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Abstract: In this paper, we study a new bus communication model, where two transmitters
wish to send their corresponding private messages and a common message to a destination,
while they also wish to send the common message to another receiver connected to the
same wire. From an information-theoretical point of view, we first study a general case of
this new model (with discrete memoryless channels). The capacity region composed of all
achievable (Ry, Ry, Rs) triples is determined for this general model, where R; and R are
the transmission rates of the private messages and Ry is the transmission rate of the common
message. Then, the result is further explained via the Gaussian example. Finally, we give
the capacity region for the new bus communication model with additive Gaussian noises and
attenuation factors. This new bus communication model captures various communication
scenarios, such as the bus systems in vehicles, and the bus type of communication channel

in power line communication (PLC) networks.

Keywords: bus communication system; capacity region; multiple-access channel; degraded
broadcast channel; Gaussian broadcast channel; power line communication networks
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1. Introduction

The bus communication model has been widely studied for many years. It captures various
communication scenarios, such as the bus systems in vehicles, and the bus type of communication
channel in power line communication (PLC) networks (see [1-5]).

Let us consider the bus communication model of Figure 1 from an information-theoretical point of
view. Figure 1 can be equivalent to the model of the broadcast channel (see Figure 2). Note that Figure 2
implies that f| = fo = f.

Figure 1. The bus communication model (Gains f; and fo, the power of the sender o2 and
the power of the noise ¢2).
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Figure 2. The broadcast presentation of the bus communication model.

N(0,02)

<
X0 eceiver 2

X i
Sender™,
fSX %—*Receiver 1

N(0,02)

The model of the broadcast channel was first investigated by Cover [6], and the capacity region of the
general case (two private messages and one common message) is still not known. After the publication
of Cover’s work, Korner and Marton [7] studied the broadcast channel with a degraded message set (one
private and one common message) and found its capacity region. For the degraded broadcast channel,
the capacity region is totally determined (see [§—10]). In addition, Gamal and Cover [11] showed that the
Gaussian broadcast channel is a kind of degraded broadcast channel, and therefore, the capacity region
for the Gaussian case can be directly obtained from the result of the degraded broadcast channel.

The following theorem 1 shows the capacity region of the model of Figure 2, which is a kind of
Gaussian broadcast channel.

Theorem 1 The capacity region of the model of Figure 2 is the set of rate pairs (Ry, Ry), such that
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for some o € [0,1]. Note that o2 is the power constraint of the channel input, X, f and f? are channel

gains (0 < f < 1) and o2 is the power of the noise.

Theorem 1 is directly obtained from the capacity region of the Gaussian broadcast channel [11], and
therefore, the proof is omitted here.

In this paper, we study a two-sender bus communication model (see Figure 3). Two transmitters wish
to send their corresponding private messages and a common message to receiver 1, while they also wish
to send the common message to receiver 2.

Figure 3. A new bus communication model with two transmitters.
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Figure 3 can be equivalent to the following Figure 4. Note that the capacity region of the Gaussian
broadcast channel (BC) can be obtained from the capacity region of the discrete memoryless degraded
broadcast channel. Therefore, first, we study the discrete memoryless case of the model of Figure 4,
where two transmitters wish to send their private messages, I/ and W5, and a common message, W, to
receiver 1, and meanwhile, they also wish to send the common message, IV, to receiver 2. Receiver 2 can
receive a degraded version of the output of the multiple-access channel (MAC) via a discrete memoryless
channel (DMC) (see Figure 5). This model can be viewed as a combination of multiple-access channel
and degraded broadcast channel. For convenience, we call it MAC-DBC in this paper.

Figure 4. An equivalent model for the model of Figure 3.
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Then, we study the model of Figure 4, which is a Gaussian example of the MAC-DBC in Figure 5.
The capacity regions of the MAC-DBC and the model of Figure 4 are totally determined.

The study of MAC-DBC from an information-theoretical point of view is due to the fact that the
network information theory has recently become an active research area. Both MAC and BC play an
important role in the network information theory, and they have been extensively studied separately.
However, the cascade of MAC and BC (MAC-BC) has seldom drawn people’s attention. To investigate
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the capacity region and the capacity-achieving coding scheme for the MAC-BC is the motivation of
this work.

Figure 5. A combination of multiple-access channel and degraded broadcast channel

(MAC-DBC).
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In this paper, random variables, sample values and alphabets are denoted by capital letters, lower case
letters and calligraphic letters, respectively. A similar convention is applied to the random vectors and
their sample values. For example, U” denotes a random N-vector (Uy, ..., Uy), and u” = (uy, ..., uy) is
a specific vector value in " that is the Nth Cartesian power of /. U;}¥ denotes a random N —i+ 1-vector
(Ui, ..., Un), and ul¥ = (u;, ..., uy) is a specific vector value in U . Let py(v) denote the probability
mass function Pr{V = v}. Throughout the paper, the logarithmic function is to the base 2.

