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Abstract: In this paper, the structural properties of chemical reaction systems obeying
the mass action law are investigated and related to the physical and chemical properties
of the system. An entropy-based Lyapunov function candidate serves as a tool for
proving structural stability, the existence of which is guaranteed by the second law of
thermodynamics. The commonly used engineering model reduction methods, the so-called
quasi equilibrium and quasi steady state assumption based reductions, together with the
variable lumping are formally defined as model transformations acting on the reaction graph.
These model reduction transformations are analysed to find conditions when (a) the reduced
model remains in the same reaction kinetic system class, (b) the reduced model retains the
most important properties of the original one including structural stability. It is shown that
both variable lumping and quasi equilibrium based reduction preserve both the reaction
kinetic form and the structural stability of reaction kinetic models of closed systems with
mass action law kinetics, but this is not always the case for the reduction based on quasi
steady state assumption.
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1. Introduction

Chemical Reaction Networks (CRNs) form a wide class of positive (or non-negative) systems

attracting significant attention not only among chemists but in numerous other fields such as physics, or
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even pure and applied mathematics where nonlinear dynamical systems are considered [1]. Beside pure
chemical reactions, CRNs are often used to model the dynamics of intracellular processes, metabolic or
cell signalling pathways [2]. The increasing interest towards reaction networks as a well-defined special
class of positive nonlinear systems is clearly shown by recent tutorial and survey papers [3,4,5] in the
systems and control community.

The above approach of general systems and control theory can be usefully complemented with a
thermodynamic approach taking into account that reaction kinetic systems are special types of process
systems [6], where most often stability is well-established in the thermodynamic approach to analyse
their dynamical properties (see e.g., [7,8,9]). The thermodynamic approach recognizes, that the reaction
kinetic equations originate from dynamic conservation balances constructed for component masses,
and utilizes the second law of thermodynamics [10] to associate an entropy-based Lyapunov function
candidate to investigate the stability of the system.

The traditional way of describing the structure of a reaction kinetic system for the purpose of analysing
its dynamic properties originate from the classical work of Feinberg (see e.g., [11,12]), who introduced
the notion of deficiency that is based upon the structure of the so-called reaction graph.

Based on the above interdisciplinary foundations, the aim of this work is to precisely define and
analyse model reduction schemes based on the thermodynamic and system theoretical understanding,
combined with engineering intuition.

Mathematical models of reaction kinetic systems based on detailed kinetic studies are most often
too large for dynamic analysis, model-based control, diagnosis or parameter estimation purposes.
Therefore, the need arises to derive more simple versions from these detailed dynamic models that can
be handled by the tools and techniques of nonlinear systems and control theory, and possess the same
dynamic properties. These detailed dynamic models are simplified by reducing the number of their state
(concentration) variables using engineering judgement and operating experience on the relative time
constants of the different reaction steps present in the system. The most common model reduction or
model simplification steps applied in practice include the removal of variables being in quasi steady
state and lumping together variables with similar dynamics.

The model reduction based on quasi steady state approximation is well-studied in biochemical
kinetics, because this is the dominant way of obtaining simpler equations. The applicability of quasi
steady state approximation was investigated by Tzafiri and Edelman [13] for enzyme kinetics, but they
disregard the conservation of reaction kinetic forms of the equations. This type of model reduction
was also analysed in signal transduction pathways [14]. It is clear from the studies of quasi steady state
approximation that this simplification method changes not only the reaction kinetic form of the equations
resulting in reaction rate expressions in rational function form, but also the dynamic properties of the
model as well. One of the motivations of the present work is to theoretically analyse the conditions that
lead to the distortion of dynamical properties during model reduction.

The model reduction using variable lumping is less popular in practice, but relatively well-defined
mathematically. Linear kinetic lumping schemes were defined and analysed by Farkas [15], while
general nonlinear lumping in chemical kinetics was investigated by Lee et al. [16]. Although both
of the above model reduction methods are quite widespread, none of them has been analysed from a
thermodynamic or from a system theoretical viewpoint yet.
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The outline of the paper is as follows. First the considered reaction kinetic model classes obeying
the mass action law are described, and then their structural properties are briefly discussed. The model
reduction using variable lumping, quasi equilibrium and quasi steady state assumptions are presented in

the following sections. Finally conclusions are given.
2. Reaction Kinetic Model Classes

In this section, the characteristic structural properties of various reaction kinetic model classes are
identified. The structural dynamic properties of reaction kinetic models are determined by two sets of
descriptors, the so called General (G) and Reaction (R) descriptors, introduced in this section and used
for the analysis of the model reduction schemes in the second part of the paper.

Basic assumptions The original physical and chemical picture underlying the reaction kinetic system
class is a closed system under isothermal and isobaric conditions, where chemical components or species
X;, i = 1,...,n take part in r’ chemical reactions. The system is assumed to be perfectly stirred,
1.e. concentrated parameter in the simplest case. The concentrations z;, ¢ = 1,...,n of the chemical
components form the state vector, the elements of which are positive by nature.

