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Abstract: Herein, we present a feasible, general protocol for quantum communication
within a network via generalized remote preparation of an arbitrary m-qubit entangled state
designed with genuine tripartite Greenberger—-Horne—Zeilinger-type entangled resources.
During the implementations, we construct novel collective unitary operations; these
operations are tasked with performing the necessary phase transfers during remote state
preparations. We have distilled our implementation methods into a five-step procedure,
which can be used to faithfully recover the desired state during transfer. Compared to
previous existing schemes, our methodology features a greatly increased success probability.
After the consumption of auxiliary qubits and the performance of collective unitary
operations, the probability of successful state transfer is increased four-fold and eight-fold
for arbitrary two- and three-qubit entanglements when compared to other methods within the
literature, respectively. We conclude this paper with a discussion of the presented scheme

for state preparation, including: success probabilities, reducibility and generalizability.
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1. Introduction

Quantum entanglement is the primary resource for both quantum computation and quantum
communication.  Utilizing these resources allows one to perform information processing with
unprecedented high efficiencies by exploiting the fundamental laws of quantum mechanics. Specifically,
quantum entanglement possesses a variety of intriguing applications within the realm of quantum
information processing [1-9]; these applications include: quantum teleportation (QT) [1], remote state
preparation (RSP) [2-4], quantum secret sharing [5], quantum cryptography [6], etc. Both QT and RSP
are important methods in quantum communication. With the help of previously-shared entanglements
and necessary classical communications, QT and RSP can be applied to achieve the transportation of
the information encoded by qubits. Yet, there exists several subtle differences between QT and RSP,
including: classical resource consumptions and the trade-off between classical and quantum resources.
Typically in standard QT, the transmission of an unknown quantum state consumes 1 ebit and an
additional 2 cbits. In contrast, if the state is known to the sender, the resources required for the same
action can be reduced to 1 ebit and 1 cbit in RSP. This decrease in resource consumption generally
comes at the expense of a lower success probability. Furthermore, Pati [3] has argued that RSP is able
to maintain its low resource consumption while meeting the success probability of QT for preparing
special ensemble states (e.g., states existing on the equator and great polar circle of the Bloch sphere).
Characterized by conservation of resources while maintaining high total success probability (TSP), it is
not surprising that RSP has recently received much attention within the literature.

To date, many authors have proposed a number of promising methodologies for RSP; a list of
such methods should include: low-entanglement RSP [10], optimal RSP [11], oblivious RSP [12,13],
RSP without oblivious conditions [14], generalized RSP [15], faithful RSP [16], joint RSP (JRSP)
[17-33], multiparty-controlled JRSP [34], RSP for many-body states [35—43] and continuous variable
RSP in phase space [44,45]. Various RSP proposals utilizing different physical systems have been
experimentally demonstrated, as well [46-54]. For example, Peng et al. investigated an RSP scheme
employing NMR techniques [46], while others have explored the use of spontaneous parametric
down-conversion within their RSP schemes [47,48]. Mikami et al. [49] experimentally demonstrated a
novel preparation method for an arbitrary, pure single-qutrit state via biphoton polarization; furthermore,
they claim that their method requires only two single-qubit projective measurements without any
interferometric setup. Barreiro et al. [53] reported the remote preparation of two-qubit hybrid entangled
states, including a family of vector-polarization beams; the single-photon states are encoded within
the photon spin and orbital angular momentum, and the desired state is reconstructed by means of
spin-orbit state tomography and transverse polarization tomography. Very recently, Radmark er al. [54]
experimentally demonstrated multi-location remote state preparation via multiphoton interferometry.
This method allows the sender to remotely prepare a large class of symmetric states (including
single-qubit states, two-qubit Bell states and three-qubit IV, or W states).
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There do exist a number of proposals [55-58] dedicated to addressing the RSP of arbitrary two-
and three-qubit entangled pure states. Liu ef al. employed two and three Bell-type entanglements as
quantum channels for conducting such preparations with total success probabilities (TSP) of (ajas)?
and (ayasaz)?, respectively [55]. Both Brown and y states have also been employed for the creation
of correlations among participants [56,57]. Resulting from these correlations, the maximal success
probability for general two- and three-qubit states is < 50% for such strategies. Recently, Zhan [58]
presented two schemes for the remote preparation of two- and three-qubit entangled states with unity
success probability via maximally entangled states, i.e., Greenberger—Horne—Zeilinger (GHZ) states.
In our present work, the aim is to investigate generalized remote preparation for an arbitrary m-qubit
entangled state, while only utilizing general entanglement states (i.e., non-maximally entangled states)
as quantum channels. We will show that the above scheme is capable of performing faithful RSP with a
four-fold or eight-fold increase of the success probability over existing methods, for m = 2 and m = 3,
respectively [55]. These enhancements are afforded by the construction of two novel m-qubit collective
unitary transformations, respective of the number of entangled qubits within the desired state.

The organization of this paper is as follows: In the next section, we shall detail our procedure
for the RSP of a general m-qubit entangled state employing a series of GHZ-type entanglements as
quantum channels. Our results show that the desired state can be faithfully restored at the receiver with
a fixed, predictable success probability. In Section 3, we will illustrate our general procedure through
its implementation for the RSP of a two-qubit entangled state. Section 4 will contain our discussion
and comments on the procedure, as well as an evaluation of the classical information cost (CIC) for
the procedure and the total success probability (TSP), which can be expected. We will close with
Section 5, containing a concise summary. We have also chosen to attach a second illustrative example in

the Appendix; this example repeats the general procedure upon a three-qubit entangled state.