The remainder of this paper is organized as follows. In Section 2, we present the basic definitions and
the main result on the capacity region of MAC-DBC. In Section 3, we provide the capacity region of the
model of Figure 4. Final conclusions are presented in Section 4. The proofs are provided from Section
A to Section E.

2. Notations, Definitions and the Main Results of MAC-DBC

In this section, a description of the MAC-DBC is given by Definition 1 to Definition 3. The capacity
region, R, composed of all achievable (R, Ry, Ry) triples is given in Theorem 2, where the achievable
(Ro, Ry, Ry) triple is defined in Definition 4.

Definition 1 (Encoders) The private messages, W, and W, take values in Wy and Ws, respectively. The
common message, W, takes values in Wy. Wy, W1 and W5 are independent and uniformly distributed

over their ranges. The channel encoders are two mappings:

s Wo x Wy — &Y (1)
where Y (wo,w;) = 2V € XY, w; € Wy, and wy € W),

fal i Wo X Wy — X3Y (2)

where fQN (wo, wy) = :cév e XN, wy € Wy, and wy € W,. Note that W, and Xév are independent, and
W, is independent of X}.

The transmission rates of the private messages and the common message are
log|[Who|
N

log[[Wil| log||Wal|
N N and

, respectively.

Definition 2 (Channels) The MAC is a DMC with finite input alphabet X, X X, finite output alphabet
Y and transition probability Q:(y|z1,xs), where 1, € Xi,19 € Xoyy € V. Qi(yN |2, 2)) =
Hfj:l Q1(Yn| 1.1, T2). The inputs of the MAC are X{ and XY, while the output is Y.
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Receiver 2 has access to the output of the MAC via a discrete memoryless channel (DMC). The input
of this DMC is Y, and the output is Z~. The transition probability satisfies that

N
pZN|YN(ZN|yN) = HpZ|Y(Zi|yi) 3)
i=1

where z; € Z and y; € Y.

Definition 3 (Decoders) The decoder for receiver 1 is a mapping, fpi : YN — Wi x Wy x W, with
input YN and outputs /V[71, /Wg and /Wo. Let P, be the error probability of the receiver 1 , and it is
defined as Pr{(Wy, Wy, W) % (Wo, Wy, Wa)}.

The decoder for receiver 2 is a mapping, fps : Z~ — Wy, with input Z" and output WO. Let P, be
the error probability of the receiver 2, and it is defined as Pr{W, # Wg}.

Definition 4 (Achievable (R, R1, Ry) triple in the model of Figure 5) A triple (Ry, R1, Rs) (where
Ry, R1, Ry > 0) is called achievable if, for any € > O (where € is an arbitrary small positive real number

and € — 0), there exists channel encoders-decoders (N, P.yandP,s), such that

log [Wa|
N

log [WA|
N

log [ Wa]|

ZR0_€7 N

ZRl—E, ZRQ_Ev-PelSeaPeQSE (4)

Theorem 2 gives a single-letter characterization of the set RV, which is composed of all achievable
(Ro, Ry, R») triples in the model of Figure 5, and it is proved in Section A and Section B.

Theorem 2 A single-letter characterization of the region RV is as follows,

\

[ (Ry, Ry, R) :

0< Ry <I(U; Z)

0< Ry < I(Xy;Y|X,y,U)
0< Ry < I(Xy;Y|X1,U)
Ro+ Ry < I(Xq, X9, Y |Vs)
Ry + Ry < I(Xy, Xo; Y|W1)
Ry + Ry < I(Xy, X, Y|U)
Ro+ Ry + Ry < I(Xy, Xp;Y). |

\

where (U, V1,V3) — (X1, Xo) =Y — Z.
Remark 1 There are some notes on Theorem 2; see the following:

o The region R is convex, and the proof is in Section C.

o The ranges of the random variables U, V| and V; satisfy
Ul < [lx ]| Xl + 2

M| < [l 4]
V2l < [l 4]

The proofis in Section D.
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e The auxiliary random variables U, Vi and Vs, in fact, are corresponding to Wy, Wi and
W, respectively.

o I[f Ry = 0, receiver 2 is useless, and the model of Figure 5 reduces to the multiple-access
channel (MAC).
Let Ry = 0 and the corresponding U = const, the region, R'™Y, reduces to

( (R1,Ry) : )
0< Ry < I(X1;Y|Xa)
0< Ry < I(X5;Y|X))

Ry < I(Xq,X5;Y|Va)

Ry < I(X1, X Y1)
Ri+ Ry < I(X1, X Y).

&)

\

Note that the Markov chains, V\ — X, — Y and Vo, — X5 — Y, then the inequalities
Ry < I(X1,X3;Y|Vy) and Ry < (X4, Xo;Y|Vh) are included in Ry < 1(X3;Y|X,) and
Ry < I(Xs; Y| X)), respectively. Therefore, the above region (5) is simplified as

(R1, Rs) :

0< Ry < I(X1;Y|Xa)
0< Ry < I(X5;Y|X1)
Ri+ Ry < I(X1, Xa3Y).