For the sake of simplicity, physico-chemical properties are assumed to be constant. Because the
system is assumed to be thermodynamically closed, its total mass (and its volume because of the constant
density) is also constant. In addition, the closed system assumption enables to use the principles of the
classical and irreversible thermodynamics [ 10] when analysing the equilibrium state(s) and their stability
(see later in Section 3).

Chemical reactions A complex chemical reaction mechanisms is composed of elementary reaction

steps in the following form:
Z@ini — ZﬁUXZ ] = 1,...,T/ (1)
i=1 i=1

where «;; 1s the so-called stoichiometric coefficient of component X in the jth reaction, i.e. the number
of colliding X; molecules, and f;, is the stoichiometric coefficient of the product X,. Note that the
stoichiometric coefficients are always non-negative integers in classical reaction kinetic systems.

The set of components with non-zero stoichiometric coefficients c;; or 3;; on a side of a reaction form
a so-called complex Cj,, k = 1,...,m with m being the number of complexes, thatis, Cy, = > | ;;X;
or (), = Z?:l Bi;X; for some j. The vector p(k) consisting of the stoichiometric coefficients «;; or
Bi; (¢ = 1,...,n) characterizes the complex C}. In the general case one may have less complexes than
reactions when some of the reactions have the same reactant complex.

The zero complex is a special complex with a zero stoichiometric vector ¥} = 0. This appears in
the reaction schemes where one considers either an external source or sink of some components, i.e.

elementary reaction steps of the form

@ — iﬂZ]XZ or iaszi — (Z)
=1 =1
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Note that the zero complex is not component specific: there is only a single sink or source term for
all components that represent component mass inflows and outflows. In these cases the systems is
thermodynamically open, therefore the conservation of the total mass in the describing reaction kinetic

system model does not hold.

Descriptors (G) The above number of components, reactions and complexes (n, ' and m) form the
first group of descriptors of reaction kinetic systems. The stoichiometric coefficient vectors v*) k =
1, ..., m of the complexes belong also to this group.

2.1. General reaction kinetic differential equations

In the most general case the dynamics of a reaction kinetic system in the concentration (state) space
can be described with the following set of ordinary differential equations (ODEs) that originate from the

dynamic conservation balance equations [6] constructed for component masses:

dz i
dt

= Fi(z) = -z fi(x) + gi(x) , i=1,..,n ()

where f; and g; are non-negative polynomials, i.e., polynomials with positive coefficients, and F; is a
polynomial right-hand side (RHS) function [1,17].

Although this is the most general class of reaction kinetic systems, it can be shown that a model (2)
can always be realized with a reaction kinetic system obeying the mass action law [17]. Note however,
that the zero complex may appear in the realization, so the closed system assumption does not always

hold in this general case.
2.2. Mass action law (MAL) kinetics

The mass action law is based on the extended collision picture of the elementary reaction steps, where
a reaction occurs if the reactants collide. Thus the rate of the above elementary reaction steps can be

described as
n

pi =k [ =k [ =100 3)
=1

1=1
where [X;] = x; is the concentration of the component X;, and k; > 0 is the reaction rate constant of

the jth reaction, that is always positive (see [18]).

Algebraic characterization The reaction rates are described using the so-called reaction monomials

associated to the complexes in the form
Yij
pi(a) = ][ )
where the elements of the matrix Y are the stoichiometric coefficients of the components 7, : = 1,...,n

in the complexes 7, 7 = 1,...,m, such that the stoichiometric vector of the jth complex forms the jth

column of matrix Y, i.e. [Y].; = v19).
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Note that the stoichiometric coefficients c;; of the reactants in the irreversible reaction steps (1) appear
in matrix Y, while the reaction monomials are the principal factors in the MAL reaction rate expression

3).

The reaction graph The vertices V' of the reaction graph G = (V, E') correspond to the complexes,
and the edges F to the reactions. Two complexes C and C, are connected by a directed edge, if a
reaction in the form of

Cr = Cy (5)

exists. Edge weights can be associated to the edges that are the reaction rate constants ki, > 0, thus the
reaction graph is a weighted directed graph.

The Kirchhoff matrix of the reaction graph Ay, € R™*™ uniquely describes the reaction graph with

— Z;’il kg if 1=
0 otherwise

The Kirchhoff matrix Ay is a column conservation matrix with non-positive diagonal and non-negative
off-diagonal, where the sum of the elements in a column is equal to zero.

The reaction kinetic equations In order to construct the dynamic state equations of a reaction kinetic
system, the information on the composition of the complexes that are coded in the stoichiometric matrix
Y is needed together with the Kirchhoff matrix Ay. The dynamic model that describes the evolution of
the reaction kinetic system in its component or state space is given by

d
==Y A px) = N-pla) )

It is important to note that the matrices Y and Ay uniquely determine the reaction kinetic system,
because the stoichiometric coefficients in Y determine the reaction monomials in ¢(z).

