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Abstract: In this paper we show that the vanishing of the scalar curvature of Ruppeiner-like
metrics does not characterize the ideal gas. Furthermore, we claim through an example
that flatness is not a sufficient condition to establish the absence of interactions in the
underlying microscopic model of a thermodynamic system, which poses a limitation on
the usefulness of Ruppeiner’s metric and conjecture. Finally, we address the problem
of the choice of coordinates in black hole thermodynamics. We propose an alternative
energy representation for Kerr-Newman black holes that mimics fully Weinhold’s approach.
The corresponding Ruppeiner’s metrics become degenerate only at absolute zero and have
non-vanishing scalar curvatures.
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1. Introduction

Thermodynamics is considered to be one of the finest descriptions of real phenomena. The capability
of its systems to predict real-life results in such an accurate fashion has settled it in a privileged place
among the accepted physical theories. However, as Gibbs [1] and Carathéodory [2] noticed by the end of
the 19th century and the beginning of the 20th, respectively, it lacks the mathematical precision of other
areas, such as classical mechanics or electrodynamics.

This problem has inspired a line of research whose main goal is to describe thermodynamic
systems geometrically. One of the first steps in this direction were the pioneering works of
Frank Weinhold [3-7], where it was shown that Riemannian geometry arises naturally in the study of
equilibrium thermodynamics.

This approach was further explored by George Ruppeiner [8], who proposed a metric (which also
arises from thermodynamic principles) conformally equivalent to Weinhold’s [9,10], and suggested
a relationship between its scalar curvature and the interactions of the underlying microscopic model,
namely, that this scalar is related to the correlation length and that its sign corresponds to whether the
inter particle interactions are effectively attractive or repulsive [8,11-13]. We shall refer to this statement
as Ruppeiner’s conjecture. We set out a particular example where the Ricci scalar of Ruppeiner-like
metrics (see definition below) is identically zero in a whole Riemannian submanifold of the space of
equilibrium states, except for a set of points where the metric becomes degenerate. This counterexample
illustrates that, despite the many tests that the aforementioned conjecture has passed [13—15], its scope
of validity has yet to be properly delimited.

The Riemannian-geometric approach to thermodynamics has been applied to a variety of systems,
among which black holes stand out (this approach to black hole thermodynamics was pioneered by
Cai et al. [16]). The purpose of this viewpoint is twofold: on the one hand, it intends to relate
the divergences of heat capacities (often regarded as thermodynamic critical points) to geometric
singularities of Weinhold’s metric structure; on the other, it is aimed to determine the nature of the
interactions involved in microscopic models of gravity via Ruppeiner’s conjecture. Regarding the
former issue, the aforementioned relationship has been established under the usual scheme of black
hole thermodynamics, where the mass of black holes is regarded as the analogue of energy, whereas
the corresponding deformation coordinates are taken to be angular momentum and charge [17,18].
Nonetheless, we share the point of view that this choice is somewhat arbitrary and may be challenged on
both mathematical and physical grounds [19,20]. Herein, we propose an alternative energy representation
for Kerr-Newman black holes that mimics fully Weinhold’s geometric approach. With this choice of
coordinates, Ruppeiner’s metrics become degenerate only at absolute zero and have non-vanishing scalar
curvatures (cf. Aman er al. [21] and Mirza et al. [22]).

This paper is organized as follows. In the second section we present a short review on Weinhold’s
Riemannian-geometric approach. In the third section, we show that the scalar curvature of both
Ruppeiner-like and Weinhold’s metrics is not a characteristic of thermodynamic systems by exhibiting
a family of flat closed hydrostatic systems. Though alluring, we show in the fourth section that the
correspondence between microscopic interaction and scalar curvature cannot be fully established, by

setting out an example of a flat closed hydrostatic system whose isothermal compressibility goes to
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infinity on a set of “critical states”. In Section 5 we review the basic concepts of the Riemannian approach
in the setting of the thermodynamics of Kerr-Newmann black holes; as said before, the point of view
adopted in this section is different from the ones that can be found in the literature. Furthermore, we
analyze the behavior of the scalar curvature of Ruppeiner’s metric tensor in the Riemannian submanifolds
of the space of equilibrium states of this family of black holes. We present some conclusions in Section 6.