(6)

, and this is coincident with the capacity region of the MAC [12,13].

3. A Gaussian Example of MAC-DBC and the Capacity Region of the Model of Figure 4

In this section, we first study a Gaussian example of Figure 5, where the channel input-output

relationships at each time instant ¢ (1 < ¢ < N) are given by
=X, +Xo;, + 21, (7

and
Zi =X+ Xoi + 21+ 2y (8)

where Z1; ~ N'(0,07 ) and Zs; ~ N(0,07 ,). The random vectors, Z", Z{¥ and Z', are independent
with i.i.d. components. The channel inputs, XV and X2, are subject to the average power constraints,

2 2 . .
0,1 and o}, respectively, i.e.,

N N
1
D BIXY] <ol VOBl <ol ©)

i=1 i=1

1
N
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Theorem 3 For the Gaussian case of Figure 5, the capacity-equivocation region, R'P), is given by
( 3

(Ro, R1, Ry) :

0<R < lo (1+ 0‘(‘73,1+‘7a25,2) )
= Mo = 3108 (1 04)(‘7325,14‘03,2)‘*‘031,1"‘0721,2

— 0'2

0<R; <ilog(l+ Sl L)

0 < Ry < 3log(l+ 021')

RE) = U R +R (1—&)(03,14-092;,2 (10)

1 2 - 2

0<a<1 < %log(l + o+ )
Ro+ Ry < ilog(1+ ”371;;1&1‘7372)
Ro+ Ry < $log(1 + Ze 2%’3‘1"371)

\ ROJFRWR%“%O%%). )

The proof of Theorem 3 is in Section E.

Then, we will show that the capacity region of the model of Figure 4 can be obtained from the above
Theorem 3. The channel input-output relationships of Figure 4 at each time instant 7 (1 < ¢ < N) are
given by

Yi= X1+ fXo; + 21y (11)
and
Zi= X1+ [*Xo; + Zos (12)

, where Zy; ~ N(0,07,), Zo; ~ N(0,02,) and 07, < 0. ,. The channel inputs, X{" and X3", are
subject to the average power constraints, ai,l and 05’2, respectively.

Note that the additive Gaussian noise, Z3;, can be viewed as a cascade of Z;; and Zéﬂ-, where

Zy; ~ N(0,02, — 02 ). Moreover, Equations (11) and (12) are equivalent to Equations (13) and

(14), respectively, where

1
Y= X1, + Xo; + ?Zu (13)
and
Zi=X1,i+Xo; + 72 ZQz (14)

Therefore, the model of Figure 4 is analogous to the above Gaussian example of MAC-DBC. The
capacity region is as follows.

Theorem 4 For the model of Figure 4, the capacity region R is given by

( )

(RO, Rla RQ) :
1 aft(o2 1 +o2 5)
0< Ry < glog(l + iz o7 ir07;)
1 (1- a)oi 1f2
0 <Ry <glog(l+ ——=)
n,1l
1 1 a)agzz,QfQ
0< Ry < 3log(l+—52=)
n,1
R(C) = U (1—04)(0'?1-&-0372)]02 (15)

Rl+R2§%10g

(
1 9231+aaz 2)f2
Ro+ Ry < Llog(1 + Zeag%e2ll)
o2 ,tao? 2
Ro+ Ry < Llog(1+ M)
o2 o2 2
R0+R1 R < 1]0g(1+m)
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The proof is directly obtained from Theorem 3, and it is omitted here.

Figures 6 to 10 plot the capacity region, R(), with different values of f, 62, 02,, 02, and 02 ,. It
is easy to see that R(C) reduces to the capacity region of the Gaussian MAC when R, = 0. From these
figures, we can see that R(®) enlarges as o} , and o2 , decrease. Moreover, for fixed f, o2 and o2 ,,
R©) enlarges as 02, and 02, increase.

Figure 6. The capacity region of Figure 4 with 07, = 02, = 1, 0

f=1.

=1,0., = 2and

Figure 7. The capacity region of Figure 4 with 02, = 02, = 1,07, = 1, 05, = 100 and

f=1.
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Figure 8. The capacity region of Figure 4 with 02 |, = 03, =

f=1

1,0

n,

n

Figure 9. The capacity region of Figure 4 with 07 | = 02, =2, 0., = 0.1, 0., = 0.01 and

f=1.

