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Abstract: The performance and design criteria of air powered multistage turbines are
studied thermodynamically in this paper. In-house code is developed in the C++
environment and the characteristics of four-stage turbines with inter-heating are analyzed
in terms of maximum thermal efficiency, maximum exergy efficiency and maximum work
output over the inlet temperature range of 293 K–793 K with inlet pressure of 70 bar. It is
found that the maximum thermal efficiency, maximum exergy efficiency and maximum
work output are 62.6%, 91.9%, 763.2 kJ/s, respectively. However, the thermal efficiency,
exergy efficiency and work output are not equivalent for the four-stage radial turbine. It is
suggested that at low working temperatures both maximum exergy efficiency and
maximum work output can be used as the design objective, however, only maximum work
output can be used as the design objective for the four-stage radial turbine over the
working temperature range in this work.
Keywords: thermodynamic analysis; radial turbine; thermal efficiency; exergy efficiency;
work output
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Nomenclature:
Ex(n-1)'-n
Exs
Extot
h
hid
H
m
P
Q(n-1)'- n
Qs
s
T
T6
w
W
Wac,n- n'
Wid,n- n'
ηn- n'
ηex
ηth
πn

The variation of exergy during the heating process (n−1)'–n, kJ/s
The variation of exergy during the heating process of a single stage radial turbine, kJ/s
Total exergy input of the system, kJ/s
Specific enthalpy, kJ/kg
Ideal specific enthalpy, kJ/kg
Enthalpy, kJ/s
Mass flow, kg/s
Pressure, bar
Heat absorbed during the heating process (n−1)'–n, kJ/s
Heat absorbed during the heating process of a single stage radial turbine, kJ/s
Entropy, kJ/(kg) (K)
Temperature, K
External heat source temperature, K
Specific work, kJ/kg
Total work output of the turbine, kJ/s
Actual Work output during the expansion process n–n', kJ/s
Ideal Work output during the expansion process n–n', kJ/s
Isentropic efficiency during the expansion process n–n'
Exergy efficiency
Thermal efficiency
Expansion ratio of the nth stage

Subscripts
0
0'
1
1'
2
2'
3
3'
4
4'

Ambient state
The state of air entering the system
The state of air entering the first stage radial turbine
The state of air leaving the first stage radial turbine
The state of air entering the second stage radial turbine
The state of air leaving the second stage radial turbine
The state of air entering the third stage radial turbine
The state of air leaving the third stage radial turbine
The state of air entering the fourth stage radial turbine
The state of air leaving the fourth stage radial turbine

1. Introduction
Radial turbines have been widely used for small scale gas turbines, cryogenic expanders and
automotive turbochargers because of their simplicity, low cost, relatively high performance and good
installation features [1]. Over the past decades, extensive investigations have been made into single-stage
radial turbines, including design methodology, thermodynamic analysis, internal flow and heat transfer,
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and optimization [2–6]. However, there is a lack of literature on multi-stage radial turbines. With total
expansion ratio increasing, multistage radial turbines are urgently needed for waste heat and pressure
recovery, solar thermal power and compressed air energy storage [7–10]. Clearly, there is a need to
investigate the multistage radial turbine in order to achieve both high expansion ratios and high
performance. Although internal flow and heat transfer in single stage and multistage radial turbines are
similar, the stage matching and design criteria of the multistage radial turbine are more complex. This
paper aims to study the design criteria for the multistage turbine and the fundamental of designing of
an engine with a multistage turbine. A four-stage radial turbine with inter-heating will be analyzed
thermodynamically by using the methodology based on both the first and second laws of
thermodynamics, and the thermal efficiency, exergy efficiency and work output will be discussed in
detail for a better understanding of the stage matching and design criteria.
2. Description of the System
The four-stage radial turbine system with inter-heating is shown schematically in Figure 1. This
kind of turbine has great potential for compressed air energy storage systems [10,11], air fueled car
engines [12–14] and organic Rankine cycles [7]. During operation, compressed air is heated by heat
exchanger 1 via an external heat source, and then expands in the first stage of the radial turbine to
produce work. The temperature and pressure of the working air at the first stage outlet will decrease
due to the enthalpy drop associated with the expansion process. The compressed air is then reheated
through heat exchanger 2 and expands in the second stage. Similarly, the compressed air passes
through the third and fourth stages of the turbine, and finally exhausts into the ambience. The
following conditions are considered in the following analyses:
Mass flow: m = 1 kg/s.
Ambient temperature: T0 = 293 K
External heat source temperature: T6 = 293 K to 793 K
Ambient pressure: P0 = 1 bar
Inlet pressure: P0' = 70 bar
Figure 1. Schematic diagram of the four-stage radial turbine system.
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The reasons to consider 70 bar as the inlet pressure and 293 K to 793 K as the inlet temperature are
as follows: (i) they are technically feasible for a four-stage radial turbine [11–14]; (ii) the high pressure
limit of compact heat exchanger is now about 70 bar [15]; and (iii) the waste heat temperature in
industry is below 500 C (793K) [15]. On the other hand, for a turbine with an expansion ratio of 70,
three to five stages are reasonable [14,16]. At the same time, a back-to-back structure is normally
applied for the multistage radial turbines [17,18]. This is why an even stage number (four) is used for
the turbine. Theoretically, the results for three, four and five stages are similar.
3. Analysis Methodology
3.1. Thermodynamic Analyses
Figure 2 shows a typical theoretical working process of the four-stage radial turbine in the
temperature-entropy plane (T-S diagram). It consists of four heating processes 0’–1, 1’–2, 2’–3 and 3’–4
in which the compressed air is heated isobarically and four expansion processes 1–1’, 2–2’, 3–3’ and
4–4’ in which the compressed air expands to produce work. Point 0’ refers to the state of the compressed
air entering the system and the pressure of state 4’ equals the ambient pressure. The following figure
shows a detailed analysis of these processes.
Figure 2. T-S diagram of the four-stage radial turbine.