2. Hessian Structures in Thermodynamics

In this section we review the concepts of geometrical thermodynamics introduced by Weinhold [3].

Let > be a thermodynamic system and &£ the set of all its equilibrium states. Each element of
€ is uniquely determined by the values of n deformation coordinates (intrinsic parameters) plus k
non-deformation coordinates (extrinsic parameters) (though not widely used, the name deformation
coordinates we adopt here is due to Carathéodory [2]), i.e., there exists an injective function

Qb: (617"'a§kax17-“7$n):S%Rk—‘rn

It is convenient to assume that ¢(€) is open in R¥*", since £ is thereby endowed with a smooth
structure. When £ = 1, the system is called simple. We consider only this class of systems.

As a consequence of both the First and Second Laws of Thermodynamics, one can choose either the
internal energy or the entropy as the non-deformation parameter that together with 2!, . . . | 2™ constitutes
a global chart on £. The former is called the energy representation of 32, whilst the latter is known as the
entropy representation.

Another essential postulate for the geometrical approach to thermodynamics is the Entropy Maximum
Principle. It asserts that all spontaneous processes (processes for which total work and heat are zero, but
the starting and ending points are not the same) reach a final state in which entropy attains a maximum
(observe that this processes occur at constant total energy) [23]. This yields as a result that for any
numbers a’, ..., a", and any x € &,

where « and $3 run through {0,...,n} and 2 = U. Hence, —0,03S5 are the components of a positive
semidefinite tensor, denoted by gr, which we shall refer to as Ruppeiner-like metrics [8].

It can easily be proven that the Hessian matrix of U with respect to the entropy representation is
the matrix representation of a tensor gw—known as Weinhold’s metric tensor—which is conformally

equivalent to gg, viz. [9,10] gw = Tgr (D

Notice that since 7" is positive, gw is positive semidefinite in £. Hence, any integral distribution
transversal to ker gy is the tangent space of a Riemannian submanifold of £. One can easily find such a

submanifold in the following way: let » = rank gw. Then, by relabeling if necessary,

D={xe&: 2" (x) =const., ..., z"(x) = const.} (2)

is a Riemannian manifold with the metric :*gw, where ¢+ : D — & is the inclusion. In all known cases,
every submanifold given by x’ = const. is a Riemannian submanifold of &, fori € {1,...,n}, provided

that dim ker gw = 1 (observe that g is also a Riemannian metric tensor on these submanifolds).
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One appealing feature of this approach to thermodynamics is that it portrays thermodynamic
potentials as natural geometric objects: they are potentials of the corresponding dual Hessian
structure [24]. Namely, on ' = const., gy = —vdU , where U is the thermodynamic potential
y;x’ (no summation) and V is the flat connection whose affine coordinate system is (7, yx), with
ke {1,...,n} \ {i}, where yi, ...y, represent the intensive variables of the system. For instance,
Gibbs’ Free Energy is the dual potential of internal energy in the submanifold given by constant particle
number. This, in turn, makes evident the usefulness of Weinhold’s metrics: since thermodynamic systems
undergo first-order phase transition whenever the potentials with intensive “natural variables” are not
concave [23,25], any such system would have states x € D such that @dﬁm is not negative definite,
which amounts to gw, not being positive definite. Hence, the behavior of Weinhold’s metrics is sensitive
to phase transitions, needless of any other auxiliary structure whatsoever (cf. Bravetti et al. [18] and
Liu et al. [26]).