Figure 10. The capacity region of Figure 4 with 02, = 07, = 1,0, = 1,0, = 2 and
F=05.
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4. Conclusions

In this paper, we first study the discrete memoryless MAC-DBC (the model of Figure 5). The capacity
region is totally determined for this new model. Then, we study the model of Figure 4 and show that the
capacity region of Figure 4 can be directly obtained from the Gaussian example of the MAC-DBC.
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Appendix

A. Proof of the Converse Part of Theorem 2

In this section, we establish the converse part of Theorem 2: all the achievable (R, Ry, Rs) triples
are contained in the set R, i.e., for any achievable triple, there exists random variables U, V7, V5, X3,
X5, Y and Z, such that the inequalities in Theorem 2 hold, and (U, V3, V3) — (X1, X3) = YV — (Y1, Y3)
forms a Markov chain. We will prove the inequalities of Theorem 2 in the remainder of this section.

(Proof of 0 < Ry < I(U; Z)) The proof of this inequality is as follows:

%H(WO) (%) %(I(Wo; ZN) 4+ 6(Pe2))

_ %(H(ZN) — H(ZN|Wo) + 8(P.y))
%(Z(H(ZilZi‘l) — H(Z|Wo, Z7") + §(Pez))
1 & i—1 i—-1 yri—1

< NOSUHEIZ™) ~ B 277 4 (R

O SO HZIZT) ~ HZIWo, V') + 6(P)
1 al i—1

< N(;(H(Zi)—H(ZAWO,Y ) + 0(Pe2))

© %(Z(H(Zi) — H(Zi|U;) + 0(Pe2))

@ 1 =

v Q_H(Z|] =i) = H(Zi|U;, ] =i) + 6(P2))

=1

1

S H(Zy|J)— H(Z,|Uy,J) + Né(Peg)
1

< H(Zy) = H(Z|Us, J) + 55:0(Pea)

D H(Z) - H(ZID) + 16(Pe)

5(Pe2)

= I(U;Z

(AD)

where (a) is from the Fano’s inequality, (b) is from Z*~! — (Y=Y W,) — Z;, (¢) is from the definition
that U; = (W, Y*=1), (d) is from .J as a random variable (uniformly distributed over {1,2, ..., N'}), and
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J is independent of Z; and Uj, (e) is from J as uniformly distributed over {1, 2, ..., N} and (f) is from
the definitions that Z £ Z; and U = (Uy, J).
Letting ¢ — 0 and noting that P, < e, H(JI\/;/O) > Ry — €, itiseasytoseethat 0 < Ry < I(U; Z).
(Proof of 0 < Ry < I(X;;Y|Xs,U)) The proof of this inequality is as follows:

—
N

1 DI
NH(Wl) < N(H(Wl\Xév,Wo)Jré(Pel)—H(leYN,Xév,WO))

1
N(I(Wl;YN|X§V,WO) +0(Pe1))

1
= N(H(YN‘X5V7WO> _H(YN’Xé\[uWOan) +5<Pel))
1
S N(H(YNLXéVaWU) _H(YN’XéVanWlaX{V)+6(Pel))
1
2 SHYNXY, Wo) = HEY XY, XTY) +6(Pa)
N
1 ,
D O HMIXY, Wo, Y1) = H(V X1, Xa,)) + 8(Por))
i=1
1 N
< SOQUHE Xz Wo, YY) = HYi| X1, X2.)) + 6(Pen))
=1
@ 1 = i—1 i-1
= N(Z(H(YJXM, Wo,Y'"™) = H(Yi| X1, Xo3, Wo,Y"™7)) + 6(Fer))

I
—

1

1
= H(Y|Xo,U) = H(Y| X1, Xo,U) + 56(Par)

1
—0(Pe) (A2)

I(X1; Y| X0, U) + N

where (1) is from the Fano’s inequality and the fact that 1/; is independent of Xév and Wy; (2) is from
(Wo, W1) — (XN, XV) — Y¥; (3) is from the discrete memoryless property of the channel; (4) is
from (Wy, Y1) — (X4, Xa4) — Yi; and (5) is from the definitions that X; = X, ;, X; & X, ,
Y £Y;, U2 (W, Y’71,J), where .J is a random variable (uniformly distributed over {1,2,..., N})

and is independent of X ;, X, Wp, Y ! and Y;.
H(W1)

Letting ¢ — 0 and noting that P,y < €, —

I(X1; Y[ X, U).
(Proof of 0 < Ry < I(X5; Y| Xy, U)) The proof is similar to the proof of 0 < Ry < I(Xy;Y|X5,U),
and it is omitted here.