The enthalpy Hn of the compressed air (State n) is given as:
Hn  mn h n

(1)

where m and h represent mass flow and specific enthalpy, and subscript represents the state point in
Figure 2. Specific enthalpy hn is a function of pressure Pn and temperature Tn. The exergy of the
compressed air (State n) is given by:
Ex n  m n [(h n  h 0 )  T0 (s n  s 0 )]

(2)

where T, Ex and s represent temperature, exergy and entropy, respectively, and the subscript
0 represents the ambient state. The heat and exergy absorbed during the heating process
(Process (n−1)'–n) by the compressed air are given respectively as:
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Q(n 1)' n  H n  H (n 1)'

(3)

Ex (n 1)'  n  Ex n  Ex (n 1)'

(4)

The expansion process (Process n−n') can be characterized by the parameter isentropic efficiency,
ηn-n', defined as the ratio of the actual work (Wac,n−n') to the ideal isentropic work (Wid,n−n'):
n  n ' 

Wac,n  n '
Wid,n  n '

(5)

The actual work output Wac,n-n' of the expansion process (Process n−n') is therefore given by:
Wac,n  n '  H n  H n '  n  n ' Wid,n  n '  n  n ' (m n h n  m n ' h id,n ' )

(6)

where hid,n' is a function of entropy sn and pressure Pn', and the pressure Pn' is given as:
Pn ' 

Pn
n

(7)

where πn is the expansion ratio of the nth stage radial turbine and satisfies the equation:
4


n 1

n

 P0' / P4'

(8)

The expansion ratio limit of single radial turbine is now about 10–15 [19], the expansion ratio limit
is given by the inequality:
1   n  15

(9)

3.2. Evaluation Criteria

Assuming that H0', Ex0' are the enthalpy and exergy at the entry of a single stage radial turbine with
heating system, Qs and Exs are the heat and exergy absorbed during the heating process, W is the work
output of the radial turbine, the thermal efficiency (ηth) and exergy efficiency (ηex) of the single radial
turbine can be given as:
W
H 0'  Qs
W
ex 
Ex 0'  Ex s
th 