2. General RSP Procedure for an Arbitrary m-Qubit Entangled State

The method presented in this paper is a general scheme for the remote preparation of an arbitrary
state using a generic (m) number of GHZ-type entanglements, which will be used as quantum channels.
Within this procedure, we will firstly specify an m-qubit state, which we desire to be transferred from
a sender (Alice) to a receiver (Bob). For simplicity, we have introduced [ = 2™ to note the number of
vectors required to form a complete basis set for a set of m qubits. Furthermore, we introduce n = 3m
as the number of qubits required to form the GHZ-entangled quantum channels. The desired state is
given by:

|P) = ap|00...0) +a1e™00...1) + ... + a1 [11...1). (1)

Within the above, constraints are imposed on the coefficients and phase factors: «; € R and satisfies the
normalized condition Zﬁ;é a2 = 1; and 1; € [0, 27]. The series of GHZ-type entangled states used as

quantum channels are given by:
| @1 ) = (20]000) + yo|111))123; (2)

| @2 ) = (21|000) + y1]|111))4s6; 3)
4)
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| ¢m > = (xm—1|000> + ym—1|111>)(n72)(n71)(n)~ (5)

Without loss of generality, we may assert the following two constraints: z; € R and |z;| < |y;|. Within
these channels, a series of qubits are held locally by Alice, {1,2,4,5,...,n — 2, n — 1}, and another by
Bob, {3,6,...,n}. We can now proceed to our stepwise procedure for RSP,

Step 1: Alice will perform an m-partite projective measurement on qubits: (1,4,...,n — 2). This
measurement is defined through application of a projection matrix, €2, which is constructed by starting
with a state that is similar to the desired state, |P), except opposite phases, as the first row vector
and producing a series of orthonormal spanning vectors. The aforementioned series of qubits is now
described by a new complete series of orthogonal vectors: {|M; i, i )14..n—2}, Where {i1, i, ... i} €
{0,1}. This series of spanning vectors is comprised of orthonormal weightings of the /-dimensional
ordering basis.

The resulting n-qubit systemic state, |®), taken as quantum channels is factorizable as:

|P) = [¢1) @ [D2) ® ... @ |dm)

= (©6)
= Z | Mi iy i) 14.m—2 @ | Riig.in )2356...(n—1)(n) -

11,82,...im
where in the above, the non-normalized state |R; i, .i,.)235..(n~1)(n) = 14..n—2(Miis..i,,|®) can be
probed with specific probability, (1/N,,. . )%, where Nj s, ;. is the normalization coefficient of state
| Ritin..im ) 2356...(n—1) (n)-

Step 2: Alice executes a second m-partite joint unitary operation constructed under the /-dimensional
ordering basis. This operation will be designated by the operator form: A%”(HZTU She does this
operation on qubits (2,5,...,n — 1). This operation is designed to canonically order the phase factors,
n;, within the set of {|R;,..i,.)2356...(n—1)(n) } Vectors. There will be | unique operators of this class;
Alice selects the operator in response to the outcome of the previous measurement.

Step 3: Alice now measures qubits (2,5,...,n — 1) under the complete set of orthogonal basis
vectors: {|%)}. She then hasall of her measurement outcomes via classical channels. To conserve
the amount of classical resources required for this system, it should be prearranged that all authorized
anticipators of this information that arecbits (iiis...7,,) will correspond to the outcome of the
measurement in Step 1 and cbits (j1js . . . J,,) Will designate the outcomes of the measurement in Step 3.
For brevity, we shall declare that the authorized anticipators have been prearranged to use the cbit
notation:

, 0 if |+) is measured
lk =12 m) = { 1: if:—; is measured

Before moving on to Step 4, we should first comment on a special case. In the limiting case where we
take the quantum channels to be maximally entangled, we may omit Step 4 and move to Step 5. Only
in the case where the channels are permitted to assume an arbitrary degree of entanglement is Step 4
necessary.

Step 4: Bob now introduces a single auxiliary qubit, A, in an initial state |0). He then performs a
(m + 1)-partite collective unitary transformation, L?gﬁ_,_(n) A, on qubits (3,6,...,n, A) under the 2!
series of ordering basis vectors. This operator takes the form of a 2™*! x 2™+ matrix, whose intent is

the resolution of the z; and y; coefficients from the state vectors.
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Since Bob does not possess knowledge of the desired state, |P), he is unable to ascertain the success
of the protocol. For this reason, Bob then measures qubit A under the measuring basis vectors {|0), |1)}.
If Bob detects state |1), the remaining qubits at his location will collapse into the trivial state, which will
be the fail state for the RSP procedure; he must start from the beginning. If state |0) is detected, the
procedure may continue forth to the next step.