It should be remarked that the solution of the inverse realization problem, i.e., to find matrices Y and
Ay to a given state matrix /V in (7) such that they describe a reaction kinetic system, is not at all unique
for systems with higher than zero deficiency, see e.g., in [19].

Descriptors (R) The general descriptors (G) determine the matrix Y, therefore only the Kirchhoff
matrix Ay constitutes the group of the reaction network descriptors.

One can form a complex combinatorial structure that uniquely describes a reaction kinetic system
with MAL kinetics if vertex weights are also associated to the vertices of the reaction graph in such a
way that the column of the matrix Y that belongs to the complex C} is associated to the vertex as its
weight. Then any formal transformation applied to the reaction kinetic system can be described as a

graph transformation applied to the vertex weighted reaction graph.
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2.3. MAL kinetics with reversible reactions

A special class of reaction kinetic systems is the case of reversible reactions, the rate equations of
which obey the mass action law (MAL). This case was first investigated by Bykov et al. [20].
The reaction scheme consists of r reversible reactions of the form

i=1 i=1

Here we have 2r complexes from which there can be identical ones, i.e., k = 1,...,m, m < 2r. Note
that the reversible equations (8) can be realized as ' = 2r irreversible reaction steps in the form of (1).

The mass action law type reaction rates can also be applied to this reversible case by considering the
rate of the jth reversible step in the form:

Wi(z) = Wi(a) = Wy (2) = ky [T = k7 [ [ ©)
=1

r=1

Here both reaction rate constants k> 0 and k; > 0 are strictly positive. The terms W (x) and W ()

are the reaction rates of the forward and backward directed reaction steps, respectively.

The reaction Kinetic equations of a reaction kinetic system with reversible MAL kinetics are in the

form p
T
= NW 10
= NW () (10
where N/ € R™" is the stoichiometric matrix, and W € R” is the reaction rate vector described in
Equation (9).

The stoichiometric matrix N is constructed form the stoichiometric coefficients «;; and ;; in the
following way. To each complex C}, a column vector (¥} € R™ is associated in the usual way, as in
the stoichiometric matrix Y. Note that precisely two complexes take part in a reaction (see Equation
(8)), thus one can form two matrices N'(®) from the complexes of the left hand sides of the r reactions,
and A®) from that of the right hand sides by collecting the column vectors %) of the corresponding
complexes. Thus A is simply the difference of the two, i.e., N' = N'®) — N(® where the jth column
vector of N, 9 € R” contains the difference of the stoichiometric coefficients of the jth reaction.

Note that the parameters that describe a reaction kinetic system with reversible MAL kinetics are
given by the stoichiometric matrix N and the reaction rate coefficients k™ = [k ...k ]” and k= =
[ky k)T

r

2.4. Examples

Three simple yet characteristic examples are introduced here for illustrating the concepts and

algorithms in the later sections.

Linear kinetics Let us consider a simple reaction kinetic system consisting of two reversible first order
steps and three components
X1 2 Xo =2 X3
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Figure 1. Reaction graph of the linear kinetics system
k1 k?;
EP=EP=CP
ka ks

The reaction graph consisting of a single connected component is seen in Figure 1.

The dynamic state equations are as follows.

dditl = —kixy + kaxo
ddif = kll'l — kgl'g — kgl'g + k4CC3 (11)
dx3

di kszy — kyx3

From this the representation matrices and vectors are easy to derive

T 1 00 —kl k’g 0
pla)=|az |, Y=10 10|, N=Ac=| k —(kaths) ks (12)
T3 0 01 0 ks —ky

The system consists of only reversible reactions, thus the reversible representation form also exists with

r = 2 and

-1 0
—k k
Wiay= | TR (13)
—ksxo + kaxs
0 1
Descriptors The general descriptors of this example are
m=n=3,1r=4, r=2 (14)
and the reaction descriptor is in Equation (12). 0J

Michealis—Menten kinetics The Michaelis—Menten kinetics is the simplest example of an enzyme
kinetic reaction that is widely used for kinetic and model reduction studies. The overall reaction equation
is

E+S=ZFE+P (15)
where F is the enzyme, S is the substrate and P is the product of the reaction. The enzyme acts as a
catalyst. The mechanism assumes that the substrate forms a complex £ S with the enzyme in a reversible
reaction step that can react further to form the product P and giving back the unchanged enzyme E.
There is a substrate inhibition step in the scheme, too.

The kinetic scheme consists of three reversible reactions

E+S=FES ES=FE+P ES+S=ESS (16)
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The reaction kinetic model now consists of the component mass balances for the species S, FE,
ES, ESS and P. These can be written in the following ODE form with = = [z, 29, X3, T4, xg,]T =
[E), (S, [ES], [ESS], [P]]".

dt
dt

dt

dt

dt

dl‘l
d$2

d$3

dZL'4

dZL'5

—k)ii_l‘lxg + ]fl_l'g - ]CQ_ZL’1$5 + ]{33_133
—kf vy 20 + Ky w3 — k?;_[L’QCIfg + k3 x4

+k7f_$15(72 - ]{31_173 + ]{72_1711'5 - k;l'g —
—k$ ks
3 ToX3 + K3 T4

+k;$2£€3 — k;x;l

—ky zyw5 + ki w3

The reaction graph consisting of two connected components is seen in Figure 2.

