof of
Theorem 6.

3. A Space of Probability Measures and Fisher Metric

3.1. A Space of Probability Measures

Let M be a connected, compact smooth manifold. Let 3(M ) be the family of Borel sets of M/. Here
B(M) is a family of subsets of M which satisfies the following; (i) B(M ) is a o-family of M, (ii) every
open subset of M is an element of B(M) and (iii) if F is a family of subsets of M satisfying (i), (ii),
then F C B(M).

A function P : B(M) — R is called a probability measure of a measurable space (M, B(M)), or a
probability measure on M, when P satisfies

(i) P(A) > 0forany A € B(M), P(M) =1and P(0) = 0.

(i) Let {E; | j = 1,...,} be a countable sequence of sets of B()M) satisfying E; N E; = () for any
i,J,1 # 7. Then

P (G E) = i P(E).

A smooth manifold M, even in an unorientable case, admits a measure induced by the volume measure
of M. We normalize this measure and denote this normalized measure by d . The measure d @ is a
probability measure on M.

For example, let M = S"~! = {z € R"; |z| = 1} be a unit (n — 1)-sphere and let dw be the standard
(n — 1)-spherical volume measure on S"~!. Then df = (1/A,,_;) dw is the normalized measure, where
A,,_; is the volume of S 1.

Let 1, ;11 be probability measures on M. p is called to be absolutely continuous with respect to 4, if
p(A) =0 forany A € B(M), whenever pi;(A) = 0.

Let 1 be a probability measure on M, absolutely continuous with respect to df. Then, from
Radon-Nikodym theorem ([26]) there exists a p € L'(M,df) such that 4 is represented as p = pdb,
namely p satisfies

pu(A) = /eAp(x) df(x), YAe€B(M).

The probability density function p = p(z) is called Radon-Nikodym derivative of p with respect to df,
written by p = dp/d6.
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We denote by P (M) a space of probability measures ;. on M, df-absolutely continuous (denoted by
i < df) such that y has a positive continuous density function p = p(z), i.e., p € C°(M), p(z) > 0 for
any v € M.

A manifold M admits an L?-function space L*(M, df) as

L*(M,df) = {h:M—>R; /Mhz(x)de(g:) <oo}.

We notice that there exists a natural embedding

d
p: P(M) — LA(M, db); ﬂzpd@»—)@:\/d—g. 8)

By using this embedding we induce a topology on P(M ). Remark that a sequence {;} of P(M) does
not necessarily admit a limit inside P (M ).
Let 1, 111 be probability measures in P (). Then we can join x and 4 by a path pu(t) = (1—t)pu+tps,
t € [0, 1] inside P(M).
Differentiate y(¢) as a curve in P (M) to have
d
o (L=t tm)) = m —p,

which is a measure on M, represented as j1; — i = (p1 — p) df satisfying

/ d(pu — p) = 0.
M
Based on this fact, a tangent space 7, P (M) of P(M) at p is defined as

1,P00 = {r = sy dhte) s g € 00, [ atw)ante) = o} ©)

Notice that the RHS (right hand side) of (9) is independent of . So, if we denote by V' the RHS
of (9), then V is an infinite dimensional vector space and an arbitrary 7 € ) induces at any . € P(M) a
curve p + tT € P(M) for t € (—¢,¢) with a sufficiently small .

We define a curve ¢ : (a,b) — P(M) as

c(t) = p(x,t)do,

where p(z,t) is of C! in ¢ for any fixed x € M. So, ¢ = ¢(t) has velocity vector field along c

de 0

3.2. Fisher Metric

Definition 1. A positive definite inner product G,, on T,,;P(M) at o € P(M) is defined as

I () 0 () du(a).

G, T,P(M)xT,P(M)—R;, G,r,m)= / 0

xeM @
A family G = {G, | p € P(M)} is called Fisher metric. \/G (T, T) is denoted by |T|c ..
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The Fisher metric is a generalization of Fisher information matrices appeared in parametric models.
The following is one of remarkable properties of the Fisher metric G.
Let ® : M — M be a homeomorphism of M. Then, ® induces a push-forward

®y: P(M) = P(M); (Ry(p))(A) = p(@7(A)), A€ BM). (10)

Here 1(A) = [ _, du(z). See [27]. We represent (10) in an integral form as

z€EA

/ M@M%M@%j/ 2(®B(2)) d(z)
€A

ze®—1(A)

for any measurable function ¢ : M — R.
When @ is self-diffeomorphism of M, ®,u coincides with (®~1)*u, the pull-back of u by the inverse
diffeomorphism ®~!. Notice that
(PoW)y =dyo0 Wy

for homeomorphisms ®, U of M and that the push-forward ®; : P(M) — P(M) has differential map
(dPy) s TuP(M) = To  P(M); - (dPy),(7) = Py(7).

Here ®;7 is defined similarly as (10). In fact, we have

(@)u(r) = | @t tr) = S (@) + 194(7)) = By(r).

t=0 t=0

Theorem 7 ([2]). Let 4 be a push-forward. Then it acts on P(M) isometrically with respect to the
Fisher metric G. Namely,

Go,u(Py7, &ym) = Gu(7,71), V7,1 € T,P(M),Vu € P(M).

Proof. We write = p(z)df(z) and 7 = ¢(x) df(x), 1 = q1(x) df(x). Set 0 = Pyu. We have then
from definition of push-forward

o =p(®7 (x)) Dyl (). (11)
This follows in fact from

/mmmmm=/mwmwm=/mmmmww>
M M M (12)

:/M (h X (po CIfl)) (P(x)) d(x)

for any measurable function s on M, which, by definition of push-forward, coincides with [, h(x) (p o
¢~ 1)(x) Pydf(x) and the above is obtained.

In a similar way to (11) we have

®;7 = (@' (7)) ©df(z), Py = qu(P (x)) Pydb(z),
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so that

Go(Py7, Dy7y) :/UCGM (d;{l)JuT) () (d(clzgﬁ> (@) do(a)
_ / ¢(27'(2) @1(P'(x))

- / y j—;@l(a:)) I (&1 () d(Dyps) (2.

Set F(z) = g—;(@_l(x)) %(@‘1@)) and write the above as

/M Fa) d(®y)(x) = /M F(®(x)) dyu(x) = /M j—;@)fl—;lmdu(x)

which is the inner product G, (7, 71) of 7 and 7y at . [

Note. The following is known. For any u € P(M) there exists a homeomorphism ¢ : M — M
satisfying p1 = ®;df (refer to [28,29]). This fact implies that the action of Homeo(M ), which is the

group of homeomorphisms on M, on the space P (M) is isometric and transitive.

Remark 1. The embedding p given in (8) satisfies p*(-,);» = 1 G, that is,

1
(Pt (p)ui)re = 1Gu(r, 1), V7,1 € TP(M), 1€ P(M).

where (-, )2 is the L*-inner product of L*(M, df);
(b= | D) fala)dbla), i fo € M, dD)

3.3. Levi—Civita Connection

The Fisher metric provides the space P (/) a Riemannian metric as above and then induces on P (M)
the Levi—Civita connection V and the Riemannian curvature tensor . To derive their formulae we will
introduce a constant vector fields on P(M).