Step 5: Bob, aware of the success of the RSP transfer, now is able to reclaim the desired state, |P).
Then there is theapplication of a final operation upon the qubits at Bob’s location (qubits {3,6, ..., n}).
This operation is specifically tuned to information contained within the classical bit sequence that Bob

received from Alice (i14z . . .4mJ1J2 - - - jm) and is denoted by Usg > 71727,

3. RSP for an Arbitrary Two-Qubit Entangled State: An Example

Here, we shall illustrate the above procedure through an example. We have selected a small value for
our m-qubit entangled state, m = 2. Furthermore, for the benefit of comparing and contrasting, we have
included a second example, m = 3, as the Appendix to this paper. Let us now define the desired state
that Alice wishes to prepare in Bob’s distant laboratory. The desired state, |P), is an arbitrary two-qubit

entangled state given by:
|P) = ap|00) + a1 |01) + ae™[10) + aze™|11). (7)

where «; € R and satisfies the normalized condition E?:o a;® = 1; furthermore, 7; € [0, 27|. Note that,
Alice has knowledge of the desired state, yet Bob has no such knowledge. Initially, a class of robust and
genuine GHZ-type entanglements must be constructed and shared between Alice and Bob. These GHZ

states for our example are given by:

|p1) = (20]000) + yo|111))123, (8)

and:
|¢2) = (21]000) 4 y1[111) ) 46. ©)
Without loss of generality, the conditions x; € R and |z;| < |y;| are maintained. Initially, Qubits 1, 2, 4
and 5 are held by Alice, while Qubits 3 and 6 are held by Bob.
In order to accomplish our RSP procedure, we shall implement the steps discussed within Section 2:
Step 1: Alice executes one bipartite projective measurement, €2, on the qubit bipartite (1,4) under
a set of complete orthogonal basis vectors {|A/;;)14}, where the indices 7,5 € {0, 1} take the place of
(41,1, . ..) within the general procedure. This basis, {|M;;)14}, is written in terms of the computational
basis: {|00), |01), |10), |11) }. The projective measurement is formed in the method previously discussed

and can be written as:
ap  aqe”im Qe e
ap —ape”M ageT ™ —qpe”B
Q= ‘ ‘ . ) (10)

g —aze "M —ape " e VB

Qg  ape M e —qpe B
The result of the projective transformation is:

(| Moo) 14, | Mo )14y | Mio)ra, | Mir)1a)™ = €2+ (J00Y, [01), [10), [11))" . (1T)
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As a result, our quantum channels, constructed from the six-qubit systemic state, can be expressed as:

|P) = [01)123 @ |02) 156

0,1
= Z |M;i)14 @ |Rij)ess6

0]

‘ >14(Oéo.1’0371|0000> + aleinlxoyl\OOH) + Oéz@inQyo.Tl‘llO(]) + &3€in3y0y1|1111>)2356 (12)
|M01>14(O[1.T0.T1‘0000> — Oéo@im Zlfoyl‘OOll) -+ Oé3€imyol’1|1100> — &2€in3y0y1|1111>)2356
|M10>14(O[21‘0l‘1|0000> — ageim $0y1|0011> — aoei”2y0x1|1100) + alei"3y0y1|1111>)2356

)14 ) ) ) )

|M11 14 0431‘01‘1|0000 +Oé2€iml‘0y1|0011 —&16in2’y0{[’1|1100 —aoeim”yoyﬂllll 2356 -

where the non-normalized state | R;;)o356 = 14(M;;|®) can be probed with the probability (1/N;;)?.

Step 2: Following the measurement |)/;;), Alice executes a corresponding bipartite joint unitary
operation, /21, on Qubits 2 and 5, under the ordering basis: {|00), [01), [10), |11)}. To be explicit, 142 is
taken as a 4 X 4 matrix of the form:

U = diag(1,1,1,1) = Ly, (13)
UY = diag(e™, —e ", ¢lmm) i)y (14)
z;{2150 — diag(e”” i(n3— m) —e_i"Q,ei(nl_"3))7 (15)
Ul = diag(e™™ el(nz m) _gilm=m) _g=ins), (16)

Step 3: Alice now performs a measurement on Qubits 2 and 5 under the complete set of orthogonal
basis vectors: {|£) := %(|O) +|1))}. She then publishes the measurement outcomes via classical
channels where the authorized anticipators have already conspired concerning the interpretation of the
classical bits. It should now be stated that all authorized anticipators have conspired in advance that
cbits "ij’ correspond to the outcome |M;;)q14 and cbits 'rs’ (previously (ji, ja,...)) correspond to the
measuring outcome of Qubits 2 and 5.

Step 4: Bob introduces one auxiliary qubit, A, with an initial state of |0). He then performs a triplet
collective unitary transformation, 2;136 4, on Qubits 3, 6 and A under the set of ordering basis vectors:
{]000)36.4, [010)364, |100)364, |110)364, |001)364, |011)364, |101)364, [111)364}. The transformation

matrix is given by:
. D F
Usea = . . , 17
364 <; —D) (17)
8x8

where the operators D and F are 4 x 4 matrices. Explicitly, these operators are given by:

D = diag(1, ﬁ @ Tol
Y1’ Yo Yoy

(18)

and:

F = diag(0, \/1—(ﬁ)2,\/1—(@)2,\/1—(x0x1)2)- (19)

Y1 Yo
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Subsequently, Bob measures qubit A under a set of measuring basis vectors, {|0), |1)}. If state |1)
is detected, his remaining qubits will collapse into the trivial state. If |0) is obtained, the preparation
procedure may continue on to the final step.

Step 5: Finally, Bob executes an appropriate unitary transformation, Z;{?férs (see Table 1 for more
details), on his Qubits 3 and 6. The exact form of this operator varies with the observed values associated
with the measurements denoted by cbits 4, j, 7 and s. This operation allows Bob to recover |P) at his
location.

This overall procedure may be conveyed as a quantum circuit and is displayed within Figure 1.