Figure 2. Reaction graph of the Michaelis-Menten kinetic scheme

ks
&+
ks

ks

Descriptors The general descriptors of this example are

The stoichiometric and Kirchhoff matrices are in the form

}.<
I
I R R

Sequential reactions

o O = O O

_ o O O =

o O = = O

o = O O O

[k ki 0

kU =k +hy) Ky

, A= 0 ky —ky
0 0 0

|0 0 0

reaction graph of which is depicted in Figure 3.

ki ks"
QD =P =G>

0

0

0
—k;

k3

0
0
0

ks

_kg |

(17)

(18)

(19)
(20)

1)

(22)

(23)

A reaction network of three consecutive reaction steps are considered, the
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Figure 3. Reaction graph of the sequential kinetic scheme

The kinetic equations are as follows using the concentration vector x = [x1, X2, 3,24, a, b]T =
[[X4], [Xa], [Xs], [Xa], (4], [B]]
L = —kfx + k2o
% = kizy — k{wya — ki xoa + ky x3b = ‘;—‘Z 24)
s = kfwsa — kyxsb — kxsb+ kyzy = 2
L1 = kfasb— kyay

3. Properties of Reaction Kinetic Models

The most important properties and their physical and chemical background is presented in this section,
which will be used later when analysing the effect of the engineering model reduction transformations.
As is well-known, the reaction rate equations (2) originate from the component mass balances [6] of the
underlying lumped process system, while there is no need for any energy balance because of the constant
temperature and pressure assumption.

3.1. Basic properties

It can be shown that all MAL reaction kinetic models are non-negative, i.e., they remain in the positive
orthant or on its boundary if the initial conditions are non-negative [5]. A reaction network is said to be
persistent if it starts in the positive orthant and does not approach the boundary of the orthant, in other
words, if provided that every species is present at the start of the reaction, no species will tend to be
eliminated in the course of the reaction. Conditions for persistence are given by Angeli et al. [21].

Originally, the theory of reaction network was developed for closed and isothermal systems where
the conservation of overall mass holds. Open systems can be described by using the zero complex
that describes an infinite source or sink representing the environment. If a zero complex is present in a
reaction kinetic model, it implies that the systems is open, and thus the conservation of the overall mass
does not hold.

Reversibility is a property of the reaction graph as a directed graph. A reaction network is reversible,
if for every reaction C; — C); the system contains its reverse, C, — C;. Weak reversibility is a weaker
notion, which requires that each complex C}, lies on a directed circle in the reaction graph.

The stability of reaction networks (10) can be examined using the notion of deficiency (see [3,11,18]).
It is an integer number that depends on the properties of matrix Y and the structure of the reaction graph.
The deficiency § is defined as:

d=m—L—s (25)
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where m 1s the number of complexes and L is the number of connected components (linkage classes)
in the reaction graph, while s is the dimension of the stoichiometric sub-space, i.e., s = rank(R).
The stoichiometric subspace R is spanned by the so-called reaction vectors ¢, k = 1,...,7/, that are
associated to the reaction C; — C; such that

er=[Y];—[Y],

)

where [Y]. ; is the jth column of matrix Y.
Note that precisely the reaction vectors, one from a pair of the reversible reaction pairs, appear in
matrix A of Equation (10) in the case of reversible MAL Kkinetics.

3.2.  Conservations and first integrals

Given the dynamic state equations of a reaction kinetic system obeying the mass action law (7), it
is easy to show that the solution of it remains on a linear manifold, on the so-called reaction simplex
determined by the initial conditions, assuming that all stoichiometric coefficients are non-negative. Each
vector e € ker(N7) generates a linear invariant for the system (10) since

d
e'N=0 = er—f =0 = ela(t) = const = el'zg

The linear invariants correspond to conservation of the overall mass or that of another species (e.g.,
atoms of a given type). Therefore, closed reaction kinetic systems have at least one linear invariant
describing the conservation of the overall mass. The form of this invariant is determined by the unit of the
component concentrations z;. If z; is in mole per unit mass (or volume), then > " | v;&; = M = const,
where M is the overall mass of the components that take part in the chemical reactions (there may be
inert components present) and y; is their molecular weight. If z; is measured in mole fractions, then M
is simply equal to 1, assuming that no inert component is present.