Let 7 € V. Then, 7 is considered as a constant vector field on P(M) by defining a vector field
{tu|pePM)}, 7, = %L::o w(t) € T,/ P(M), that is, 7 is a velocity vector of a curve pu(t) = p + tr
at t = 0. Notice that an integral curve of a constant vector field 7 passing through 1 € P(M) is given
by the curve p(t).

Theorem 8. Let 7, 7y be constant vector fields on P(M). Then, the Levi—Civita connection of the Fisher
metric G at i € P(M) is represented as

-1 (Z_;(x) Z_Z(x) — Gy(r, 71)) p

5 (G o= [ o)

VTTl =
(13)

For this formula see [2].
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Proof. Recall that on a Riemannian manifold N with a Riemannian metric g the Levi—Civita connection
V of g is an affine connection on N, that is, V is a bilinear map; (Y, Z) — Vy Z satisfying

ViyZ =fVyZ,

(14)
Vy(fZ2)=Yf-Z+ fVyZ

for smooth vector fields Y, Z on N and a smooth function f on N, which satisfies (Vyg)(Z, W) =0
together with a symmetry condition, that is, the torsion tensor T'(Y, Z) := Vy Z—V ;Y —[Y, Z] vanishes.
Then, the Levi—Civita connection V exists uniquely and one has Koszul’s formula for V

9(VyZ,W) = %{YQ(Z W)+ ZgW.Y) = Wg(Y,Z) + g([Y, 2], W) — g([2, W], Y) — g([Y, W], 2) }.

Here Y, Z, W are smooth vector fields on N ([22]).

We give a reference comment on a metric connection with non-trivial torsion, appeared in information
geometry. A non-trivial torsion 7' implies geometrically a breaking of the symmetry in connection
coefficients; Ffj = F?Z In a framework of classical parametric model there are very few study of a metric
connection with non-trivial torsion. However, as far as the authors know, the e-connection developed in
a quantum model has non-trivial torsion. Refer to Chapter 7 of [14] and references cited there.

Now we return back to our situation, that is, to the space (P(M ), ) in which we have for constant

vector fields 7, 7, and 7
1
G(VTQT’ 7_1) = §{TQG(Ta 7_1) + TG(Tla 7_2) - 7_16'\1(7_7 7-2)}7

since [7, 71| = [1, 2] = [11, 2] = 0.
Let pu(t) = p + t 75 be a curve in P(M) of 4(0) = p and fi(t) = 7. We have then

(12),G(T,71) = % . G (T, 1)
d dr dm
=3l | i g @ o)
0 dr dn
|3l (Gt g dnto))
in which the integrand is
0 dr dm
0 dr dmy dr 0 dmy
=3 (@), Grose 5@ g (Gme)| e
+ o) ) S0 @)|
The partial derivative term becomes
0 dr dr dr
ot (du(t) (‘”)) o @ g
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since by calculation

1825

o (dr N 0 (_ a) el
ot <dﬂ(t)( )) =g Ot <p($) +tqQ(x)) t=0 (p(z) +tq2(x))2 0
__del) __dr ) dn g,
p*() dp " dp
Similarl
o 0 dmy _dn dmy
ot (du(t) m) — “an g
Since
G| = dn(z)
one obtains
dr, .dm dm
() Girm) = [ (—@m@m) ) du)
+/MZ—;(:1:) (—Z—Z(x)z—;?(x)) du(x)+/M (Z—Z(x)fl—;l(a;)) dry(z)
Here dmy(x) = ‘fi%(x) du(z). So,
(ra)uG(r.m) = — /M j—;m‘fl—ﬂx)cfl—j(x) dy(z).

One obtains similar formulae for the terms 7,G (71, 72), (71),G(7, 72) and then finally

1

Gﬂ(VTQTJ 7-1)

On the other hand, one observes

dTl
G, (T, T
/]\4 N( 2) d,LL
and hence
1 d
Gu(V,1,11) = —5/ (_T( )

M

1

9

Since 7 is arbitrary, (13) is derived. [

)

U1 () dp(z) = Gl ) /

dr
dp

dTl
dp

dTQ
dp

—— (@) == () = (x) dp(x).

dr(x) =0
M

dT2 dTl
@) - Gl a)) T @) dula)
dTQ

) = Gulra) ).

Theorem 9. The Riemannian curvature tensor R of the Fisher metric G satisfies

R, (1, 1)1 =

| =

for constant vector fields T, T, To. Hence, sectional curvature of any section T A 11 is K(T A1) =

(Gu(T, 1)1 —

Gu(T,71)72)

1
1
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Refer to [2] for this theorem. We omit proving this theorem. In general, a finite dimensional
Riemannian manifold of constant sectional curvature 1/4 is (locally) isometric to a sphere of radius 2.
So, the space P (M) with the metric G is considered to be isometrically an infinite dimensional sphere
of radius 2.

As is shown in the next section, this infinite dimensional Riemannian manifold (P(M), G) is not
geodesically complete, in other words, every geodesic is not necessarily extended over R.

3.4. Geodesics

Theorem 10. Let ;v € P(M) and 7 € T, P(M). Assume T is a unit tangent vector at i, i.e.,

T|G,u = 1.
Then, the geodesic ji(t), denoted by exp,, tT, with ;1(0) = p, f1(0) = T has the form represented by

t . tdr, \?
pu(t) = (cos 3 + sin 5@(@) i, (15)
in other words,
2
u(t) = (cos % 4 sin%}%) p(z) do(z) (16)

where ;1 = p(x) df and 7 = q(x) df are density function representation of i, T.

Note. Set t = 7 into (15). Then p(7) = (j—/j(m))% = % df. However, T is a tangent vector to P (M)
so 7 satisfies [ _, q(x)df(z) = 0 from which there exists a point z, € M with ¢(x,) = 0 and then the

density function of y(7) vanishes at point z, and then u(7) & P(M).
To prove Theorem 10, we will show the following lemma, obtained by T. Friedrich ([2]).

Lemma 1. Ler ;u(t) = p(z,t) df be a geodesic such that (0) = p = po(x)db, 1(0) =7 = q(x)db €
TP (M),

T|g,u = 1. Then,

1

T 1+ tan’l

p(x,t) {pg(x) + 2tan% q(x) + tan® L) } : (17)

2 po(x)
From this lemma it is easy to see that ;(¢) = p(x,t) df has the above form (15).

Proof of Lemma 1. A proof is given in [2]. However, we will give a proof for a later convenience in
proving Theorems 16 and 17. So, for simplicity we write by abbreviation p(t) = p(t) df and f(t) =
p(t) d. Letting T be a constant vector field, we have

G(Viwu(t), 7) = p(t) (G(a(t), 7)) = G((t), V), (18)

since V preserves the metric G.

Notice that from the rule (14) of Levi—Civita connection, the tangent vector fi(t) € TP (M) of
V1), appeared in the second term of (18) can be extended as a constant vector field, denoted by the
same symbol. So, we can apply (13) to the above and have

— G () T>) u(t).
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Thus, the Radon-Nikodym derivative of V ;7 with respect to y(t) is

dVupr 1 (dp(t) dr
dpu(t) 2

Therefore, we have

On the other hand, the first term of (18) is

HGG0.7) = 5 Guoi.r) = 5 [ (B )ar= [ 2 (80) ar

Then (18) becomes
Gl = [ {% (22)+3 (%)} dr.