Table 1. ijrs denotes the series of cbits corresponding to measurement outcomes from the
sender and Z]é%rs denotes an unitary transformation that Bob needs to perform on Qubits 3

and 6 for the recovery of | P).

igrs | U™ | igrs | U ijrs | U ijrs | US"
0000 | I3Z | 0100 | Iyo2 | 1000 | 0215 | 1100 | 002
0001 | Isof | 0101 | I3080g | 1001 | o50¢ 1101 | o50g0¢
0010 | 03l | 0110 | 00§ 1010 | o503l | 1110 | o30i0¢

0011 | o504 | 0111 | 03050 | 1011 | o5050¢ | 1111 | o303050%

4_|M’7>14
22— ..

ij
3 e

~ 1jT8
6 Us A Us —0}‘P>
4 AN 2
aEANT

Figure 1. Quantum circuit for implementing remote state preparation (RSP) of arbitrary
two-qubit entangled states. |M/;;)14 denotes a two-qubit projective measurement on Qubits 1
and 4 under a set of complete orthogonal basis vectors {|M;;)14}; Uil denotes Alice’s
appropriate collective unitary transformation on bipartite (2,5); Uss 4 denotes Bob’s collective
three-qubit unitary transformation on his Qubits 3, 6 and A, and Aéém denotes Bob’s
appropriate single-qubit unitary transformations on his Qubits 3 and 6.

4. Discussion

4.1. Total Success Probability and Classical Information Cost

In this subsection, let us turn to calculate the TSP and CIC of the present scheme. In our generalized
scheme, one can see from the discussion of Step 1 in Section 2 that the state |M;,;, ;,.) can be probed
with probability of:

1

P(|Miyiy..i)) = N
9192...9m

(20)
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The probability for the capture of |0) 4 is given by:
P(|0)4) = (Niyi i 0T1 - - - Tt 21)
Hence, the success probability of RSP for the particular measurement outcome (7145 . . . i,,) is equal to:
P(iyig...im) = P(JAij)) x P(|0)4) = (woz1 ... Tpp1)? (22)

It can easily be determined that the TSP over all possible states sums to:

0,1
PTotal = Z P(Zl’LQ e Zm) = Qm(.’ljo.l'l e .’L’m,1>2, (23)
Z’l,iQ,uwZ’nL
which is inherently associated with the smaller coefficients of the employed channels. The interplay
between the choice of coefficients and the TSP can most easily be seen in Figure 2 for the m = 2 and
m = 3 example systems.

Moreover, one can work out that the required CIC should be of the form:

1

oy ... l’m_l)Q

C(P) = 2" (woz1 ... 2n-1)logy ( (chits). (24)

This value, C'(P), is constructed as an average relying on the definition of resource consumption in [41]

and necessary extra communication for outcome (ji, 2, . . ., jm) between the sender and the receiver.

1 TSP
08 0.8
0.6
0.6
a 0.6 04
e <
0.4 0.2 0.4
0.2 0 0.2
0.6 o
0
x| 0-2 :
0 0 0.6 |X1|
(@) (b)

Figure 2. The relation between the total success probability (TSP) and the smaller
coefficients of entanglements severing as quantum channels. (a) The case of RSP for
arbitrary two-qubit entangled states; (b) the case of RSP for arbitrary three-qubit entangled

states. One can see that the TSP is increased as the value of |z;| increases.
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4.2. The Properties of the Current Scheme

We have also found that there are several remarkable properties with respect to our present scheme;
these include: (1) high success probability. Generally, contemporary RSP protocols can be faithfully
performed with a TSP of 2™ (21 ... 2,,_1)?. When |2;| = 1/+/2 is chosen, the TSP can be pushed as
high as one. (2) Reducibility. Within our scheme, if m is reduced to two and three, two specific schemes
naturally appear: RSP for arbitrary two- and three-qubit entangled states. Furthermore, with respect
to RSP for two- and three-qubit states, some applicable schemes have already been presented, which
permits a degree of comparison [55-58]. There do, however, exist differences in key elements associated
with intrinsic efficiency, including operation complexity and resources consumption. We have provided
a comparison between RSP schemes for maximally-entangled states as Table 2, illustrated by items,
such as: required quantum resource, the necessary classical resource, the required operation, success
probability and intrinsic efficiency. We should also stress that in the limit where our quantum channels
are taken to be maximally entangled, Step 4 become needless. Stated otherwise, Steps 1-3 and 5 are
sufficient to achieve RSP for an arbitrary m-qubit state when we restrict our channels to be maximally
entangled.

Table 2. Comparison between our scheme and the previous works in the
case of maximally-entangled channels.  Within this table, abbreviations should be
read as: EPR, Einstein—Podolsky—Rosen entangled state; BS, Brown state; GHZ,
Greenberger—Horne—Zeilinger state; TQPM, two-qubit projective measurement; SQPM,
single-qubit projective measurement; TEQPM, three-qubit projective measurement; FQPM,
four-qubit projective measurement; CIC, classical information consumption; TSP, total
success probability; and I represents the intrinsic efficiency of the scheme.