(10)
(11)

where H0', Qs, Ex0' and Exs are constant at a given working condition. As a result, thermal efficiency,
exergy efficiency and power output are equivalent for single stage radial turbine, that is to say,
maximum thermal efficiency means maximum exergy efficiency and maximum power output for
single stage radial turbine, so any of them can be considered as the criterion for evaluating a single
stage radial turbine’s performance. In other words, given the working conditions, a good design of a
single stage radial turbine with or without a heating system will have a high thermal efficiency, a high
exergy efficiency and a large power output, but in multistage radial turbine, the heat and exergy
absorbed during the heating process are not constant at a given working condition and they are
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influenced by expansion ratio of each stage, so theoretical thermodynamic analysis is conducted as
follows to answer if this is also applicable for evaluating multistage radial turbines with inter-heating.
The energy distribution of the four-stage radial turbine is shown in Figure 3. For an open
thermodynamic system like the radial turbine, the energy input consists of the enthalpy of the
compressed air at the entry H0’ and the heat absorbed during four heating processes (Q0'−1, Q1'−2, Q2'−3
and Q3'−4). The energy output of the system is the work output of four radial turbines (Wac,1−1', Wac,2−2',
Wac,3−3' and Wac,4−4') and the enthalpy of the compressed air at the outlet H4'. Therefore the power
output and thermal efficiency of the four-stage radial turbine can be expressed as:
4

W   Wac,n  n '
n 1

(12)

4

th 

W

ac,n  n '

n 1

4

H 0'   Q(n 1)'n

(13)

n 1

Figure 3. Energy distribution of the four-stage radial turbine.

Exergy represents the available work of working fluid, the greater the value of exergy is, the more
work a working fluid can generate. Two typical exergy distributions of the four-stage radial turbine are
shown in Figure 4a,b. The red arrows and green arrows, represent the exergy input and output of the
system, respectively. In the first case (Figure 4a), the value of exergy Exn at State n after heating is
greater than that of exergy Ex(n−1)' at State n−1' before heating, the compressed air absorbs the heat
during the heating processes and the heating processes increases the exergy of the compressed air. The
exergy input is the sum of the exergy of the compressed air at the entry and the exergy absorbed during
the heating processes, so the exergy efficiency of the four-stage radial turbine is defined as:
4

ex 

W

ac,n  n '

n 1

4

Ex 0'   Ex (n 1)'n
n 1

(14)

Entropy 2013, 15

1192
Figure 4. Exergy distribution of the four-stage radial turbine.
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In some cases, the temperature of external heat source is close to ambient temperature and the
temperature of the compressed air before heating is lower than ambient temperature, so that the value
of exergy Ex(n−1)' before heating is greater than that of exergy Exn after heating as in Figure 4b. In this
case, the exergy of the compressed air decreases though it absorbs the heat during the heating
processes. In other words, the compressed air gets the energy but losses the ability to generate
available work. Figure 4b shows the case in which the temperature before heating (T0', T1’, T2’ and T3’)
is lower than ambient temperature. In this case, Ex0'-1,Ex1’-2, Ex2’-3 and Ex3’-4 are negative which
implies that Ex0'-1, Ex1’-2, Ex2’-3 and Ex3’-4 are exergy output of the system. Its exergy input is only the
exergy of the compressed air at the entry (Ex0’). On the other hand, the effective output does not
change, i.e., (Wac,1−1’+ Wac,2−2’ + Wac,3−3’ + Wac,4−4’). Therefore, the definition of exergy efficiency can
be expressed as:
4

ex 

W
n 1

ac,n  n '

(15)

Ex 0'

Under actual working conditions, the exergy before heating is greater than that after heating in some
heating processes, this is contrary in other heating processes, this is to say, some heating processes get
exergy, others loss exergy, so exergy input of the system can be given as:
4

Ex tot  Ex 0'   Ex (n 1)'  n H(Ex (n 1)'  n )
n 1

H(x) is Heaviside step function, which is defined as:

(16)
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0, x  0
H(x)  
1, x  0

(17)

The exergy efficiency of the four-stage radial turbine is then defined as:
4

ex 

W
n 1

ac,n  n '

Ex tot

(18)

3.3. Numerical Methodology

An in-house code is developed based on the C++ environment and the physical properties of the air
are obtained from the REFPROP database. The flow chart of the code is shown in Figure 5. For a
given stage efficiency and a given external heat source temperature, the thermal efficiency, exergy
efficiency and power output at different expansion ratios are calculated and stored in an array. During
the calculations, constrains of expansion ratio for each stage are imposed. After the calculation, the
performance of the turbine at maximum thermal efficiency, maximum exergy efficiency and maximum
power output can be obtained by comparing the data in the array.
Figure 5. Flow chart of in-house code.
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4. Results and Discussion
4.1. Maximum Thermal Efficiency