In addition to the linear invariants, there can be other nonlinear algebraic equations that determine
the manifold on which the system dynamics evolves. These are nonlinear first integrals of the reaction

equations, and can be consequences of model reduction transformations, as we shall see later.
3.3.  Stability

With the thermodynamically closed system assumption, the most important property characterizing
the qualitative behaviour of the time evolution of the system is its stability. Stability is related to the
number of equilibrium (steady state) points, as only systems with a single unique equilibrium point can
be globally asymptotically stable.

Unlike many other nonlinear systems that exhibit different stability properties depending on the value
of their parameters, the global stability of a reaction kinetic system with zero deficiency does not depend
on the value of its parameters, i.e., on the value of its reaction rate constants, but only on its structural
descriptors. Therefore, its stability can be called structural stability.

The deficiency zero theorem [11] gives a condition for reaction kinetic systems with zero deficiency

to be structurally stable, i.e., globally stable irrespectively of the actual values of its reaction rate
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constants. If the reaction network with zero deficiency is (weakly) reversible then there exists within
each reaction simplex precisely one equilibrium, and that equilibrium is asymptotically stable if the
dynamics is restricted to the reaction simplex to which the equilibrium point belongs. Consequently, the
original system in the concentration space is globally stable in the positive orthant. Therefore, having
zero deficiency is a very strong structural property.

Since reversible reaction kinetic systems with MAL kinetics and with independent reaction vectors

fall into the deficiency zero class, they are proved to be structurally stable in agreement with [11].

The entropy-based Lyapunov function The structural stability of reversible reaction networks is
proved by using a Lyapunov function of thermodynamic origin in [20]. This is applied to the dynamic
state equation of a closed reaction kinetic system with reversible reactions given in the form of (10),
where dim ker(N') = 0. This means that the reaction vectors, which form the columns of the matrix A/,
one from each pair of a reversible reaction, are linearly independent, which—together with the closed
nature of the system with reversible reactions—guarantees the existence of a unique positive equilibrium
point z* in the concentration (state) space.

The structural stability theorem states that the equilibrium point x* of such a system is globally stable

with the Lyapunov function

By (x) = le (ln (x_;"> - 1) +af = ;mz (Inz; —Inaz}) — (x; — x}) (26)

i=1
The basic idea behind the above function is to use the second law of thermodynamics [8] to derive a
Lyapunov function of the form
_T J—
L=7 w"—=S§ 27)
where 7 is the vector of conserved extensive variables (internal energy, volume, and component mass of

*

chemical constituents) expressed as a deviation from the reference state 7 =077 w = g—g| gz« 18
the vector of intensive driving force variables (temperature, pressure and chemical potential) evaluated
at the reference state Z*, and S is the entropy deviation from the reference state. The reference state is
usually chosen as a thermodynamic equilibrium state.

In the case of isothermal, isobaric and closed reaction kinetic systems only the masses of components
and their chemical potential appear in Z and w, respectively, and the elements of these vectors can be
expressed as functions of the component concentrations x; as Z; = M x; with M being the total constant
mass of the system, and w; = —C,, In x; with the constant C',, = RT where 7T is the constant temperature
and R? is the universal gas constant. Note that one has to assume perfect mixing and ideal mixtures for
such a simple expression for the chemical potentials [10].

The entropy of the system can then be given as
S =-C, Z z;lnx;, = —-C, Z Tilli (28)
i=1 i=1

where p; = In x;. With the above expression, the thermodynamically motivated Lyapunov function (27)

becomes

i=1

L(x) =—Cy (Z(xz —x))pr — (wip; — x:‘,u;‘)) = Cly <Z zi(Inz; —In x;‘)) (29)
i=1
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This shows that £ contains the driving force of the reactions (In x; — In z}) for each component, which
also appears in the Lyapunov function (26) of the structural stability theorem.

Note that the above Lyapunov functions can be seen as thermodynamic analogues of relative entropies
or divergences defined in the theory of stochastic processes (see [22]).

In order to show the identity of the two Lyapunov functions £(z) and B,«(x), one can use the fact
that in closed systems Y. x; = > ., xf = 1 = const if z; is measured in mole fractions. With this,

=11

Equation (26) can be transformed to the form

= i:cz (Inz; —Inz}) — (ixz — ixf) = ixl (Inz; —Inx})
i=1 i=1 i=1 i=1

The proof of the structural stability theorem [20] sheds light to the thermodynamic background of the
Lyapunov function (26). Here we assume the so called detailed balance condition [23], i.e., reversible

reactions with independent reaction vectors, and we first define the auxiliary vector p as

w(z) = [In(z1), ..., In(z1)]"

that is the chemical potential vector (uptoa multiplicative constant), and denote the jth column of the
stoichiometric matrices N'(®) by o) and N'®) by BU), respectively. The relations

, . . ) j 1
prpv = 59) In(xy) + ... + 89 In(z,) = In (xll ...:L‘ﬁ*(”)) In (k;_ W(J:))

pFal) = In ( k+W+( )) (30)
are used to compute the time-derivative of B, as
e OB () = (VT (B9 — )W @) =Wy @)  GD
j=1

= i(zfﬁ@— Lo — g9 4 o) (Wi () = Wy (2)) (32)

j=1
= len (gi) (W (z) =W (z)) <0 (33)

J

3.4.  Properties of the example kinetic systems

Linear kinetics This simple reaction kinetic system is closed, it contains reversible reactions in a single
linkage class. Its deficiency is zero, and it has a single linear invariant M = x; + x5 + x3 corresponding
to the conservation of the overall mass in the system.