. N2
Here, {% (%) +3 (%) } u(t) is not necessarily a tangent vector at £(t). We choose a real valued

function C'(t) of ¢, independent of x € M satisfying

{% @%) " % (i%) - C<t>} p(t) € TP (M).

In fact, we define C'(t) as

Hence, we have

for an arbitrary constant vector field 7.
Therefore we have

Thus, it is concluded that 1(t) = p(t) df is a geodesic if and only if p(t) = p(x, t) satisfies

% (@) + % (@)2 +C(t) =0, /Mp(t) df = 0. (19)

p(t) p(t)
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Remark 2. Equation (19) is expressed as

% <%) +% (%) +C) =0, ) € TunP(M).

Now we will solve these equations.

Notice that if 1(t) is a geodesic, G, (f1(t), fi(t)) is constant along 4u(t) so from the initial condition
Guw(fu(t), f1(t)) = 1. Therefore, we can write (19) as

3 (M) 4 L0V [ & (50) -] o
[ E8a—1 [ i -o.

The second equation means that |((t)|g ) = 1. Set g(t) := [,, & (”—”) p(t) df. We have then

o = ([ (5 ) oras) [ (23 sy as
0

So Equations (20) reduce to

To solve these, we set w(t) = %. Then w(t) satisfies

w(t) + = (W) +1) = 0. (21)

By solving (21), we have w(t) = tan (—3it+ A(z)), + € M, where A(z) is an integral constant
depending on z. By integrating w(t) = p(t)/p(t), where p(t) = p(x, t),

1
log p(z,t) = 2log cos (_Et + A(x)) + By (z),

and hence ]
p(z,t) = B(z) cos® (—515 + A(x)) :

Here B(x) is an integral constant. The constants A(z), B(x) are given as

A(z) = arctan (i g gi) :

p?(x,0) + p*(z,0)
p(z,0) ’

B(x) =

where p(z, 0) = po(a). p(z,0) = q(z). O

Corollary 2 ([2]). Every geodesic on (P(M), G) is periodic, of period 2.
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In fact, from (15) a geodesic p(t) is represented as
t t  td t (dr\’
p(t) = <COS 7t 2sin 5 Cos 5#(1’) + sin? 3 <—T) (x)) i

and cos® £ = (1 4 cost). We have then the corollary.

1
2

Definition 2. Define ( : P(M) x P(M) — ) = L= L(p, u*) by

COS — / du (22)
zeM

, i) and that ¢ = 0 if and only if u = u*. cos% is an f-divergence-like

*

One sees ((p, ") = l(u
quantity with respect to f(u) = /u (See [14]).

Remark 3. In [2] T. Friedrich remarked that the distance between . and p* in P(M) is given by { =
Ep, ).

Theorem 11. Let ;1 and ;1* be arbitrary probability measures in P(M), i # p*. Then, there exists a
unique geodesic [i(t), i.e., a curve; t € I C R — pu(t) € P(M) with u(0) = p, p(€) = u*, where
0= l(p, 1) is given by (22) and 1 is an open interval;

t dr

; 2
p(t) = exp, tT = (COS 3 + sin 5@( )) i, (23)

where T is a unit tangent vector at | represented by

<\/Z—f(9€) - /y . Cg:: (y) du(y)> (). (24)

Assertion 1. The measure 7 given by (24) is a unit tangent vector to P (M) at .

1

T =
0
sin 3

Proof. First we will show

In fact,
d d
[ar—s [ {5 / I ) dn(y) ) dn(e)
M Hl- zeM du yeM
ey / !
Sin% TEM d yeM &
so that 7 is a tangent vector to P(M). Moreover, 7 is unit, ie., G,(7,7) = 1, as we compute
straightforward

Gur.n) = | (j—;<x>)2du<x> (5)
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and substitute (24) into (25) to have
2
1 dp* dp*
Gu(, 7) / (\/ () — / dM (y)du(y)> dp(x)

sin zeM yeM 1%

du* du*

—2
= meM{ (/yEM e u(y)> o )

1 / dp*
— dp,*$—2/ y) du(y +/ y) duly
a1, (yeM G | (G an)
1
=—7 (1 cosQ—> =
S1n )
Assertion 2. A geodesic defined by (23) satisfies 4(0) = p and pu(¢) = p*.
It is seen 1(0) = p from (23). Att = ¢
14 ¢ d
pu(l) = (COS§ +sm§ d—T( )) i
and from (25)
l dT du d,u du*( ) 14
sin — — x) — Cos —.
2 du du yeM dp 2
Hence, we find p(¢) = p* as follows;
2 2
14 dpu* 1 dp* dp*
ult) = {cos§+ ( i <x>—cos§>} = ( i <x>> p= g =
Assertion 3. A geodesic joining x and p* is unique for p # p
To verify this assertion let yu(t) = exp,t7 and ji(t) = exp,t7 be unit speed geodesics satisfying
1(0) = 1(0) = pand pu(¢) = fi(¢) = p*. From the latter condition we have by using (15)
0 cdr, \° 0 T\
(cos 5 + sin §d—(x)) = (cos 3 + sin §d—(x)) w, VrelM
from which y Py , J
T T
hd Sy = + i Al
COSQ—i—Sandu( ) (C082+Sln2du( ))
forany x € M.
To assert ’ 0 d ’ 0 d
cos 5 + sin 5#( T) = cos 5 + sin 5#@)7 Ve e M

define subsets M of M by
14 tdr 14 td
My = {xEM; cosz—i-smﬁd—T( x) = i(COS§+SIH§i( ))}
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Then, M = M, U M_. Moreover M, N M_ = (). This is because if otherwise, M, N M_ # (), then at
apointx € M, N M_ it holds

14 L Ed%< )
cos — 4+ sin ——(z) =
2 2du
y 2
So, at z, fu(¢) = <cos g + sin %j—;(x)) i = 0. However, it must coincide at = with p* which has a

positive density function. So M, N M_ = ).

We see that M, = {z € M ; 7(z) = 7(z)} and M_ = {2 € M ; q(z) + §(z) = —2cot £}. Here we
write 7 = ¢(z) df and 7 = G(x) df. Then, M, and M_ are closed in M.

Suppose M_ # (). Then, M_ must be a non-empty, proper subset of M. This is because, otherwise if
M_ = M is assumed, then, since 7, 7 are tangent to P(M ) we see, from 0 < £ < 7

/d?:—/ dT—QCoté/d9:—2cot£7§0.
M M 2 Ju 2

This is a contradiction. So, M_ is a proper subset and hence M, = M \ M_ is a non-empty closed, but
open subset of M. Therefore, since M is connected, M, = M, namely 7(z) = 7(z) forany z € X,

from which the assertion is proved.

From these assertions Theorem 11 is verified. [

Remark 4. For the { of (22)
l
wFE = sing#().
It suffices for this to show
pr=p <= (=0,

since, for { € [0,7), sinf/2 = 0 if and only if { = 0. With respect to the embedding p : P(M) —
L*(M,d0), given in (8), we have

. ¢
[1p(e7) = p()ll72 = 2 = 2cos 5

from which it follows that ¢ = 0 implies ||p(1*) — p(p)||zz = 0 and hence p* = p, since p is an

embedding. Conversely, if * = p, then \/dp*/du(x) = 1 so cosl/2 = [, ~/dp*/du(z)dp = 1 and
thus { = 0.