The efficiency of radial turbine is influenced by many factors such as working condition, structure,
loading coefficient, flow coefficient and so on [1,20–21]. As a thermodynamic analysis, in general, the
detailed design of the turbine has not yet conducted and detailed parameters of the turbine are not
available yet. A practical way is to consider a range of such parameters and the trends of stage
performance characteristic are obtained over the range [21]. The range considered should cover the
practical value of the parameters. Three efficiencies, 70%, 80% and 90%, of the turbine are considered
in the calculations. The range (70%–90%) covers those of most turbines [1–2,4,20–22].
As shown in Equation (13), the definition of thermal efficiency is based on the first law of
thermodynamics, which refers to the system’s ratio of energy output to energy input. The expansion
ratios of four stages and characteristics corresponding to maximum thermal efficiency are shown in
Figures 6 and 7, respectively.
In Figure 6, the expansion ratios of four stages corresponding to the maximum thermal efficiency
are plotted as a function of working temperature. It can be seen that the expansion ratios of four stages
nearly keep constant for the working temperature, and that of the fourth stage is much higher than
those of the first three stages. To illustrate the mechanism behind this, the definition of the thermal
efficiency (Equation 13) can be expressed as following equation.
4

th 

W

ac,n  n '

n 1

4

H 0'   Q(n 1)' n
n 1



W11'  W2 2'  W33'  W4 4'  H 4'  H 4'
H 0'  Q0'1  Q1' 2  Q 2'3  Q3'  4



W11'  W2 2'  W33'  W4 4'  H 4'
H 4'

h 0'  Q0'1  Q1'  2  Q 2'3  Q3'  4
h 0'  Q0' 1  Q1' 2  Q 2'3  Q3' 4

 1

(19)

H 4'
4

H 0'   Q(n 1)'  n
n 1

It can be seen that the larger expansion ratio of the fourth stage can decrease the energy leaving the
system (H4’), hence increasing the total thermal efficiency. This is why the expansion ratios of the
fourth stage at efficiencies investigated (70%, 80% and 90%) all reach the expansion ratio limit. From
Equation (19) it can be derived that there are two ways to increase the thermal efficiency of the four-stage
radial turbine, one is decreasing the energy leaving the system (H4'), the other is increasing the energy
entering the system (H0', Q0'-1,Q1'-2, Q2'-3 and Q3'-4). The energy entering the system H0' and the heat
absorbed during the first heating process Q0'-1 are given by the working condition of the turbine, the
others (Q1'-2, Q2'-3 and Q3'-4) depend on the work output of the first three stages. The more the work
output of the first three stages, the more the energy entering the system, that is to say, to maximize the
energy input is to maximize the work output. If the working fluid is perfect gas, the expansion ratios of
the first three stages should be identical to maximize the work output. The expansion ratio increases
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from the first stage to the third stage because of the properties of real air, i.e., the enthalpy drop is
influenced by working pressure.
Figure 6. Expansion ratio as a function of temperature.

Figure 7. Characteristics corresponding to maximum thermal efficiency.

Work output, thermal efficiency and exergy efficiency corresponding to maximum thermal
efficiency are shown in Figure 7. The work output increases almost linearly with increasing
temperature under maximum thermal efficiency, this is because the inlet temperature increases, the
enthalpy drop through expansion process will increase. One can see that work output increases from
192.6 kJ/s to 247.5 kJ/s at 293K and increases from 539.3 kJ/s to 693.3 kJ/s at 793 K when the stage
efficiency increases from 70% to 90%, work output is strongly influenced by stage efficiency. When
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the state parameters of air at the entry and expansion ratio are given, the ideal work output can be
derived, so work output is directly proportional to stage efficiency according to Equation (5).
In Figure 7, by increasing working temperature from 293 K to 793 K, the maximum thermal
efficiency firstly increases and then decreases, but the difference between the maximum and the
minimum values is small (<0.5%). The energy leaving the system (H4') increases with working
temperature, then but the energy input also increases, their growth rates are nearly same, so the thermal
efficiency is almost identical at the temperature investigated (293 K–793 K). It can also be seen, in
Figure 7, the maximum thermal efficiency increases with increasing turbine efficiency.
It can be seen from Figure 7 that the exergy efficiency increases with increasing working
temperature at a given stage efficiency and the increasing rates at low working temperatures are much
higher than those at high working temperatures. The reason is that the temperature in the outlet of the
fourth stage increases as the working temperature increases, so that the exergy loss associated with the
air leaving the system from the outlet of the fourth stage reduces.
In summary, the exergy efficiency and work output corresponding to maximum thermal efficiency
increase with increasing working temperature and stage efficiency. The maximum thermal efficiency
increases with turbine efficiency and at a given stage efficiency it is almost constant at temperature
investigated (293 K–793 K). The optimized expansion ratio of the fourth stage based on maximum
thermal efficiency reaches the expansion ratio limit and is higher than those of the first three stages.
4.2. Maximum Exergy Efficiency