Protocols Entanglements employed Quantum operations CIC | TSP r
2 [55] two 2-qubit EPR one TQPM 2 i 8.33%
é [56] five-qubit BS one TQPM and one SQPM 3 % 12.5%
z [57] five-qubit y-state one TEQPM 30| L ] 125%
E Our scheme two 3-qubit GHZ one TQPM and two SQPM 4 1 20%
% [55] three 2-qubit EPR one TEQPM 3 1| 833%
% [56] five-qubit BS and EPR one TEQPM and one SQPM | 4 % 13.64%
g [57] four-qubit y-state and GHZ one FQPM 4 % 13.64%
2 Our scheme three GHZ one TEQPM and two SQPM | 6 1 20%

From Table 2, it can be directly noted that the TSP of our scheme is capable of both approaching and
attaining a value of unity. The intrinsic efficiency (I") achieves 20%, which is much greater than that
of previous schemes [55-57]. Due to characteristically high intrinsic efficiency and TSP, our scheme
is highly efficient when compared to other existent schemes; further, our scheme is capable of optimal
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performance in specific limiting cases. En passant, the intrinsic efficiency of a scheme is defined by [59]

and is given by the form:

I'= 7@;—2:620 x TSP. (25)
In the above, (), denotes the number of qubits in the desired states; (), denotes the amount of quantum
resources consumed in the process and (). denotes the amount of classical information resources
consumed. (3) Generalizability. Herein, we have designed a general scenario for RSP of arbitrary
m-qubit states via GHZ-class entanglements. The generalization is embodied in several aspects,
which we will now note. First, the states that we desire to remotely prepare are arbitrary m-qubit
(m =1,2,...) entangled states. Second, the quantum channels employed are GHZ-class entanglements,
which are non-maximally-entangled states. It has been previously shown that non-maximally-entangled
states are general cases and are more achievable in real-world laboratory conditions. In contrast,
maximally-entangled states are a special case of general entangled states when the state coefficients
are restricted to special values. Therefore, our scheme is a readily general procedure. Additionally,
[58] investigated deterministic RSP for both the m = 2 and the m = 3 cases; however, there are some
differences between these schemes and the analogous cases within our works: First, [58] concentrated
only on the cases when maximally entangled states are taken as channels; this limit is just a special case
of our schemes where the channels are general, yet still allow for the maximally-entangled case. Second,
we employ a von Neumann projective measurement in a set of vectors |£) instead of measurement
on the basis of {|0), |1)} and Hadamard transformations. Considering these differences, we argue that
our scheme is more general than previous works, and we reduce both the number and complexity of
operations in the overall procedure.

5. Summary

In summary, we have derived a novel strategy for the implementation of RSP of a general m-qubit
entangled state. This was done by taking advantage of robust GHZ-type states acting as quantum
channels. With the assistance of appropriate local operations and classical communication, the schemes
can be realized with high success probabilities, increased four-fold and eight-fold when compared to
previous schemes with m = 2 and m = 3, respectively [55]. Remarkably, our schemes feature several
nontrivial properties, including a high success probability, reducibility and generalizability. Moreover,
the TSP of RSP can reach unity when the quantum channels are reduced to maximally-entangled states;
that is, our schemes become deterministic at such a limit. Further, we argue that our current RSP
proposal might be important for applications in long-distance quantum communication using prospective

node-node quantum networks.
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Appendix

Within this Appendix, we shall provide a second illustration of the procedure featured in Section 2
of the main text. We have provided this example to assist in comparisons between two values of m for
the RSP of an arbitrary m-qubit entangled state. Appendix A will cover the general RSP procedure for a
three-qubit entangled state. Appendix B will declare specific states for the measurements and explicitly
perform the operations of the general procedure; (i, j, k,r, s,t) = (0,0,1,0,0, 1).

A. General RSP for Three-Qubit Entangled States

Let us attempt the RSP for an arbitrary three-qubit entangled state described by:

IP) =a]|000) + a1€™™]001) + ape™]010) + aze™|011) + aye™[100)

| | | (26)
+ aze"|101) 4+ e’ |110) + arze™|111).

This state is to be remotely prepared at Bob’s location, transmitted from Alice; in the above, the
coefficients must satisfy the following conditions: «; € R, n; € [0, 27] and 21'7:0 a2 = 1. It merits
stressing that a nontrivial precondition in standard RSP must be met: the sender has the knowledge of
the desired state, yet the receiver does not possess this knowledge. Originally, Alice and Bob are robustly
linked by genuine entanglements (GHZ-type entanglements) described by:

‘(b1> = (SCQ|OOO> + y0|111))123, (27)
|¢2> = ({L‘1|000> + y1|111))456, (28)
and:

We assume that the conditions z; € R and |z;| < |y;| are satisfied. Additionally, it should be noted that
Qubits 1, 2,4, 5,7 and 8 are held by Alice, while Qubits 3, 6 and 9 are held by Bob.

For the sake of a successful RSP, the procedure can be implemented in a manner consistent with the
five-step procedure in the main text:

Step 1: Alice performs a three-qubit projective measurement on the qubit triplet (1,4, 7) under a set
of complete orthogonal basis vectors: {|M;x)147} (4,4, k € {0,1}); where {|M,jx)147} is comprised
of this computational basis: {|000), |001), |010), |011), |100), |101), [110), [111)}. This measurement
takes the form:
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(|M000>1477|M001>1477‘M010>1477‘M011>1477‘M100>1477‘M101>1477‘M110>1477‘M111>147)T

= Q- (]000), |001),]010), |011), |100), |101), [110), [111))" .

where the projection operator, 2, is of the form:

Qg
(€3]
%)
a3
Qg
Qs
Qg

Q7

e e age” ™ aquem ™ age ™ age” ™ age
_aoe—im age—im _a26—in3 a56—in4 —Oz46_m5 a7e—in6 —Oz66_i777
—0436_”” —0406_”’2 0416_”’3 —0466_”74 a7€—in5 a4€—in6 —0456_"77