To guarantee completeness of geodesics we must extend the space P (M ), for example, to the space
of probability measures on ), absolutely continuous with respect to df and with non-negative density
function.

4. Hadamard Manifolds and Barycenter Map

4.1. Hadamard Manifolds and Ideal Boundary

Let (X, g) be an Hadamard manifold. Then the ideal boundary 0X of (X, g) is defined by taking
quotient of space of geodesics of X and is homeomorphic to an (n — 1)-sphere S"~!. For any 6 € 0X

Busemann function By normalized at some point and parametrized in # € 0X provides a u-average



Entropy 2015, 17 1832

Busemann function B, on X in terms of a probability measure 1 on 9X. Under some geometrical
assumptions which X fulfills, B,, admits a unique critical point so that we have a barycenter map bar :
P(0X) — X by assigning to an arbitrary probability measure x4 on X a point in X as its barycenter, a
critical point of B,.

Let (X, g) be an Hadamard manifold, a simply connected, complete Riemannian manifold with a
metric ¢ = (-,-) of non-positive curvature. By Cartan-Hadamard theorem an Hadamard manifold is
diffeomorphic to a Euclidean space of same dimension. Refer, for this theorem, to [30,31]

A Euclidean space together with a real hyperbolic space H"(R) are typical examples of Hadamard

manifold. Geometrical properties which an Hadamard manifold enjoys are the following;
(i) Any two points on X can be joined by a unique geodesic.

(ii) Let A be a geodesic triangle in X with interior angles o, e, a3 and lengths of opposite side, /1,

{5, ¢3. Then, we have a law of cosines;
g% Z E% + E; - 2£1€2 COS (/3.
(iii) The distance function from a fixed point z, € X; d,, : X — R, = — d(z,z,) is convex, i.e., for
any geodesic 7y in X; t — ~y(¢) the restricted function d,, o~y : t — d, (7(t)) is convex on R.

Here a function f : R — R is convex, if it satisfies
flaty+ (1 —a)ty) <a f(ty)+ (1 —a) f(ta), Vi, t€R, 0<a<1. (26)

Let us define for an Hadamard manifold (X, g) the ideal boundary 0.X, or a boundary at infinity.

Let v, 0; R — X be unit speed geodesics on X. We say that v is asymptotically equivalent with
o, denoted by v ~ o, when there exists a constant C' > 0 such that d(~(t),o(t)) < C for any t > 0.
The relation ~ is an equivalence relation on the space Geo(X) of all oriented, unit speed geodesics on
X. The quotient space Geo(X)/ ~ is called the ideal boundary of X, denoted by 0.X. An equivalence
class represented by 7 € Geo(X) is called an asymptotic class, denoted by [y] or v(oc0). Notice that all
geodesics on X are assumed to be of unit speed and oriented.

Let z € X be an arbitrary point of X and S, X the space of unit tangent vectors at x;

S X ={veT,X;||=1}
Then we define a map
B=Pr: 85X — 0X; v [v], 27)
where v € Geo(X) is a geodesic given by v(t) = exp,(tv), t € R.
Proposition 1 ([30]). The map (3, is bijective.

Moreover, we equip the space X U 0X with a topology, called a cone topology as follows. For
x € Xand by, 0, € X UOX (z # 01, v # 03) we define /,(01,65) = /(71(0),52(0)) angles between
a geodesic y; from x to ¢; and a geodesic 7, from x to #5. For x € X and 0 € 90X, ¢ > 0 let
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Cy(0,e) ={0, € XUIX; 0, #x, £,(0,0,) < c} be a cone. Further, let 7.(0, ) = C,.(0,¢) \ B(z,r)
be a truncated cone (B(z,r) = {y € X|d(y,z) < r} is a closed geodesic ball). Then, a topology
generated by open geodesic balls in X and such truncated cones is called a cone topology of X U 0.X.
Notice that thus defined cone topology when restricted to X is homeomorphic to the usual topology on
S, X via the mapping (.. Refer to [31] for the detail.

Let (df), be a standard volume measure on S, X, normalized by (df),(S,X) = 1. Through /3, we
obtain a measure (/3,);(df), on 90X, denoted by db.

4.2. Normalized Busemann Function

Busemann function on X is introduced to define an average Busemann function in terms of a
probability measure on 0.X.
Let v : R — X be a geodesic on X. Define a function f; : X — R for¢ > 0 by

fi(w) = da(y(1)) =t = d(z,~(1)) = d(7(0), 7(2))-

For any z € X a limit lim, ., f;(x) exists, as we will see in Proposition 2. We write this limit as
foo(2) and define a function on X; z — f (), called Busemann function, denoted by B,, : X — R;

Each level set of B, is called a horosphere, important in studying geometry of Hadamard manifolds.
See [11], for example.

Example 1. In a Euclidean space (X, g) = (R", g,) let v be a geodesic, y(t) = (t,0,...,0). Then,
B, (x) = —z! forx = (2!, ...,2") € R" from the following

—2tz! + Z?:Q(mif N
et — )24+ >0 S (ah)? +t

o) = dleA(t) =t = | (= 1P+ D@2~ = —
ast — oo.

Example 2. Busemann function on H"(R), an n-dimensional real hyperbolic space with standard
hyperbolic metric, normalized at o, is given

1—|af?

|z — 6>

B,(z) = —log
where § = ~v(o0) € S"71.

Proposition 2. The functions f, : X — R, t > 0, introduced above, have a limit lim,_, ., f;(z) for each
r e X.

From the triangle inequality we have
hh <ty = ft1(x)2.ft2(x)a Vo e X.
In fact, since d(7y(t1),7(t2)) = ta — t1, we see

d(z,v(t2)) < d(z,y(t1)) + d(y(t1),¥(t2)) = d(z,7(t1)) + (t2 — t1)
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from which the above is derived. On the other hand, we observe uniform boundedness of f;, that is
|fi(z)] < d(~(0),z) forany z € X and ¢t > 0 as follows;

few) = d(z,~(t)) =t < d(x,7(0)) + d(7(0),7(t)) — t = d(z,7(0))

and

t—d(x,y(t)) = d(v(0),7(t)) — d(x,~(t))
< d(y(0),2) +d(z,~(t)) — d(z,7(t)) = d(x,7(0))

s0 —d(x,7(0)) < fix) < d(z,7(0)).
Therefore, the sequence { f;(x)|t > 0} is bounded and decreasing and then has a limit as ¢ — oo.

Proposition 3. Let v and o be geodesics. If v ~ o, then
B,(x) — B,(z) =¢, VzeX,
for a constant c.

See [30,31] for this proposition, from which, for § € 0X Busemann function B, associated with
a geodesic v, [y] = 0, gives us a same function on X modulo additive constant. So, let x, € X be
an arbitrary point of X as a base point. Then, from non-positive curvature of X there exists a unique
geodesic v such that v(0) = z, and [y] = .

Definition 3. Let x, € X and 0 € 0X. Let v : R — X be a geodesic satisfying v(0) = x, and [y] = 0.

The Busemann function B., associated to -y is called normalized Busemann function, denoted by By.

Properties of (normalized) Busemann function:
(i) By(z,) =0foranyd € 0X,
(ii) By(y(t)) = —t, t € R, for any 6 € X, where ~ is a geodesic satisfying y(0) = z,, [y] = 6.
(iii)) Busemann function is Lipschitz continuous;

|BQ<x>_BQ(y>| Sd(l‘,y), CL’,yEX.