> Ry — ¢, itis easy to see that 0 < Ry <
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(Proof of 0 < Ry + Ry < (X1, Xo; Y|U))

1
—H
N (W17 WQ)

(a)
<

i L L e e

(T(Wy, Wa; YNIW,) + 6(P.1))
(H(YN|Wo) — H(Y™N|Wo, Wy, Wa) + 6(Per))
(H(YN|Wy) — HYN Wy, Wi, Wo, XV, XY 4+ 6(P.y))

(H(YNWo) — HYN|XY, X)) 4+ 6(Pa))
(Z(H(WW(J, V) — H(Y| X414, X2,)) 4 6(Per))
O (HY;Wo, YY) = H(Yi| X1, Xo, Wo, Y1) + 6(Per))

i—1
1
HYU) - H(Y|X1,X5,U) + N(S(Pel))

5(P61)
N

(A3)

where (a) is from the Fano’s inequality and the fact that W) is independent of 1} and W5; (b) is from

(Wo, Wi, Wa) — (X, XI) — YV; (c) is from the discrete memoryless property of the channel;
(d) is from (Wp, Y1) — (X1, Xo;) — Y;; and (e) is from the definitions that X; = (X ;,J),
X, 2 (Xoy,J),Y £Y and U = (Wy, Y771 ).

Letting ¢ — 0 and noting that P.; < ¢, % > R —e,

H(W2)
N

> Ry — € and W is independent of

W, it is easy to see that 0 < Ry + Ry < I(Xy, Xo; Y|U).
(Proof of Ry + Ry < I(X1, Xo;Y|V3)) The proof is obtained by the following Equation (A4).

1
—H(W,, W,
N ( 05 1)

1
N(I(WO, W1 YV W) +6(P.y))
1
N(H(YNWVQ) — H(YN|Wo, Wi, Wa) + 6(P.1))
1
N(H(YN]WZ) — H(YN Wy, Wy, Wa, XN, XV) + 6(P.y))
1
N(H(YN|W2) - H(YN|XfV> Xév) + 5(Pel))
1 & .
N(Z(H(WW% V) — H(Yil X4, X24)) + 6(Por))
=1
N . .
~ O (HWo, Y'™) = H(Y;| X1, Xo,0, W, Y'™)) + 6(Puy))
=1
1
H(Y|V2) - H(Y|X1,X27 Vz) + N(S(Pel))

5(Pel)
N

[(X1, X Y|Va) + (Ad)

where (a) is from the Fano’s inequality and the fact that 1/, is independent of W, and W7; (b) is from

(Wo, Wi, Wa) — (XN, XI) — YV; (c) is from the discrete memoryless property of the channel;
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(d) is from (Wy, Y1) — (X1, Xo:) — Yi; and (e) is from the definitions that X; = (X, ;,J),
Xo 2 (X5, J),Y £ Yyand Vo & (W, Y7L ).

Letting ¢ — 0 and noting that P.; < e, % > Ry — e, H(J‘\/,VO)
W7, it is easy to see that Ry + Ry < (X1, Xo; Y|V3).

(Proof of Ry + Ry < I(Xy,X5;Y|V})) The proof is analogous to the proof of Ry + Ry <
I(X4, X2;Y|Vs), and it is omitted here.

(Proof of Ry + Ry + Ry < (X1, X5;Y))

1 (@ 1
NH(WmWth) < N(I(WO,W1>W2;YN)+5(P61))
1
= N(H(YN) — HYN Wy, Wy, Wa) 4 6(P.y))
1
< S HE) = HY Y Wo, Wi, W, X7, X5Y) +6(Pa))
< %(H(YN) — HYN|XY, X)) + 6(P.1))
N
o 1
2 N Z Y|YZ 1 (Y;|X1,z‘,X2,i))+5(Pel))
1 N
< 5 Z H(Yi| X1, X24)) + 8(Pr))
(d) 1
< HY) = H(Y|X1, Xo,U) + 5:0(Par))
(P,
= 1 xay) 4 2 (AS)

where (a) is from the Fano’s inequality; (b) is from (Wy, Wy, Wy) — (XN, X¥) — Y'¥; (c) is from
the discrete memoryless property of the channel; and (d) is from the definitions that X; = (X 1.7,J),
Xy 2 (X 5,J),Y £Y].

Letting ¢ — 0 and noting that P.; <'e, H(WO > Ry — (X,Vl) > Ry —
to see that Ry + Ry + Ry < I(X;, Xo;Y).

The Markov chain, (U, V;,V3) — (X1, X3) — Y — Z, is directly obtained from the definitions
UE Wo, Y7L ), Vi & (WL,YILT), Vo & W, Y7L ) Xy & (Xy,J), Xo & (Xog, J),
Y£Y,and Z £ Z;.

The proof of the converse part of Theorem 2 is completed.

€, % > Ry — €, it is easy

B. Proof of the Direct Part of Theorem 2

In this section, we establish the direct part of Theorem 2 (about existence). Suppose (R, R, Ry) €
RA, we will show that (R, Ry, Ry) is achievable.

The coding scheme for Theorem 2 is in the following Figure A1l. Now, the remainder of this section
is organized as follows. Some preliminaries about typical sequences are introduced in Subsection B.1.
The construction of the code is introduced in Subsection B.2. For any given ¢ > 0, the proofs of
wj\w > Ry —e, % > Ry —, % > Ry —¢€, Py < eand P,s < € are given in Subsection B.3.
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Figure Al. Coding scheme for MAC-DBC.