Qoe™ —qieT M —apeT ™ qreT ™ age —age 0 —aue
_a5€—im a6€—in2 _a7€—in3 —ozoe_i"‘* 0416_”’5 _a2€—i776 0436_”77

aue”m —qreT —agem™ —qpe” ™ —qpe " aze” ™ qpe”
_a7€—im _a4€—in2 a5€—in3 0426_”’4 —0436_”75 —Ozoe_i% 0416_”77

age” ™M azeT™  auem™  —azem ™ —qpe” ™ —qpe —ape

Thus, the total systemic state, encompassing the quantum channels, reads as:

)

|61)123 @ |D2)a56 © |P3)780

0,1
Z | Miji)1a7 @ | Riji) 235689

irjok

| Mooo ) 147 (oo 122|000000) + arg e 202192|000011) + e zoy,22[001100)
g™ 2oy1y2|001111) + age™yx125|110000) + ase™yox13/2/110011)

e Yoy 12| 111100) + e yoy11ya|111111) ) 935680

+| Moo1 ) 147 (12021 22]000000) — arge’™ zo2192|000011) + aze™™ xqy,25/001100)
— €™ 1y11y2|001111) + ase™ 11 22| 110000) — age™yox112]110011)

+are ™ Yoy 22]111100) — g™ Yoy ya| 111111) ) 35680

+| Mo1o) 147 (2021 22|000000) — arze™ 202112|000011) — ape™ agy,29/001100)
+a1€"™20y192|001111) — age™ Yo 22| 110000) + cze ™ yoa1y2|110011)
g yoy1 22| 111100) — ase™ yoy1y2|111111)) 935680

+| Mo11 ) 147 (32021 22]000000) + ape™ 202192|000011) — oy 2y, 25/001100)
— e ™ y11y2|001111) + are™yor122|110000) + age ™ yox132]110011)

—a5€ oY1 22| 111100) — g™ yoy11y2|111111))a35680

+| Moo ) 147 (a0 21 22]000000) — arse™ 2o2192|000011) + age ™ xqy,22/001100)
— 7€ y112|001111) — ae™yx125|110000) + o e yox11y2110011)

— € yoy122|111100) + cze”™ yoy1ya|111111)) 235689

+| M1 ) 147 (52021 22]000000) + age™ 202192|000011) — aze™™xqy,25/001100)
— e B 0y1Y2|001111) — oy ™y, 25 110000) — cpe P yow1y2|110011)

1766

(30)

€19
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a3 yoy1 22| 111100) + e yoy11y2|111111))235689

+| M 10) 147 (6021 22]000000) — arre™ z02192|000011) — age™™ xgy,25/001100)
5™ 20y192|001111) 4+ ape™™yox129|110000) — age™yox1y2|110011)

— € yoy1 22| 111100) + a1e™ yoy11y2|111111))a35680

+| Mi11) 147 (72071 72]000000) + aige™ x0w192|000011) + ase™ oy 22|001100)
g™ roy112|001111) — aze™yoa129|110000) — ane™@yoz192|110011)

—ozlei%yoylxg ‘ 111100) — Oéoein7y0y1y2‘ 111111))235689- (32)

Within the above, the states | R;;;,) are non-normalized; N;j; are the normalized coefficients associated
with the states |R;;;,) and the non-normalized state |R;;x)235680 = 147(M;jx|®) can be obtained with a
probability of (1/N;x)?.

Step 2: In accordance with the measurement outcome | /1), Alice makes an appropriate triplet joint
unitary operation, L?;%’g, on her remaining three qubits: 2, 5 and 8. This operation is performed under the
ordering basis: {|000), [001), [010), [011), [100), [101), [110), [111)}. To be explicit, 242Lf is an 8 x 8
matrix and takes one of the following forms:

U = diag(1,1,1,1,1,1,1,1) = Igys, (33)
Z/{Sgg _ diag(ewl o 7191 e (93702)7 _ei(egfeg)’ ez‘(95704)7 _ei(94705)’ 6 i(67— 06 o 96 07) )’ (34)
513515? _ diag(ewg 93 91)’ _efieg’ ez‘(elfeg)’ —6i<€6794), 6i(07705) i(0a— 06 . 95 07) )’ (35)
2;[35% _ diag(e’ 1(62 91 . i(@l—eg)’ _6—203’ 6i(97—64)’ 61‘(66—95)’ 1(65 66 . 94 67))’ (36)
Z;[ngé) _ diag(6294 91) (96—62)’ _ei(97—93)’ _ez‘—64’ 61‘(61—65)’ 1(62 96 1(63 67))’ (37)
2;1215081 _ diag(e’ 1(64 91 . (97—62)’ _ei(ee —93)’ _ei(61—04)’ _6—105 i(03— 96 1(62 67))’ (38)
2;121515 _ diag(elee 97 91) 1(04—92)’ 61‘(65—93)’ 6i(92—64)’ _ei(93—95)’ zGG 1(61 67))’ (39)
2;1215181 _ diag(e’97 i(06—061) 1(05—62)’ 6i(94—63)’ _ei(eg —94)’ _ez‘(Gg —95)’ —e (91—66)’ —6_297). (40)

Step 3: Next, Alice performs a measurement on her Qubits 2, 5 and 8 under the set of complete
orthogonal basis vector {|£)} and broadcasts the measurement outcome via a classical channel (i.e.,
sending some cbits). Again, all of the authorized anticipators make an agreement in advance that cbits
"ijk" correspond to the outcome |M;j;)147 ((i172%3) within Section 2 of main text) and cbits 'rst’ to the
measuring outcome of Qubits 2, 5 and 8 ((j;j273) within Section 2 of main text), respectively.