As shown in Equation (18), the exergy efficiency is defined as the ratio of the actual work output to
the exergy entering the system in accordance with the second law of thermodynamics. Exergy loss of
the system mainly consists of two components, one is the internal irreversible loss in radial turbines,
and another is the loss in exergy associated with the air leaving the system from the outlet of the fourth
stage radial turbine and the heating processes.
The expansion ratios of four stages corresponding to the maximum exergy efficiency are shown in
Figure 8. For a given stage efficiency, the expansion ratios of the first three stages gradually decrease
with increasing working temperature, however, that of the fourth stage increases monotonically before
reaching the expansion ratio limit. The exergy leaving the system through exhaust air increases with
increasing working temperature. As a result, the expansion ratio of the fourth stage needs to increase in
order to minimize the exergy leaving the system. The expansion ratio of the fourth stage is influenced
by the stage efficiency and it decreases as stage efficiency decreases. Higher expansion ratio of the
fourth stage increases the internal irreversible loss when stage efficiency decreases, though it decreases
the loss in exergy associated with the air leaving the system from the outlet of the fourth stage radial
turbine, a compromise between them is decreasing the expansion ratio of the fourth stage. Higher stage
efficiency will make the expansion ratio of the fourth stage reach the limit at lower working
temperature. At low working temperature, heating processes will produce exergy loss, the expansion
ratios of four stages must make the temperature at the outlet of each stage equal to minimize the
exergy loss, so the expansion ratios of them are almost equal.
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Figure 8. Expansion ratio as a function of temperature.

Figure 9 shows the characteristics of maximum exergy efficiency of the system as a function of
working temperature and stage efficiency which consist of work output, thermal efficiency and exergy
efficiency. It can be seen that, for a given stage efficiency, the maximum exergy efficiency increases
sharply first and then the increase rate levels off with increasing the working temperature. After it
reaches a maximum value, the maximum exergy efficiency slightly drops. In Figure 9, the maximum
exergy efficiency occurs at 643 K and the value with 90% turbine efficiency is 91.9%, whereas those
with 80% and 70% turbine efficiency are 83.6% and 75.1% respectively. In Figure 9, there exists an
inflexion point for each given stage efficiency between 320 K and 350 K. This is because if the
working inlet temperature is low enough e.g. 320 K, the air temperature after expansion could be lower
than the ambient temperature. As a result, the heating process leads to the exergy loss, i.e. the exergy
absorbed during the heating process is negative. The inflexion point represents the critical temperature
that the exergy absorbed during the heating process changes from negative to positive. Meanwhile, the
stage efficiency has significant influence on the exergy efficiency, if the stage efficiency increases
by 10%, the maximum exergy efficiency also increases by about 10%.
In Figure 9, thermal efficiency corresponding to maximum exergy efficiency increases with
increasing working temperature. This is because the expansion ratio of the fourth stage increases with
increasing working temperature to make the energy leaving the system decrease. In comparation with
the maximum thermal efficiency in Section 4.1, it can be found that at 293 K the difference between
thermal efficiency corresponding to maximum exergy efficiency and maximum thermal efficiency is
7.2% and decreases with increasing working temperature, which is determined by the difference of
expansion ratios of two cases.
One can see that the work output corresponding to maximum exergy efficiency increases
monotonically with increasing working temperature and stage efficiency. If the working fluid is
considered as ideal gas, the expansion ratios of four stages are equal to maximize the work output.
Under maximum exergy efficiency the expansion ratios deviate from the optimum with increasing
working temperature. But the enthalpy drop through expansion process increases with increasing
temperature and its influence on work output is much stronger, as a result the work output increases.
Compared with the work output under maximum thermal efficiency, the work output under maximum
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exergy efficiency is 10.5% higher than that corresponding to maximum thermal efficiency for 90%
stage efficiency at 293 K. the difference gradually decreases with increasing working, the variation of
which results from the variation of expansion ratios.
Figure 9. Characteristics corresponding to maximum exergy efficiency.