Therefore, the system is structurally stable because of the deficiency zero theorem.

Michealis—Menten kinetics This kinetic system is a closed, reversible system, and its deficiency is
Zero.



Entropy 2010, 12 784

Linear invariants It is easy to see from the physical interpretation that there exists linear conservation
invariants for the “E” and the “S” type groups as follows:

[E]wt = [E] + [ES] + [ESS] = + T3 —+ x4 (34)

[S]tot _ [S] + [ES] + Q[ESS] + [P] = X9 + T3 + 214 + 5 (35)

where [E]*" and [S]" are constants, besides the linear invariant for the overall mass conservation.

Structural stability The system is structurally stable because of the deficiency zero theorem.
4. Model Reduction Using Variable Lumping

Model reduction aims at finding a “reduced” or “more simple” model to a dynamic system that
describes its dynamical behaviour (relatively) well but with a smaller number of dynamic variables and/or
equations. One possible and quite widespread way of reducing the number of variables is to lump them
together, i.e., to consider only an aggregate “averaged” variable instead of at least two original ones in
the reduced dynamic model.

Variable lumping in the above sense is widely used in reducing reaction kinetic and other process
models. Farkas [15] has analysed kinetic lumping schemes consisting of linear projective transformation
of the original concentrations, and gave conditions for the transformation and its pseudo-inverse that
preserve the reaction kinetic form of the reduced model. The general nonlinear exact and approximate
lumping of reaction kinetic models has been analysed by Li and co-workers [16], who also treated the
model reduction as a nonlinear projective model transformation.

For cascade type lumped process models Leitold et al. [24] developed and analysed the variable
lumping transformation. The transformation is represented as context sensitive graph transformation
acting on the structure graphs of the dynamic process models. In the paper [24] it was shown that
the variable lumping transformation preserves the structural controllability and observability of process
models, but nothing was reported about the stability of the reduced model.

Following this line, the variable lumping transformation is treated in this paper as a graph
transformation acting on the vertex-weighted reaction graph by identifying its effect on the describing
matrices Y and Ay. This allows us to detect if this transformation preserves the structural stability of the
reduced reaction kinetic system model.

4.1. Mathematical and physical characterization

The engineering two-variable version of variable lumping can be applied when the dynamic response
of two concentration variables (z; and x;) are of the same character. Then both of them can be substituted
by a single one Z; such that

zi(t) = xiTi(t) , x(t) = x;T(t) (36)

where both x; and x; are constants. The above relations imply that z;(¢) = const - z;(¢).
A kinetic lumping scheme in the sense of [15] arises when x; = x; = % Assume that we perform

a permutation of the concentration variables such that the two variables to be lumped are z,, and x,,_
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, 1.e., they are the last two ones. The so-called lumping matrix forms the reduced set of concentration

variables 7 = Mx, with dimZ = dim « — 1. Then the lumping matrix and its generalized inverse are of

T
M:[@ 11],m:
I 00

the form

(37)

= N= =R
S O~

where [ is the (n — 2) X (n — 2) unit matrix and ) is a (n — 2)-dimensional zero column vector.
It is important to note that the generalized inverse of a lumping matrix is not unique, the one we
selected in (37) reflects the assumption x;(t) = x;(t) that is behind the lumping of the two variables.
The lumped new concentration variable 7,,_; and the RHS of its kinetic equation can be computed as

dfn,1 d.CCn,1 dl’n

Tp—1 Tp l+xn ) dt dt + dt n 1(-T)+ n(m) (38)
while
~ 1z ~ 1z (39)
Tn = 21'7171 y Tp—1 = 2$n71

With these equations the model reduction transformation consists of three consecutive steps.

L1 Substitute z,,_; for z,, and x,,_; into the RHS of the kinetic equations whenever they appear using
Equation (39).

L2 Form the RHS of the kinetic equation of the lumped variable 7,,_; as

Fn1(T) = F,1(T) + Fu.(7)
from Equation (38).

L3 Replace the last two equations, the nth and (n — 1)th ones, of the original model with the newly
formed equation
dfn—l

f— F _ r
dt n-1(7)

The primary effect of variable lumping is that one component disappears from the equations, i.e.,

n=n-—1.
4.2.  Effect on the model properties

The effect of the three transformation steps L1, L2 and L3 is analysed both on the Y and Ay matrices.

L1 By substituting the lumped variable into the two original ones, each complex that contains them
will change. Formally, the nth row [Y],,. is added to the (n — 1)th one, and the nth is deleted,
while the number of columns in Y does not change.