(iv) Busemann function is of class C? (refer to [32]).

(v) Gradient vector field V By satisfies |(VBy),| = 1 forany x € X and § € 0X. Here (VBy), €
T, X is defined by ((VBy).,v) = v(By), directional derivative of By with respecttov € T, X. An
integral curve x(t) of V By passing through a point x is obtained by z(t) = o(—t), where o is a
geodesic of 0(0) = x and [0] = #. Moreover, for any z € X and any vector v € S, X there exists
af € 0X suchthat v = —(V By), so that 5,(v) = 6.

(vi) Busemann function is convex (see (26)), since it is a limit of convex functions.
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(vii) From (vi), the Hessian of Busemann function (VdBy), : T, X T, — R is positive semi-definite at
any point x € X, i.e., (VdBy).(v,v) > 0, forany v € T, X and z € X, and satisfies

(Vng)x((VBg)m U) =0, velTl,X.
Here, for a C%-function f on X the Hessian Vdf is a symmetric bilinear form, defined by
(Vdf)o(w,v) =u (V) = (VV)f, wveTl, X, zeX

where V' is a smooth vector field, an extension of v. Notice that for a unit vector v € S, X

d2

(Vaf)a(u,0) =
t=0

fF(v(#)

with respect to a geodesic 7y such that y(0) = z, 4(0) = w.
Example 3. On a Euclidean space VdBy = 0 for any 6 € 0X (due to Example 1).
Example 4. On a real hyperbolic space H"(R), n > 2,
(VdBg).(u,v) = (u,v) — (VBg,u) (VBg,u), wu,veT,X.
See for this [8].

Let (X,g) be an Hadamard manifold and ¢ : X — X be an isometry of X, ie., a smooth
transformation of X satisfying ¢*g = ¢g. Anisometry preserves the distance d of X, i.e., d(¢(z), p(y)) =
d(z,y), z,y € X and transforms a geodesic o into a new geodesic ¢ o o so that, if ¢ ~ ~, then
¢ oo ~ ¢ ory. Therefore, ¢ induces a transformation é of 0.X, a 0.X-extension of ¢ as

~

¢:0X - 0X; O=[y]—[pon].

Notice that ((5)_1 = 5*\1 for the inverse ¢! of ¢. qg is a homeomorphism of dX in terms of cone
topology.

Proposition 4 (Busemann cocycle formula [33]). Any normalized Busemann function enjoys a cocycle

formula with respect to an isometry ¢ of X;

By((x)) = Bj1 () + Ba(d(x0)). (28)

Proof. Let v : R — X be a geodesic, v(0) = z,, [y] = 0. Notice that ¢ o 7 is a geodesic with
¢ o v(0) = ¢(x,), which, in general, does not coincide with the base point x,. For the Busemann
function By-1.,(x) with respect to a geodesic ¢~ o v we have

By-10(7) :tlirglo (d(z, ¢ o(t)) —t)
~ lim (d(6(2),7(1) 1) = B,(6(x).

(29)

On the other hand, ¢! o v belongs to 5*1(0) and (¢~ 0 ¥)(0) = ¢~ !(z,). Let o be a geodesic such
that [o] = (5_1(9), 0(0) = w,. Then, the normalized Busemann function Bj_, , is given by B,. Since
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¢! o~ and o belong to the same gg_l(Q), from (29) B, — By-1,, is a constant function on X. This
constant is given from the above by (B, — By-10,) (To) = —By-10(%0) = —B(¢(x,)) so that on X

By (r) — B¢—107(x) = —B,(é(x,)). (30)

Since By is given by B.,, (28) is obtained from (30). [

In what follows, every normalized Busemann function By on X is assumed to be continuous with
respect to # € 0X for each fixed point x € X. This assumption is guaranteed by a real hyperbolic space.
See Example 3. Rank one symmetric spaces of non-compact type and Damek-Ricci spaces satisfy this

assumption, as is seen in [25].

Definition 4 ([21]). An Hadamard manifold (X, g) is said to satisfy visibility axiom, if for any distinct
ideal point 0, 0, of 0X there exists a geodesic v : R — X such that y(+00) = 0 and y(—oc) = 6. Here
v(—0o0) € 0X defined by [y~|, where vy~ is the geodesic of reversed orientation given by v~ (t) = vy(—t),
te R

A Euclidean space does not satisfy visibility axiom.

Proposition 5. Let (X, g) be an Hadamard manifold. (X, g) satisfies visibility axiom if and only if, for
any 0 € 0X
lim By(x) = 400,

x—>01

provided 01 # 0. Refer to [31] for this.

Notice By(z) = —o0, if  — 6, from property (i) of normalized Busemann function.

4.3. Average Busemann Function and Barycenter

In what follows, an Hadamard manifold satisfies visibility axiom and Busemann function By(zx) is
continuous with respect to every 6.

Let 0X be, as before, the ideal boundary of an Hadamard manifold (X, g), diffeomorphic to St
n = dim X and df a normalized standard measure on 0.X.

Denote by P(0X) a space of probability measures ;2 on 90X which is absolutely continuous with
respect to df (u < df) whose density function p = p(#) is of C° and positive;

P(0X) = {uzp(@)d@; /BXp(H)dH =1, pe C'0X), p(d) >0 (Vh € 8X)}.

Definition 5. Let ;1 € P(0X). Then, a function B, : X — R, called ji-average Busemann function, is
defined by

Bu(e)= [ Bala)dult).
9eax
Average Busemann function for any ;1 € P(0X) fulfills the following;

(i) For any i € P(0X) each B, is convex on X and B, (z,) = 0.
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(i) B,(y(t)) = 400, ast — oo, where v : R — X is an arbitrary geodesic in X (Theorem 12).

(iii) B, is Lipschitz continuous, in fact, |B,(z) — B,(y)| < |d(z,y)| for z,y € X.

(iv) The gradient vector field VB, is defined on X as

(VB,), /8 (VB du(o). weX

and satisfies |(VB,),| < 1, z € X.

(v) the Hessian VdB,, can be defined as ji-average Hessian;
(VdB,).(u,v) = / (VdBp).(u,v) du(0), uw,veT,XzelX,
X

provided (X, g) is of bounded Ricci curvature and moreover A By, the Laplacian of By together
with d(ABy) are uniformly bounded with respect to z € X and § € 0X. Here Af = —trace Vdf
for a C*-function f on X. This is derived from Bochner formula (see [23]). If (X, g) is
asymptotically harmonic ([34]), i.e., ABy = c for any 6, and of bounded Ricci curvature, the
average Hessian VdB,,, i € P(0X) is defined.

Definition 6. Let 1 € P(0X). A critical point of p-average Busemann function B, is called a
barycenter of .

For a C*-function f : X — R, y € X is called a critical point of f, if one of the following equivalent

conditions holds;

(i) the differential of f at y vanishes along all directional vector, i.e.,

d
a| =0

for any C''-curve z(t) of z(0) = v,
(ii) the one-form df, or the gradient vector field V f vanishes at y.

Observation. For 1 = p(#)df € P(0X), x € X is a barycenter of y if and only if (dB,),(u) = 0
for any u € T, X, which is equivalent to stating that a measure 7 defined by 7 = (dBy).(u)dp =
((VBy).,u) p(f) do is a tangent vector to P(0.X) at u for each u € T, X.