Step 4: After receiving Alice’s messages, Bob introduces one auxiliary qubit, A, with an initial
state of |0). Bob then makes quadruplet collective unitary transformation, Usgoa, on Qubits 3, 6, 9 and
A under a set of ordering basis vectors: {|0000)3694, |0010)3694, |0100)3694, |0110)369.4, [1000) 3604,
|1010)369.4, [1100)3694, [1110)3694, |0001)3694, [0011)3694, [0101)s694, [0111)3694, [1001)3694,
|1011) 3604, |1101)3694, |1111)3694 }. The form of this transformation operator is:

. H G
Usgon = | . ; (41)
G —
16x16
where # and G are both 8 x 8 matrices. Explicitly, these matrices are given by:
7 = ding (1 Tr 1 DTy Ty Toly Ty 1’01’1372) 42)
Y2 Y1 iy2 Yo Yoy Yo¥r| YoYrYe
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and:

5 . o) T 122 o)
g = dia <0,\/1——2,\/1——2,\/1— 2\/1—— ,
s (92) (yl) (ylyZ) (yo)
Jre e fio e, ()
YoY2 YoY1 YoY1Y2

Next, Bob measures his auxiliary qubit, A, under the set of measuring basis vectors: {|0),|1)}. If

(43)

state |1) is measured, his remaining qubits will collapse into the trivial state, leading to the failure of the
RSP. Otherwise, |0) is obtained, and the procedure shall continue forward to the final step.

Step 5: Finally, Bob operates with an appropriate unitary transformation, 2z (see Table 3 for
details), on Qubits 3, 6 and 9.

For clarity, the quantum circuit for this RSP scheme is provided as Figure 3.

Table 3. ijkrst denotes the CIC corresponding to measurement outcomes from the sender;

Ue™" denotes the unitary transformation that Bob needs to perform on Qubits 3, 6 and 9 to

recover the desired state, |P).

igkrst Ug{igr“ 17krst Ug{igr“ igkrst Ug{igr“ igkrst Ug{igr“
000000 | I3lglgy 010000 | Iz0§ Iy 100000 | o5 1slg 110000 | o501y
000001 | I3lg0§ 010001 | Izog0§ 100001 | o%1g0§ 110001 | o5og0§
000010 | Iz0¢1y 010010 | Izo§oélg 100010 | o50¢1y 110010 | o3ogoély
000011 | Iz0¢0§ 010011 | Izo§oio] 100011 | o30gog 110011 | o505050G
000100 | o316ly 010100 | 030519 100100 | o30516ly 110100 | o3050% 19
000101 | o31g0 010101 | 030505 100101 | 0305160 110101 | o503050G
000110 | o30¢1y 010110 | 0505051y 100110 | o5030¢19 110110 | o303050619
000111 | o50¢0% 010111 | o305050G 100111 | o5030¢05 110111 | o3030g5050§
001000 | I3lgog 011000 | Izogog 101000 | o560y 111000 | o50gog
001001 | I3lgogos | 011001 | Isogogog 101001 | o5 1gog0g 111001 | o50g0504
001010 | Iz0g0y 011010 | Izogogoy 101010 | o30goy 111010 | o30g0g0y
001011 | Izogog0g | 011011 | I3ogogoyog || 101011 | o5ogogog 111011 | o50g0godo]
001100 | o3lgoy 011100 | o3050g 101100 | o3031s0g 111100 | 0303050y
001101 | o5lgogog | 011101 | o3ogogog 101101 | o503l¢o5o5 | 111101 | 0503050504
001110 | o50¢0y 011110 | 03050505 101110 | o503050g 111110 | o5030§0i0y
001111 | 0300505 | 011111 | o3o§oiogog || 101111 | o5o30i050s | 111111 | 050305050504
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1] ——

4— |Zifk>147
7 |

ijk
UQSS

3
3
3
1]

e
“ijkrst =
Usgg [—® }|’P>

Uz 4 °

N0 N W 0 W

Figure 3. Quantum circuit for implementing RSP of arbitrary three-qubit entangled states.
| M;ji)147 denotes a three-qubit projective measurement on Qubits 1, 4 and 7 under a set
of complete orthogonal basis vectors {|M;;x)147}; UZ% denotes Alice’s appropriate triplet
collective unitary transformation on triplet (2,5,8); L?gﬁg 4 denotes Bob’s collective four-qubit
unitary transformation on his Qubits 3, 6, 9 and A and Z;léégm denotes Bob’s appropriate

single-qubit unitary transformations on his Qubits 3, 6 and 9.