L2,L.3 These steps do not influence the structure of the matrices Y and Ay but implement the changes in
the reaction equations caused by step L1. Note that the reaction rate constants in Ay will change.
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In degenerate special cases it may happen, that some columns of Y become identical, i.e., some
complexes may become identical. Then the number of complexes also decreases, and the dimension of
the stoichiometric space s may decrease, too. This case requires that the two vertices corresponding
to these identical complexes be condensed (united) in the reaction graph. As the new vertex inherits
all directed edges from the ones it is condensed from, the reversibility of the reaction graph remains
unchanged.

Effect on structural stability If no condensation of the reaction complexes occurs, then neither the
structure of the reaction graph nor the dimension of the stoichiometric space change. These facts imply
that the structural stability of the reaction kinetic system remains unchanged during this model reduction
transformation.

The condensation of some of the vertices in the reaction graph does not change its reversibility, but
may change its deficiency. Therefore, the conservation of structural stability can only be guaranteed in
the reversible case.

4.3.  Examples

Variable lumping is performed on both of the examples introduced in subsection 2.4, and the
properties of the reduced model are investigated.

Linear Kinetics Let us lump components X5 and X3. This implies

1_ 1_

Ty =129+ 13 , $2=§$2 ) $3=§$2

Substituting this into the original model (11) we obtain

dx 17. =
= ki + Sk

dzy
di

(40)

— 17. =
= kyr — §]€2$2

The reduced reaction graph is in the form

The structural descriptors changetom =n—1=2,m=m —1=2and 7 = ' —2 = 2. The

representation matrices and vectors are also easy to derive

p(z) = [xz b

0 1

Y —

)
xs3

]7 N:Ak:

—ki 3k ] @)

The deficiency of the reduced model with reversible reactions is zero, thus it remains structurally stable.

Michaelis—Menten kinetics The two intermediate components £S and FSS with similar dynamics
are lumped to form the lumped pseudo-component Eg with concentration T3 = [Es|. Then the equations

needed for the transformation are
1 1

T3 =23+ 14 , 33'3:5953 ; 9642533'3
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and the concentration variable z, is left out from the model.

The reduced kinetic equations are

d 1 1

% = —hfwiws + gk T ok T — ky ws (42)
dx 1. 1. 1 _

d—; = —kfxlxz —+ §/€1 T3+ 5]{3 XT3 — §k§r$2$3 (43)
dT 1 1

d—t?’ = kfrajlx2 — 5/{7{53 — 5]{7;53 + k;&?ll’g, (44)
dx 1

It is important to note that the number of complexes has also been reduced by one, as both £S and E'S.S
formed complexes that were replaced by a new complex formed by Fg. Thus the new stoichiometric
matrix Y is in the form

S O ==
o~ O O
_ o O O
S = = O

and the reaction graph is depicted in Figure 4

Figure 4. Reaction graph of the lumped Michaelis-Menten scheme

Deficiency and structural stability Because of the condensation of two complexes, the number of
complexes is now m = 4, and the number of linkage classes is also reduced by one, i.e., L = 1. The
dimension of the stoichiometric space remains s = 3, therefore the reduced model is of zero deficiency,
and therefore it is structurally stable.

5. Model Reduction Using Quasi Equilibrium and Quasi Steady State Assumptions

For both the quasi equilibrium and quasi steady state assumptions, the underlying physical picture
determines the conditions under which it can be applied. Similar to the case of variable lumping, this is
translated into a mathematical description in the form of a model reduction transformation that is then
formally applied to the reaction kinetic model.
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5.1. Mathematical and physical characterization

The model reduction transformations using quasi equilibrium and quasi steady state assumptions are
closely related and imply each other in certain cases. In both of the cases one adds polynomial type
algebraic equation(s) to the original differential ones, and possibly omits a differential equation from
the original model in case of the quasi steady state assumption. The additional algebraic equations can
be considered as nonlinear first integrals that restrict the dynamic evolution of the system in the state
(concentration) space to a lower dimensional manifold determined by these first integrals.

It is important to note, however, that the reaction kinetic form may be, and in most of the cases will
be, destroyed when one simply eliminates one of the concentration variables by expressing it from the
algebraic equations, and substitutes the resulting expression into the differential ones. Therefore, this

substitution will be circumvented here by choosing carefully the model reduction transformation.

Quasi equilibrium Here one assumes that there exists a fast (compared to the others) reversible

reaction step consisting of the jth and /th irreversible reaction step for which

n

n
k; Ha:j‘” = kjpj(x) = kepe(z) = ki Haz?’g (46)
i=1 i=1
The condition when this assumption can be applied is that both reaction rate coefficients k; and £, are
at least several orders of magnitude larger than all the other ones such that the reaction steps in both
directions can take place much faster than the other reaction steps.