Theorem 12. If, as is assumed, an Hadamard manifold (X, g) satisfies visibility axiom and Busemann

function is continuous with respect to any 0 € 0X. Then, every u € P(0X) admits a barycenter:

Proof. This theorem is proved by Besson, Courtois and Gallot in [8] by showing B, (y(t)) — oo as
t — +oo along any geodesic v of X. However, they assume that all probability measures on 0.X are
without atom and an Hadamard manifold (X, g) is of special type, i.e., a rank one symmetric space

of non-compact type. We restrict the space of probability measures as P(0X). However, we relax
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the assumptions concerning an Hadamard manifold (X, g) and then, assume only that (X, g) satisfies
visibility axiom and Busemann function is continuous with respect to any 6 € 0.X.

Let C' > 0 be a constant and set Ac = {y € X ; B,,(y) < C}. A¢ is a convex set and z, € A¢, since
B, is convex and B,,(z,) = 0. Note A contains a geodesic ball {y € X ; d(y,z,) < C/2} since B, is
Lipschitz. Let 1 € P(0X) and « be a geodesic satisfying v(0) = z, and [y] = 6. Then it is possible to
verify lim;_, o B,,(7(¢)) = +oo0 in the following steps;

Step I.  Since Busemann function By is convex and By(xy) = 0 for any 6, we have

d(y(t1),0) Bo(v(t) = d(v(t),z0) Bo(v(t1) (31)

in other words
t1 Ba(v(t)) >t Bp(v(t1)) (0 <t <)

In fact, if we set a = t1/t, then, 0 < a < 1 and we have t; = (1 — a) 0 + at. The Convex function
By (v(t)) fulfills

By(v(t1)) < (1 —a) Ba(v(0)) + a By(y(t)) = a Be(v(1)),

that is

By(v(t1)) < a By(7(t)) (32)
which is just (31).
Step II. Fix t; > 0 of Step I. Take an arbitrary 6, € 90X and fix it. Let y be a geodesic of v(0) = z, and

[v] = 6. For any ¢ > 0 set
Ju(0) = {6 € 0X : Bul+(1) <0},

We show that there exists a t; € (0, c0) such that u(Jy, (t1)) < 1, as follows.
Since By(z) is continuous with respect to 6, the set Jy,(t) is compact in 9X. We see 0y € Jp, ().
From (32) it holds

J90 (t) C J'90 (tl) (0 <t < t) (33)

It follows then

N () = {00},
)

te[0,00
because from the visibility axiom, we have from Proposition 3.4 for any # € 0X such that 8 # 6,
limy_,o, By(7y(t)) = +00. Moreover, from (33) for the p« we find

Tim u(Jo () =p | (] Jau(t) | = n({be}) = 0. (34)
)

te[0,00

Therefore, we have a t; € (0, 00) such that p(Jy,(t1)) < 1. Here, notice p(Jy, (t)) < p(Jg,(t1)) < 1 for
any t > t; > 0.
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Step III. Let K be a compact subset of 0X \ Jy,(¢1) satisfying p(K) > 0. It is possible to choose
such a K. Then, from (33) it holds for any ¢ > ¢; that K’ C 0X \ Jy,(t), and By(v(t)) > 0 for any
6 € 0X \ Jy,(t). So,

/ By(v(1)) du() = / By(v(1)) du(0) + / By(~(1)) du(0)
8X Joq (1)

OX\Jgy (1)

> / | B @) + / Bo(+(t)) dpu(6).

K

Since K is compact, we choose a constant C' > 0 satisfying
By(v(t1)) >C >0, V0eK.

From (32), we have
t t
[ B®)du® = [ Bar(e) du0) + € - ().
X 1 S, () 1

To estimate the first term of the RHS we choose D > 0 satisfying
By(v(t1)) = —sup{|Bo(7(t1))|; 0 € 0X} = —D.

In fact, since 0X is compact, By(7y(t1)), as a continuous function of 6, is bounded with respect to 6.
Therefore, the above is written as
/a B0 du0) = - (=Dl () + C ().
We let t — 400 and then, from (34) we have
lim B, ((t) = lim | B(y(t)) du(6) = +o

t—o00 X

from which it follows that the closed set A¢ is bounded and hence is compact. Therefore, B, admits a

minimal point x € X, namely, x is a barycenter of p. [

Proposition 6. Let (X,g) be an Hadamard manifold of bounded Ricci curvature. If (X, q) is
asymptotically harmonic, then the following holds; If there exists iy € P(0X) such that p-average
Hessian VdB,, is positive definite at every point in X, then, for any u € P(0X) p-average Hessian
VdB,, is also positive definite at every point in X.

Proof. Let z € X and u € T, X. Then, for a geodesic v in X, v(0) = x, ¥(0) = u we have
d? d?

(VB )o () = | BuGO) = [ Lol B ©)duo(®
t=0 6coX t=0
=/ (VdBy).(u, u)dpo(0).
ox
Similarly for any p € P(0.X), we have
d? 0?
(ViByu(uu) = | Bua®)= [ Sl Baly(®)dutt)
t=0 6coX t=0 (35)

_ /6 (VdBy).(.) ()
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Let C' = mingepy %(9) > 0. It is concluded then from the above
(VdB,),(u,u) > C(VdB,,).(u,u) >0, VYueT,X(#0),zeX.

]

Theorem 13. Let (X, g) be an Hadamard manifold satisfying the above assumptions. Then, any | €
P(0X) admits a unique barycenter.

In fact, Theorem 12 asserts an existence of a barycenter for any p. From Proposition 6 a barycenter
must be unique, since, if, otherwise, ;1 admits barycenters y1, Y2, ¥1 # Y2, then f(t) := B, (y(t)) along
a geodesic v : R — X joining y; and ys satisfies f'(0) = f'(d) = 0 (d = d(y1,y2)) and f"(t) > 0,
t € [0, d] because of the positive definiteness of p-average Hessian (35). So, f(¢) must be constant along

~. This contradicts property (ii) of p-average Busemann function. Hence uniqueness is proved.

Proposition 7 (average Busemann cocycle formula). Let ¢ be an isometry of an Hadamard manifold
(X, 9g). Then for any jn € P(0X)

B,(¢7'2) =By, (1) + Bu(¢"'z,). (36)
Proof. Integrate the Busemann cocycle formula (28)
By(¢~}(2)) = B (@) + By(o™"x,)

for the inverse isometry ¢! with respect to a measure 1. We then get (36). [

From Theorem 13 we define a map, called barycenter map
bar : P(0X)— X; pw—y, (37)
by assigning a barycenter y to .