Encoder |
VY XN N
Wi :E g : L ~ Receiver 1
Wo [y | MAC
i | | DMC |——— Receiver2
Wy L] VN ‘N v 7N
b2 __A 2
Encoder 2

B.1. Preliminaries

e Given a probability mass function, py (v), for any n > 0, let 7Y (n) be the strong typical set of all
o™, such that |py (v) — C”NT(U)| < nforall v € V, where c¢,~(v) is the number of occurences of the
letter v in the vV, We say that the sequences, v € T (n), are V-typical.

e Analogously, given a joint probability mass function, pyyw (v, w), for any > 0, let T (1) be the
joint strong typical set of all pairs (v, w™), such that |pyw (v, w) — CN”—]I\V,(Uw)| <nforallv eV
and w € W, where c,~ ,~ (v, w) is the number of occurences of (v, w) in the pair of sequences
(v, w). We say that the pairs of sequences, (v, w") € T (n), are VIW-typical.

e Moreover, w' is called TV |V -generated by vV if v is V- typical and (v, w™) € T, (n). For
any given v™ € 77 (n), define Ty, (n) = {w™ : w" is W|V-generated by v" }.

e Lemma 1 For any v™ € T (n),

9 NHWIN) < o (pN) < 2 NEHOV) =)

where n* — 0 asn — 0.

B.2. Coding Construction

Given a triple (Ro, Ry, R»), choose a joint  probability mass function,

DUV Vo, X1 . Xs.v. 2z (U, V1, V2, T1, T2, Y, 2), such that
0< R <I(X;Y|X5,U), 0< Ry <I(X9;Y|X1,U), Ri + Ry <I(X1,X5;Y|U),

Ry <I(U;Z), Ro+ Ry <1(X1,X5;Y|Va), Ro+ Ry < I(Xy, X9, Y|V),
Ro+ Ry + Ry < I(X3, X9;Y)
The message sets, Wy, VW, and W, satisfy the following conditions:

1

1 1
—log || Wo ||= Ro, —log || Wi ||I= Ry N

- - log | W |I= R, (A6)

Code-book generation:
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e For a given wy € W), generate a corresponding u™ (wy) i.i.d., according to the probability mass
function py (u).

e For a given w; € W, generate a corresponding v?¥ (w;) i.i.d., according to the probability mass
function py, (vy).

e For a given wy € W, generate a corresponding v}’ (w,) i.i.d., according to the probability mass
function py, (vs).

o 2V (wp,w;) is generated according to a new discrete memoryless channel (DMC), with inputs
vV (wy) and u™ (wp) and output z (wy,w;). The transition probability of this new DMC is
pxl\vl,U($1|U1,U)-

Similarly, 2’ (wo, wy) is generated according to a new discrete memoryless channel (DMC), with
inputs v (w,) and u™ (wy) and output Y (wy, w,). The transition probability of this new DMC is

PXQ\Vg,U($2|U2, U)
Decoding scheme:

e (Receiver 1) Receiver 1 declares that messages, wg, w; and ws, are sent if they are the unique
messages, such that (uN (?IJo), U{V(w1>7 Uév (ﬁ)g), x{V(UA}(% wl)v :L'év(lz)o, wQ)v yN) S TZJJVV1V2X1X2Y<€);
otherwise, it declares an error.

e (Receiver 2) Receiver 2 declares that a message wy is sent if it is the unique message, such that

(u™ (1), 2N) € T, (€); otherwise it declares an error.

B.3. Achievability Proof

By using the above Equation (A6), it is easy to verify that w > Ry — e, % > Ry —eand
w > Ry — e. It remains to show that P,; < € and P., < ¢; see the following.

Without loss of generality, assume that wy = 1, w; = 1 and ws = 1 are sent.
23.1. Py <€
For receiver 2, define the events:
By = {(u™(1),2") ¢ Tz (n)}

By = {(u™ (wy), 2Y) € T, (n)} for some wy # 1

The probability of error for receiver 2 is then upper bounded by:
Peg = PT{BI U BQ} S PT{Bl} + PT{BQ} (A7)

By using LLN, the first term, Pr{B;} — 0 as N — oo. On the other hand, by using the packing
lemma [15, p. 53-54], Pr{Bs} — 0as N — o0 if Ry < I(U; Z).
Therefore, by choosing sufficiently large NV, we have P.s < e.