4.3. Maximum Power Output

The expansion ratios of the four stages corresponding to the maximum work output are plotted as a
function of working temperature in Figure 10. All the expansion ratios of the four stages are in the
range of 2.7 to 3.0. The expansion ratios converge for different stage efficiencies in each stage. This
means that the stage efficiency has no influence on the expansion ratios of four stages radial turbine
when the efficiency of each stage is equal. From the first stage to the fourth stage, the differences in
expansion ratios gradually decrease with increasing working temperature. The variation behavior of
expansion ratio in Figure 10 is resulted from variation of the air property at different temperatures and
different pressures. If the working fluid is considered as ideal gas, the expansion ratios of four stages
are equal and constant.
Figure 10. Expansion ratio as a function of temperature.
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Figure 11 shows the characteristics under maximum work output. It can be seen that a high
efficiency turbine and a higher temperature leads to greater work output. For example, at 293 K, the
maximum work output increases from 212.8 kJ/s to 277.6 kJ/s when the stage efficiency increases
from 70% to 90%. While at 793 K the maximum work output increases from 593.6 kJ/s to 763.2 kJ/s.
The reason is that a higher temperature will increase the ideal work output when other working
conditions are same. According to Equation (5) the actual work output is the product of ideal work
output and stage efficiency, so work output increases with increasing working temperature and stage
efficiency. Compared with those under maximum thermal efficiency and maximum exergy efficiency,
one can see that maximum work output is much more than that under maximum thermal efficiency at
the working temperature investigated, and work output under maximum exergy efficiency and
maximum work output match for lower temperature (<500 K).
The thermal efficiency under maximum work output is nearly constant at working temperature
investigated which is about 7% lower than maximum thermal efficiency for 90% stage efficiency and
the reason is the variation behavior of expansion ratios, which is analogous to that under maximum
thermal efficiency.
Figure 11. Characteristics corresponding to maximum work output.

The exergy efficiency corresponding to the maximum work output is shown in Figure 11. For a
given stage efficiency, the exergy efficiency corresponding to the maximum work output increases
sharply to a maximum value and then drops slightly with increasing the working temperature. The
difference of expansion ratios of four stages is little, the temperature in the outlet of each stage is
mainly controlled by the working temperature. The exergy loss about them firstly decreases and then
increase, so there exists a critical temperature where the exergy efficiency is maximum. Compared
with maximum exergy efficiency in Section 4.2, it can be seen that the exergy efficiency
corresponding to the maximum work output and maximum exergy efficiency are nearly identical at
low working temperature (300 K to 500 K) and the maximum difference between them is about 8% at
793 K, because the system absorbs more heat to produce maximum work output, the denominator in
Equation (18) increases so that the exergy efficiency reduces. Meanwhile the exergy efficiency under
maximum thermal efficiency is much less than maximum exergy efficiency because of higher
expansion ratio of the fourth stage.
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From the above analysis, it is suggested that maximum work output be considered as the design
criterion for multistage radial turbine with inter-heating in the range of working temperature
investigated, maximum exergy efficiency also be considered as an optimization target at lower
working temperatures, and maximum thermal efficiency be not a good design goal.
5. Conclusions

The characteristics and performance of a four-stage radial turbine system are analyzed
thermodynamically. The following conclusions can be drawn from the analysis:
(1). It is found that the maximum thermal efficiency, maximum exergy efficiency and maximum work
output of the four stage radial turbine with inter-heating are 62.6%, 91.9%, and 763.2 kJ/s,
respectively. However, the thermal efficiency, exergy efficiency and work output are not
equivalent.
(2). At low working temperatures (below 500 K) both maximum exergy efficiency and maximum
work output can be used as the design objective of the multi-stage radial turbine, however, only
maximum work output can be used as the design objective of the turbine over the whole working
temperature range in this work.
(3). The maximum thermal efficiency can't be used as the design objective for the turbine.
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