Example 5. The standard measure df has bar(df) = x,, the base point as its barycenter. In fact, we

observe

/ (VBy)s u) df =0, YucThX,
0X

since df = (f,,)3(d0),, is the push-forward of the spherical measure (d),, of S, X, where [, is a
map given in (27), and one has 3,,(—(V By).,) = 0 so that §,,(v) = 0 implies v = —(V By),,. Then
the LHS of the above is written as

/ (V By, (o))eus )by, (1) = — / (v, udb, (v) = 0.
VESy, X VESz, X

Here, the last integration is derived from a standard formula on S™~* which is described as ;. (0")* =
1 with respect to the standard coordinates 0 = (01, ...,0") € R";

/ Hi(dG)Sn_1 :O, 1= 1, ,n.
fesn—1
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4.4. Barycenter Map

In this subsection we will verify that the barycenter map (37) enjoys a fibration over an Hadamard
manifold X in terms of Fisher metric G. Before giving a detailed argument, we prepare some special
probability measures on 90X which play a crucial role in the barycenter map, that is, Poisson kernel
measures. Here, Poisson kernel is a fundamental solution of Dirichlet problem at 0X; given a
C%-function f on 9X, find a function v on X which satisfies the Laplace equation Au = 0 and the
boundary condition lim,_,y u(x) = f(0) for 0 € 0X.

Definition 7 ([3,35]). A function Py(x) = P(x,0) on X is called a Poisson kernel, normalized at x,, for
0 € 0X ifit satisfies

(i) AP(xz,0) =0and P(x,0) > 0 forany x € X and 6 € 0X.
(ii) P(z,,0) =1forany € 0X.

(iii) for any 0 € 0X, P(x,0) € C°(X UdX \ {0}) as an extension function on X U 0X and
lim, 9, P(x,0) =0 for 6; # 0.

The solution u = u(x) of the Dirichlet problem on 0.X is described as an integration form;
ue)= [P0 s(0)as
0eoX
so, P(z,0)df € P(0X) foreach z € X.

Example 6. On a real hyperbolic space H"(R) of standard hyperbolic metric of Poicaré ball model,
the Poisson kernel is given by

1 — |z

n—1
Py - (S) 7 oo

Example 7. The Poisson integral formula, well known in potential theory, is for a bounded harmonic
function h = h(z), z = re" € {z € C||z| < 1}

, 1 1—1r2 -
h(re'*) = — ) df
(re'?) 27 /OS(,SQW 1 —2rcos(p —0) +1r? f(e7) db,

where f is a bounded function on S*. The kernel function (1 — r?)/(1 — 2r cos(p — 0) + 12) is just the
Poisson kernel P(z,0) = (1 — |z|?)/|z — 0|* of the hyperbolic plane H*(R). See, for example [20].

Definition 8. A Poisson kernel on an Hadamard manifold (X, g) is called Busemann-Poisson kernel,

when it has the following form
P(z,0) = exp{—Q By(x)}, z€X,0€iX,
where () > 0 is volume entropy of (X, g), the exponential growth rate of the volume of (X, g)

1
@ = lim — logvol B(z,r)

r—oo T

for a geodesic ball B(z,r).
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Remark 5. For volume entropy refer to [8] in which the following theorem, Theorem of Manning, ([7])
is cited; if Qi denotes the topological entropy of a compact Riemannian manifold Y of non-positive

curvature, then one has

(l) Q(}N/) S Qtop(y)y
(ii) Q(Y) = Quop(Y), provided the curvature of Y is negative or zero.
Here, Y is the universal covering space of Y and the topological entropy Q,,(Y') is defined by

Qupl¥) = Jim  log({7|((2) < RY),

where 7y denotes a periodic geodesic in'Y of length ((v) and 8{7 | () < R} denotes the number of
periodic geodesics of length not greater than R.

For example () = 0 for a Euclidean space and () = n — 1 for a real hyperbolic space H"(R) of
standard hyperbolic metric.

Remark 6. Any Damek-Ricci space admits a Busemann-Poisson kernel (refer to [4]). See also [8] for
a rank one symmetric space of non-compact type which is just a member of Damek-Ricci spaces, as

observed by using Iwasawa decomposition of isometry groups.

Theorem 14. Let (X, g) be an Hadamard manifold satisfying the assumptions in Theorem 12 and
Proposition 6. If (X, g) admits a Busemann-Poisson kernel, then, for ji, -== P(x,0)df € P(0X)

(i) bar(u,) = x forany x € X and
(ii) at any pointy € X, (VdB,,), is positive definite.
The statement (i) is shown in [8]. From (i) the barycenter map bar is onto.
Definition 9. Let n = p(0) df € P(0X) and x € X be a barycenter of . We define a linear map
vh T, X = T,P(0OX); wuw— vh(u)=(dBp).(u) p = ((VBp)s,u) p(8)db. (38)

Notice that the map /¥ is injective.

Proof of Theorem 14. (i) Let u € T,X and z(t) a C'-curve in X such that z(0) = z, 2(0) = u.
Differentiate [, P(x(t),0)df =1 as

_4d
|,

o
-

=-Q

0

/P(m(t),@) d

exp{—QBy(x(t))} do

t=0

—Q(dBy)o(2(0)) exp{—QBy(x(0))}db
d

dt| g /ax By(x(t)) dptz = —Q(dBy,, ) ().

So, z = bar p,.
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For a proof of (i1) we first show
Assertion 4. The measure y, satisfies

(VdB,)o(u,v) = Q G, (v (u), v (v), w0 € T,X (39)

in terms of the Fisher metric GG, where 1%~ is the linear map defined in (38).
It suffices to show this in case of u = v. Let y be a geodesic in X satisfying v(0) = z, ¥(0) = w.
Then we have

d? /
0= — P(v(t),0)d6o.
i Jox (v(),0)

However, this is

[ 2] eat-anaon
=—Q x {(VdBy)u(u, 1) — Q {(dBy).(w)}*} exp{—Q By(x)} df

=~ Q{(VdB,,).(u,u) — Q G, (V= (u), v (u))}

showing (39).
From this assertion (ii) is proved as follows. Aty € X we have, since (VdBy),(-,-) is positive
semi-definite,

(VB ),(,0) = [ (Vo)) din6) = [ (VdB), () Pla,6) dF

> C/(Vng)y(u, u)P(y,0)df = C (VdB,,),(u,u)

for any u € T, X, where C' = infycyx P(z,0)/P(y,0) > 0. O

Now we will investigate the map bar : P(0X) — X.

Theorem 15. The barycenter map bar : P(0X) — X gives a projection of a fibre space whose total
space is P(0X) and base space is X with fibres bar™'(z) over x € X. In fact, let v € X and j1 €
bar~*(z). Then

T,P(0X) = T,bar '(z) ®Im v* (dimIm v* = n),

as an orthogonal direct sum of the vertical subspace Tubaulr_1 (x) and the horizontal subspace Im v with

respect to Fisher metric G ,.

This orthogonal decomposition indicates that N = {N, = Im v# ; yu € bar '(z)} distributes a
normal bundle to each fibre bar_l(x), x € X. Notice that bar_l(x) is path-connected, since, for p,
[ € bar’l(:c) (1 —t)p+tpy, 0 <t <1, also belongs to barfl(x).
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We will show that the vertical subspace Tubar_l(x) is orthogonal to N, = Im v¥. Let v € T, X and
7 € T,bar ' (z) and take pu(t) = p + t7 for sufficiently small |¢t|. Then, u(t) € bar™'(z). So, for a

sufficiently small ||, we have

0= [ (@B wdn(®)(6) = [ (dBa).u)d(u-+ e7)(0)
_ / (dBy).(u)du(6) + t / (dBy).(u)dr(0)
:t/(ng)$(u)dT(6’) =t G, (u), 7).

This means the orthogonality of 7,,bar™"(x) and N, = Im v~
Since the image N, = Im »* is a finite dimensional subspace of 7),P(0X), the direct sum

decomposition is easily shown and so we skip.