232. P, <€

The proof of P.; < e is as follows.
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Define the sets:

A= {(@ (1), 01 (1), 05" (1), 27 (1,1), 23 (1,1), ™) € Tvivax, x,v (€)}
Az = {(u" (1), 01 (1), 05 (wa), 27 (1,1), 25" (1, w2), y™) € Ty vsx, x1 (€)} for some wy # 1
Ag = {(@™(1), 01 (wr), 05 (1), 27 (1, w1), 25 (1,1),4™) € Toyiv,x, x,v (€) } for some wy # 1
Ay = {(u (1), 01 (w1), vy (wa), 27 (L, wn), 25 (1, ws), y™) € Tivvyx, x,v (€)} for some wy # 1wz # 1
Ay = {(uN(wo), v1 (1), 03 (1), 27 (wo, 1), 25 (wo, 1), ™) € Tv4 x, x,v (€)} for some wy # 1
As = {(u” (wo), v1" (1), vy (wa), 27 (wo, 1), 25 (wo, wa), y™) € Tiys vy x, x,v(€)} for some wo # 1,ws # 1
Az = {(u" (wo), vy (w1), v3' (1), 27 (wo, wn ), 23 (w0, 1), 4™) € Tyvyx, x,v(€) } for some wo # 1,wy # 1

Ag = {(u" (wo), vy’ (wn), vy (wa), 27 (wo, w), 23" (wo, wa), y™ ) € Ty, x, xpy (€)} for some (wo, wy, wy) # 1
The probability of error for receiver 1 is then upper bounded by:

Peg = PT‘{AlUAQUAgUA4UA5UA6UA7UA8}

8
< > PriA) (A8)
=1

By using LLN, the first term, Pr{A;} — 0 as N — oo.
For the second term, by using the packing lemma ([15][p. 53-54]), Pr{As} — 0as N — oo if

R2 S I(‘/Q,X27Y|U7‘/17X1)

1

= HY|U,X1)—H(Y|X1,Xo,U)=I1(X2;Y|U, Xy) (A9)

—~
~—

where (1) is from V; — (U, X;) — Y and (V4, V3) — (X1, X5, U) —» Y.

Analogously, for the third term, by using the packing lemma, Pr{A3} — 0 as N — oo if
Ry < I(X1; YU, X5).

For the fourth term, by using the packing lemma, Pr{As;} — 0 as N — oo if Ry + Ry <
I(X1; YU, Xs).

Ri+ Ry < I(Vy,Va, Xy, Xo;Y|U)

2

= HYU)—-H(Y[X1, X, U) = I(X1, X, Y[U) (A10)

—~
~

where (2) is from (V3,V5) — (X1, X5, U) — Y.
For the fifth term, Pr{As;} — 0as N — oo if Ry < I(U;Y).
For the sixth term, by using the packing lemma, Pr{As} — 0as N — oo if

R0+R2 S ](U7%7X17X27Y|‘/1)

3

= H(Y|V1) - H(Y’X17X27V1> = I(X17X23 Y|V1) (ALT)

—
=
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where (3) is from (U, V) — (X1, X2, V1) = Y.

Analogously, the seventh term, Pr{A;} — 0as N — oo if Ry + Ry < (X1, Xo; Y |V3).

For the eighth term, by using the packing lemma, Pr{As} — 0as N — oo if Ry + Ry + Ry <
I(Xy, X2;Y).

Therefore, by choosing sufficiently large N, we have P,; < e.

The proof of the direct part of Theorem 2 is completed.

C. Proof of the Convexity of R+
Let (Ry, Ry, R;) € R, i.e., (Ry, R}, R,), satisfy the following conditions:

R, < I(XW,vyW X vy R, < 1(x$V: yOIx Wy R+ Ry < 1(XW, XV y O o),
0< R, <I(UW;zW) Ry + Ry < (X", XV vy Oy Ry + R, < 1(x™V, X8V, vy,
Ry+ R, + R, < ](Xl(l), XM ym)

Let (Ry, R}, Ry) € R, i.e., (Ry, R}, R), satisfy the following conditions:

R < 107 Y@ 1x37,U%), Ry < 1037 YO IX, UP), R + Ry < (XY, X375y @|U®)
0< Ry < I(UP; 2 Ry + R < I(XP, XP: YOIV R+ Ry < 1(x?, X yO 1,2
Ry + Ry + Ry < I(X{?, X{;y®)

Let () be a switch function, such that Pr{Q = 1} = 0 and Pr{Q =2} =1 — 0, where 0 < 0 < 1.

( is independent of all the random variables.
Define V; = V9Q, Vs = V{YQ,U = UQQ, X, = X\90, X, = X\¥Q,Y =Y, Z = 2@,
Then we have:

[(X;Y]Xo,U) = (X9 7y @ x? U@ Q)