3. Flat Hydrostatic Closed Systems
In this section we consider simple hydrostatic systems with fundamental equation
dU =TdS — pdV + udN 3)

where U, T, S, p, V, u, and N denote the system’s internal energy, temperature, entropy, pressure,
volume, chemical potential, and number of particles, respectively. The submanifold A defined by
N = const. is Riemannian; in terms of coordinates (7', V'), the metric tensor gg has the form

Cy 1
- T2 kr1T'V
It is well known that a closed ideal gas has a flat manifold of equilibrium states [27]. We will prove

gr (dT)* + (dV)?

that this is not a characteristic of an ideal gas: there exist infinitely many flat closed systems, even with
Cy = const. Defining

t =log(T)
v=2/V

the metric gr takes the form
1

= Cy(dt)?
gr = Cy( )+et|<T

(dv)? @)

The scalar curvature of N is zero whenever d(e'ky)~1/2/0t is a function of v only. Therefore, flat
closed systems with constant C'y are given by

Kyt = e (tfi + fo)° &)
where f; and f, are functions of v only (a similar result holds for Weinhold’s metrics, with
/1}1 = (t fl + fz)z, where ¢ := 2\/Cy/T, and fl and fQ are functions of v only). In consequence,
the ideal gas is only a particular case of closed hydrostatic system with ',y = const. and identically
vanishing scalar curvature, given by f, oc v ! and f; = 0 ( fl o v~ and f2 = 0, respectively).



Entropy 2014, 16 6519

We point out that the same holds in the Riemannian submanifold defined by N = const., which is the
case originally analyzed by Ruppeiner [8,11-14]. It can readily be verified that Ruppeiner geometry is
flat if and only if

o T 9
<8_N)TV_ N(FllogT—l—Fg) (6)

where F7 and F5 are functions of /V only. The ideal gas is only the particular case given by F; = 0 and
F5 = const.

The role that Equations (5) and (6) play in the ostensible relationship between curvature and
microscopic interactions will be revealed below.

4. Non-Interacting Systems with First-Order Phase Transitions?

As we mentioned before, one can construct thermodynamic systems whose space of equilibrium states
contains a Riemannian submanifold that is both flat and has critical states.

For the sake of simplicity, we will consider a simple closed hydrostatic system. We have shown
that the isothermal compressibility of one such system with flat space of equilibrium states is given by
Equation (5). In particular, let fi = c¢/v? and fo = —cto/(vov), wWhere ¢, vy, and t, are constants.

Observe that gg|. is degenerate, where

c:{xeg:tg_x):w@}

0 Vo

Since gw and gr are conformally equivalent with a non-vanishing conformal factor (temperature),
the degeneracy of gr renders gw degenerate. Hence, C is a set of critical states and the system
presents first-order phase transitions, yet has non-interacting microscopic constituents (according to
Ruppeiner’s conjecture).

Notice that a similar statement can be established in the case of Ruppeiner geometry (N = const.,
cf. Equation (6)).

This contradictory result brings about the necessity of studying singularities in this context, in such
a way that the scope of the correspondence between these and thermodynamic critical points can be
properly established. Moreover, it puts a limit on Ruppeiner’s conjecture linking the scalar curvature of
gr to the interactions of the underlying microscopic model.

In the next sections we shall proceed to point out another problem of the Riemannian-geometric
approach to thermodynamics, which arises in black hole thermodynamics and is related to the concept
of extensive and intensive variables.

5. Riemannian-Geometrical Approach to Black Hole Thermodynamics

Ruppeiner’s (and Weinhold’s) geometric approach to thermodynamics has been kindled recently in
black hole thermodynamics [15,17,20-22,26,28-32]. The main goal of this standpoint is to analyze the
scalar curvature of Ruppeiner’s metrics for different “macroscopic” thermodynamic models of black
holes, in order to obtain a hint via Ruppeiner’s conjecture of the interactions that a microscopic model
of gravity might involve. In this section we analyze Ruppeiner’s metrics on the space of equilibrium
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states of the Kerr-Newmann black hole family £. Appealing to the question of the energy representation
in black hole thermodynamics [19,20], we propose an alternative choice of coordinates inspired by the
extensive character of entropy in “ordinary” thermodynamics, which yields interesting results.