4.5. Fibres bar™ ' (x) and Geodesics

We discussed in Section 3 several properties and propositions of geodesics on a space of probability
measures. In this section we will investigate under which condition a geodesic of P(0X) is contained in
a fibre bar™' ().

Theorem 16. Let (X, g) be an Hadamard manifold satisfying the assumptions in Theorem 12 and
Proposition 6, and admitting a Busemann-Poisson kernel.

Let i € bar™!(z) and 7 € T,bar™ ' (z), |7|g,. = 1. Then a geodesic j(t) = exp,, LT entirely belongs
to bar™ ' (z) for any t at which u(t) is well-defined, if and only if T fulfills H,(7,7) = 0.

Here H is the second fundamental form of a submanifold bar~'(x) of the ambient space P(0X) (see
Equation (5) in Section 2).

Proof. From Theorem 10, Section 3 the geodesic x(t) is given by

t t dr

u(t) = (cos S +sin s @(9>>2 N

Then p(t) € bar™'(x) for all ¢ if and only if for any u € T, X
0= [ @Ba.(wdu(o)6).
0coX

However the RHS is

9 t dr

2
cos? | / (ABy) () du(0) +2cos | sin / (ng)x(u)W(G)du(H)—i—sinQ; / (dBy)a(u) (dM> (0) ()

for all t. Since 1 € bar™'(z) and 7 € T,bar™"(z), this is equivalent to

0= [ (j—ﬂ) (6) du(6)
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which is reduced by the aid of Levi—Civita connection formula to

0= [tBaw (T2 ©)du®) = ~26,4200.9.7

1

which means that H(7,7) = 0. Conversely, if 7 satisfies H(7,7) = 0, then it is easy to see that

pu(t) = exp,, t7 belongs to the fibre bar~'(z) by following reversely the above argument. [

Theorem 17. Let y1, p1* € bar '(z), x € X (u # u*). Then, a geodesic p(t) joining p and ji* lies
entirely on bar ™' (z) if and only if

d *
[ (@B [T 0) duio) =0, vue Tx. (40)
X dp
Proof. The geodesic p(t) joining p and p* is written from Theorem 11 by exp,, t7 of an initial vector
1 du* 14
T Sing{ ) 0082}M (ko) (41)
Then, 4(t) lies on bar ' (z) if and only if the following conditions hold, that is, 7 is tangent to bar ™' (z),
namely,
Gu(vy(u),7) =0 (42)
for any v € T, X, and that
1 dr\”
H(r,7)=—= (dBg).(u) [ =— | (0)du(f) =0. (43)
2 Jox dp

Equation (42) is equivalent to (40), since 7 is given by (41). On the other hand, (43) is written as
2

du* l
0= [ (@B (w) ( T (60) = cos 5) au(6)

:—2cos§ /aX (dBy).(u) CZ: (0) du(6)

for any v € T, X. This condition is also (40), so we get Theorem 17. []

Example 8. Let ;1 = df. Then, bar(df) = x,, as seen in Example 5. We exhibit tangent vectors T, T at
dl satisfying H(1,7) = 0, whereas H(1y, 1) # 0, as follows;

(i) Identify 0X with S;, X = S" ! via 3,,, and df with (df),,. Choose on S™! a function q =
q(0) = 0'¢’, i # j and define T = q(0) df as a measure on OX. Then, T € TyyP(0X). Moreover,
T € Tybar™'(z,), since Gag(v¥(u),7) = 0 for any u € T,, X and H(r,7) = 0. These are
directly from the integral formulae; [g, , 6'670%(d0),, = 0, [, (0°67)?0%(d0),, = O for any
k=1,...,n. Bynormalizing 7" = 7/|7|¢ in terms of G, from Theorem 16 ~(t) = expyy t7’ gives

a geodesic lying on bar™"(x,).

(ii) Let g = q1(0) is afunction on S*™1, n > 3, defined by q,(0) = 0'6?03+620% and set 7, = q,(0) db.
G, s a geodesic being not completely on the fibre bar ™ (zo)-

Then (71)(t) = expyg tri, 7 = 71 /|71
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5. Barycentrically Associated Maps

Let ¢ be an isometry of an Hadamard manifold (X, g). Then, from the average Busemann cocycle
formula (36).

Theorem 18 ([8]). For any isometry ¢ of (X, g), we have

bar(¢yu) = ¢(bar(u)), € P(X). (44)

Proof. Lety = bar(@u). Then (dBéﬁu)y(u) = 0 for any u € T, X, namely, due to (36) ¢~y turns out
to be a critical point of B,,, that is, y = ¢(bar(yu)), so (44) is obtained. [

Definition 10. Let ® : 0X — 0X be a homeomorphism of 0X. Then, a bijective map ¢ : X — X
is said to be barycentrically associated to @, if ® and ¢ satisfy the relation bar o & = ¢ o bar, that is,

bar(®(u)) = ¢(bar(u)) for any p € P(X).
Now we are ready to give a proof of Theorem 6.

Proof of Theorem 6. From the statement of the theorem, diagram (6) asserts for any z € X, i.e.,

Oy (v (u) = viz ((pa)a(w),  Vu € T X, (45)

T

namely

Oy ((dBp)a(uw)pia(0)) = (dBp)ge ((ps)att) g (0) (46)

for pu, = ¥(z), where ¥ : X — P(0X) is a cross section whose existence is assumed in the theorem.
We write (46) as

(dBo-19)a(1) Pypte = (dBp)ea((pu)att) prpa-

Since another diagram (6) implies 411, = ., We have

(dBp-10)(1) tigr = (dBp)pa((¢e)ztt) Hign, 47)

that is,
(quJ—lG)x<u> = (dBO)apx((SO*>zu)a u e T:BX7 Vo e 8X,

or
((VBo-19)z,u) = ((VBg) s, (ps)eu) we T, X, Ve dX.

Using the formal adjoint ((¢.),)* of (p.)., we write the above as
(VBq;.flg)x = ((QD*)JC)*(VBQ)@;E u € T;BX, Vo € 0X.

Let v € Sy, X be a unit tangent vector at px and choose # € 0.X such that (VBy),, = v so that the
above is written as (¢.)iv = (VBg-1¢), and thus from property (v) in Section 4.2 it is concluded that
|(¢x)iv| = [(VBg-19).| = 1 which implies that (¢, ) and consequently (¢, ), is a linear isometry. Since
x € X is arbitrary, ¢ turns out to be an isometry of (X, g).
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To show that ¢ coincides with 0.X -extension ¢ we make use of (47) together with the following

(dB¢*10)x<u) Koz = (dB9)<px((90*)xu) Koz (48)

which is derived by differentiating the Busemann cocycle formula (28) to get forany v € T, X, x € X

(dBg-19)z(u) = (dBop-19)z(u). (49)

Namely, we have d(Bgs-19 — Bg-19) = 0 on X for any § € 0X. Since X is connected, By-14(x) —
Bg-14(x) = C for a constant C' which depends on . From this it follows that ¢ = ®. In fact, assume
O 10 # d710 for some 6 € 90X, otherwise, and let z — ®~'0. Then, from the visibility axiom (see
Proposition 5) Bs-19(z) — Bg-19(x) — —oo contradicting that C' is constant. [
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