B. Three-Qubit Entangled State RSP for (i, j, k, 7, s,t) = (0,0,1,0,0,1)

Above, we have shown that RSP for an arbitrary three-qubit entangled state can be faithfully
performed with a certain success probability. For clarity, here we will take the case of (i, j, k, 7, s, 1) =
(0,0,1,0,0,1) as an example. That is, the state | Mgo)147 is detected by Alice at the beginning. Thus,
the remaining qubits will be converted into:

| Root ) 235689 =(0t1207122|000000) ctge™™ o1 y2|000011) + cvze”™ 0y 22/001100)
— e a0y112|001111) + ase™yow122|110000) — cue ™ yoa1y2|110011) (44)
+ aze P yoy122|111100) — e Yoy Y2 111111))235680-
Later, Alice makes the operation Aggg on her remaining Qubits 2, 5 and 8. As a consequence, the
above state will evolve into:
Noo (1™ 202125]000000) + apz02192|000011) 4+ aze™ 20y, 22|001100)
+ €™ 20y192|001111) + ase™Pyow122|110000) + cge™yoa1y2|110011) (45)
+ aze™yoy122|111100) + age ™ yoy11y2| 111111))o356s0-
Within the above, the normalization parameter is: Noo; = (|ayzomi 22| + |qoroz192]? + |azzoyiza]® +
|aazoyiye|? + asyoriz2]? + [auyoriys|? + |aryoyizal® + [asyoyiye|?) 2. Incidentally, the state given
in Equation (45) can be rewritten as:

0,1
|3001> = Z|90rst>258|1/1rst>369

7,8,

N, ) )
— 0ot [| + ++)2ss (1M zoz122|000) + oxoz1Y2]|001) + aze™ xoy;22|010)

2V/2
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™ x0y112|011) + ase™yor125|100) + g™ yox13/2|101)
+areMyoy1 2| 110) + age ™ yoy1y2|111))s69

4| 4 4+ —)ass (e o2 25|000) — aproz1y2|001) + ase™ zoy,x2|010)
— €™ 1y11y2|011) + ase™ o122 100) — age™ yox132]101)
+areyoy122]110) — e yoy1y2|111)) 360

| 4+ =) ss (1€ w021 22|000) + qpror1Y2]001) — aze™ z0y172|010)
— €™ 11112 011) + ase ™ yow112|100) + age™ yox132|101)

— e yoy122]110) — age ™ yoy1y2|111))369

+] + ——)ass (@1 2021 22|000) — QpoT1Y2|001) — aze™ 2y 22]010)
g™ aoy12|011) + ase™Pyor22[100) — age™yoz1y2|101)
—are M yoy1 | 110) + e ™ yoy1y2| 111) ) 360

+| — ) ass (a1 €M 2021 22|000) + aprox1y2|001) + aze™ oy, 72|010)
™ x0y1y2|011) — s yox122]100) — age™yr1yo|101)
—areMyoy1 5| 110) — age ™ yoyr1y2|111))s60

+| = +—Yass (1™ zo2125|000) — prow1Y2|001) + aze™ a0y 24|010)
— €™ 1y11y2|011) — ase™yor125|100) + age™ yox132]101)
—are"yoy122|110) + e ™ yoy1ya|111) )39

+| — =4 ass (1€ ww122|000) + pzoT1Y2|001) — aze™ Toy129]010)
— €™ 1y112]|011) — ase™Pyor125|100) — age™yoz172]|101)
+aze M yoy122|110) + age™ yoy1y2]111)) 360

+| = ——)ass (1™ ow125|000) — apzoz1Y2|001) — g™ 20y 25]010)
g™ 01112 011) — ase™Pyor22|100) + age™yoz1y2|101)
+are M yoy129|110) — age™ yoy1y2|111))360]-

Accordingly, Alice measures Qubits 2, 5 and 8 under the basis vectors {|£)}. Letting the outcome
be |+)2|+)5|—)s, Alice broadcasts this outcome to Bob via the classical message *001°. The subsystem
state will then be:

|th001)360 =Noor (1€ x9w122]000) — oox1y2|001) + aze™ woy122]010)
— e ry1y2|011) + e Yo 22]100) — ase™yoryys|101) (46)
+ e Yoy 22| 110) — age™™ yoy1y2|111))360.
Bob then introduces the auxiliary qubit, A, with an initial state of |0). He may now implement a local

quadruplet collective unitary transformation, L?gﬁg 4, on Qubits 3, 6, 9 and A. Thus, Bob’s system will
become:
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Noot [£ox122 (1™ |000) — ap|001) + a3e™[010) — ape™™|011) + a5e™|100)

— ag€™101) + 7€ |110) — e [111))369 @ [0) 4 + (—tomoT1Y24 /1 — (?)%oow
2

— €™ a1y ya, |1 — (%)2\011> + aze™agyiag, |1 — (ﬂ)2|010)
Y1Y2 U1

ToIo
YolY2

Y
- ToT1X ~ Tox
— €™ Yoy1y2, /1 — (70 ! 2)2|111) + azeMygy124 /1 — ( 071 )21110))369 @ |1) a].
YoY1Y2 Yo

Subsequently, he makes a single-qubit projective measurement on qubit A under basis vectors

(47)

— g€ M yoxya, |1 — ( )2|101) + ase™Pyoria9, 1 — (@)QHOO)
0

{|0}),[1)}. If |1) 4 is measured, his remaining qubits will collapse into the trivial state, and the RSP
fails. If |0) 4 is measured, the remaining qubits will transform into the state: (€™ |000) — a|001) +
a3e™010) — age™[011) + a5e™ [100) — aye™[101) + are™ [110) — e |111))369 = (1;13?891001)T|73).
This may readily allow Bob to redeem the desired state after the operation: UMY = I3Isolo¢.

Of course, Alice’s outcome may be one of the remaining seven states: | Mooo), | Mo1o), |Mo11)s | Mioo)s
|Mio1), | Mi10) and | My11). Therefore, the desired state can be faithfully recovered at Bob’s location with
certainty by similar analysis methods as those above.
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