= 01(x}Y; Y“)IX“) UM,Q=1)+(1-0)I(X?;YPIXP U?, Q =2)
= el(X“) YOI XV UMy 4 (1-0)1(x? vy xP U?) (A12)
[(X5;Y|X1,U) = I<X§Q>-Y<Q>\X<Q> U@, Q)
= 0[(X21)aY(1 ‘Xl ) ()>Q:1)+(1_9)[<X2(2)7Y()’X§2)7U()7Q:2)
= o1 YOI UW) + (1= 01X YO XY, u) (A13)
I(X1, Xo3Y) > [<X1(Q) X(Q D1Q)
= 91<X XS%M@—1)+<1—9>I<X§2>,X27 21Q = 2)
= 01XV, XYy Oy + (1= 01X, x5 v @) (A14)
(X1, X2 Y|U) = (X9 X9 v@u@ @)
= 0I(X 11>,X2 YOIUW Q=1)+1-01(x?, X, vOU®, Q= 2)
= or(x{", XM yWjp > +(1=0)1(X, X yOu?) (A15)
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(X1, Xo; YA = I(X'9 X @9 Q)
— QJ(X“) x4 |v1<1 Q=1 +(1- e)I(X X(2) YO@ g =2)
= o1(x\, X( YOI+ 1 —o)r(x?, xP: vy v (A16)

I(Xl,Xg;Y|V2) _ I(X(Q) X(Q). (Q)|V(Q) )
= 1(x{", X} 2 LYOY Q=1+ 1 - 01X X YO, Q = 2)
= 01XV, Xy O £ (1 - 01X, Xy @) (A17)

[(U(Q);Z(Q)) > [(U(Q). (Q)’Q)
= 01U ZVQ=1)+ (1 -0)I1(UP: 2?|Q =2)
= 1UW; ZzW) + 1 -0 1(UP; 2?) (A18)

From Equations (A12)—(A18), it is easy to see that (OR} + (1 — 0)R},0R, + (1 — 0)R,,0R, + (1 —
0)R;) € R™, and therefore, RV is convex.

D. Size Constraints of the Auxiliary Random Variables in Theorem 2

By using the support lemma (see [14], p.310), it suffices to show that the random variables U, A
and K can be replaced by new ones, preserving the Markovity (U, Vi, V2) — (X1, Xy) — YV —
Z and the characters [(U;Z), I[(Xo;Y|X1,U), I(X1; Y| X2, U), 1(Xy, Xo;Y|U), (X1, Xo;Y|Va),
I(Xy, X2;Y|V1), and furthermore, the range of the new U, A and K satisfies:

Ul < [| X1 ]]]] X + 2

M < [l ][] ]|
M2l < 1|4

The proof of which is in the reminder of this section.
Let
P = px,x, (21, 2) (A19)

Define the following continuous scalar functions of p :

[xx,(P) = pxyxo (w1, 22), fr(P) = H(Y), frix,(p) =HY[X1), frix,(p) = H(Y[Xy)

Since there are ||X]|||X2]] — 1 functions of fx, x,(p), the total number of the continuous scalar functions
of pis || Xy |||| Az +2.
Let px, x,ju = Pr{X, = 21, X5 = 2|U = u}. With these distributions px, x,|, we have

pX1X2 $1,$2 ZP =1u fX1X2 (pX1X2|U) (A20)
uel
HY|U) = Zp u) fy (Px, x5 0) (A21)

uel
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H(Y|X1,U) = p(U = u) fyx, (Px,x10) (A22)
ueld

H(Y|X,U) =Y p(U = u) fyix,(Px, xa0) (A23)
ueld

According to the support lemma ([14], p.310), the random variable, U, can be replaced by new ones,
such that the new U takes at most ||} ||| Xs]| + 2 different values and the expressions (A20)—(A23)
are preserved.

Similarly, we can prove that ||V;|| < ||X1||||X:|| and || Va]| < || &) ]|]|A%]|. The proof is omitted here.

E. Proof of Theorem 3

E.1. Proof of the Achievability The achievability proof follows by computing the mutual information

terms in Theorem 2 with the following joint distributions:

U~NO,aP,+ BR)), Vi ~N(0,(1 —a)P;)and Vo ~ N(0, (1 — a)P,)

[P [ B
X U+V,and X, = U+ V.
R VA Yy 2) ! VP +p ?

U is independent of V; and V5.

E.2. Proof of the Converse

1 a( o JrO'z ) 1 (1704)(0'2’ +0’g, )
The proof of Ry < 5log(1 + = 1+011 2)+Zn e 2) and Ry + Ry < 5log(l + ——2—=%) are
from the proof of the Gaussian broadcast channel [15] and it is omrtted here

The proof of Ry < 1 log(1 + - =1) ,Ry < $log(1 + - a) 2) and Ry + Ry + Ry < log(1 +

2 2
Um,l+gm,2 )
——=

are from the proof of the Gausswn multiple-access channel [16], and it is omitted here.

n,l

Then, it remains to show that Ry + Ry < 3 log(1 + w) and Ry + Ry < 5log(1 + %)
The proof of these two inequalities are analogous to ([17] [p 1000-1001]), and therefore we omllt the
proof here.

The proof of Theorem 3 is completed.

(© 2013 by the authors; licensee MDPI, Basel, Switzerland. This article is an open access article
distributed under the terms and conditions of the Creative Commons Attribution license
(http://creativecommons.org/licenses/by/3.0/).
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