Usually, the triad (M, L, q)—mass, magnitude of angular momentum, and charge of the black
hole, respectively—is regarded as the black-hole analogue of the energy representation in “ordinary”
thermodynamics [33], with ¢ # 0 and L # 0. Despite its wide usage, this common assumption has been
challenged [19]. Moreover, based upon similarity in phase diagrams, it has been suggested that M does
not play the role of the internal energy, but is a Legendre transformation of it [20].

The importance of the choice of the energy representation lies in the fact that Ruppeiner’s metrics are
defined by the Hessian of entropy with respect to the energy representation. Thus, Ruppeiner’s metrics
depend also on the choice of such a chart as we shall show for the Kerr-Newmann case. We shall use
(x, L,y), with x := M? and y := ¢?/2 (which is not a global chart on the space of equilibrium states
of Kerr-Newmann black holes), as the energy representation of the system, since according to Smarr’s
formula [34]

4S:x<1— 1—%L~E)—y )

entropy is an extensive function of these variables. Equation (7) is only valid for black holes satisfying
2y < x and L? < 22 [35]. We will further restrict our analysis to real values of S.

The degree-one homogeneity of S implies the existence of a Gibbs-Duhem equation, which means
in turn that gg is degenerate on &£; moreover, any submanifold defined by 2’ = const., for some i €
{1, 2, 3}, is Riemannian with metric ¢*gg, where ¢ is the inclusion.

To begin, we consider the submanifold defined by L. = const. # 0. Let

9 L2 1/4
)

x a2
2
X = —=
x
In this coordinate chart,
1 L?
grp, = —z(dC) CQ( x)° (8)
where gr; is Ruppeiner’s metrics at constant angular momentum. Its scalar curvature is given by
C2
Ry = 9
L="7 ( + o ) ©)

which diverges only when x or ¢ are zero. The former case amounts to a black hole with infinite mass,
whereas in the latter, the black hole reaches absolute zero and becomes an extreme black hole (see
Equation (1.4) in [35]). This state corresponds to a transition point from an object with horizon into a
naked singularity.
We shall now analyze the scalar curvature of Ruppeiner’s metrics in the submanifold given by y =
const. # (. Defining
L

z(z — 2y)
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one finds that

2
(dw)? + Y (dz)? (10)
A =)0 (e — 2wy - 1

w?

x(z — 2y)

IrRg =

The scalar curvature of this metric tensor is

(w? = 1) (x — 2y) — 4y°
LyQ 1

(11)

R, =4~

Notice that in this case curvature becomes infinite when v/w—2 — 1 = 0, which corresponds to a black
hole at absolute zero (c¢f. ¢ = 0 in the previous case).

The qualitative change that a black hole suffers as it approaches absolute zero resembles that
of thermodynamic systems undergoing phase transitions. Therefore, it is remarkable that the energy
representation we have proposed yields a metric whose scalar curvature diverges only at absolute
zero on both Riemannian submanifolds of £. Moreover, unlike the common result reported in
literature [17,18,20,28], it remains finite at points where heat capacities diverge (c¢f. Ruppeiner [30]),
whose physical situation is rather unclear [36].

6. Concluding Remarks

Ever since its appearance in the mid 70’s, the Riemannian approach to thermodynamics has
remained more a mathematical curiosity than a useful technique to solve actual problems. Ruppeiner’s
conjecture could be the greatest virtue of this formalism, since it might deliver microscopic information
of thermodynamic systems relying solely on macroscopic data. However, as we have illustrated, it
may yield wrong information about the underlying microscopic models of thermodynamic systems.
We believe that incorporating the study of singularities in the Riemannian-geometric approach to
thermodynamics might shed more light on the scope of applicability of this conjecture, turning it into a
tool of utmost utility.

We have also mentioned another unsolved problem of this formalism, which arises in the study
of black holes: a criterion for the choice of an appropriate energy representation in an arbitrary
thermodynamic system (or equivalently, a coordinate-free definition of Ruppeiner’s metric tensor) is
still missing. Since the aforementioned choice of coordinates strongly affects the resulting geometric
structure, addressing this drawback seems a fundamental task. Besides, its solution might reveal hints to

formulate geometric generalizations of thermodynamics.
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