Formally one adds the defining Equation (46) to the kinetic equations that constrains its dynamics to
a manifold determined by this equation. Equation (46) can be considered as a additional nonlinear first
integral of the system. However, it is important to note that the substitution of kep(x) into the term
kjp;(x) may result in a negative cross-effect if the complex behind k;p;(x) appears in other reaction(s)
but the one in quasi equilibrium, too. This implies that the reduced model will loose its reaction kinetic
form.

In order to preserve the reaction kinetic form of the reduced model, the reduction transformation is
performed in an unusual way by introducing a new variable that forms a complex itself instead of the
two complexes that appear in the reaction in quasi equilibrium. Therefore, the following transformation

sub-steps are to be carried out:

El introducing a new pseudo concentration variable x j, in the form of
i = kepo(x) = kjp; (x) (47)

E2 substituting the new concentration variable into the terms kyp,(z) and k;p;(z) whenever they

appear,

E3 condensing (uniting) the complexes C; and C; into a new complex C}, corresponding to the new
variable z, in the reaction graph, and forming a new pseudo component mass balance, i.e. a kinetic
equation for z;, by adding together all the RHS functions F}(Z) where any of the terms kyp,(x)

and k;p;(x) appear, and taking its negative.
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It is to be noted that the defining Equation (47) can be interpreted as introducing the new pseudo variable
as
wjo = (kepe(w) - o ()"
This, together with the equality (46) leads to the defining equation, but shows a rationale for the complex
vertex condensation in the reaction graph performed in step E3 above.
The primary effect of this reduction transformation is that two complexes and one reaction-pair
disappear from the reaction kinetic system, and one complex and one component appear. The descriptors

will change accordingly, thus
m=m-1, n=n+1, 7 =r" -2 (48)

It will be seen later in the examples, however, that the number of components may even decrease if a
component forms a complex itself and takes part only in the reaction that is in quasi equilibrium.

Quasi equilibrium example on the sequential kinetic scheme The above reduction transformation is
applied to the sequential kinetic scheme with kinetic equations (24) and reaction graph in Figure 3
assuming quasi steady state for the reaction Xy + A < X3 + B. The equilibrium assumption implies to
introduce the pseudo component concentration

To3 = k;:cga = k;xgb

The reduced kinetic equations are

dx _ + ki
d_tl = —]{71 T + —1+.I‘23
ks
dog Ry g (49)
dat  — p-t23 3 Lq
2

dx _ + ki — ks
723 = kl 1 — —1+.CI?23 -+ k’3 T4 — —3,.’E23

kg kg

Here 4 original components, X5, X5, A and B disappear, and one new, X3 appears. Thus there are only
3 complexes and 3 components in the reduced model that are connected by 4 reactions. The resulting

reaction graph is seen in Figure 5.

Figure 5. Reaction graph of the reduced sequential kinetic scheme

O

As a side effect of a quasi equilibrium assumption, the component(s) that only appear in the complexes
C; or Cy will be in quasi steady state, because their component mass balance will have the form

d.fL'i

dt

that implies x; = const. In this case the number of components will decrease, too, giving rise ton < n.

= kjp;(x) — kepe(x) = 0 (50)
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Quasi steady state This is the most “popular” engineering model reduction assumption [6], when the
concentration of a certain component in the model, say the jth one is assumed to be constant, formally

dz;

yr =0, z; ::cj- = const (51)

The physical picture behind this assumption is that there exists a reservoir of infinite capacity attached
to the system that can enforce the concentration to be constant; in other words, the component X; is “in
great excess”. This normally contradicts to the conservation of the overall mass in the system, thus to
the closed system assumption.

The model reduction transformation consists of two consecutive formal steps:
SS1 eliminating the component X; by setting its concentration z; to a constant z; whenever it appears,

SS2 substituting the resulting algebraic equation from Equation (51), e.g., F;(z) = 0 into the
differential ones.

Without the second step SS2, the resulting reduced system would have an additional nonlinear first
integral described by the algebraic equation

=W Al 52
14

j=1

and the system would evolve on a manifold determined by this first integral.

The usual way of substituting the above algebraic equation to the differential ones is to express one
concentration from it, and substitute the resulting expression—a fraction of two polynomials in the
general case—into the expressed concentration. This way, the number of components can be further
reduced, but on the price of obtaining a differential equation with non-polynomial right-hand sides (e.g.,
see [13,14]). This means that the reduced model will no longer belong to the reaction kinetic class.

Another possible way proposed here is to express a whole reaction monomial kg, pg. () from Equation
(52) and substitute this expression, a polynomial, whenever it appears in the equations. This way the
number of components will not decrease further but the polynomial form of the right-hand sides remain.
Unfortunately, it can happen that the reduced model will contain negative cross-effects as a results of
this substitution, so it will not be reaction kinetic any more. On the price of an increased number of
complexes, however, one can transform this polynomial equation into a reaction kinetic form [25] using
a simple state-dependent time-rescaling [26].

The primary effect of this model reduction transformation is that one component disappears from the
equations, i.e.,n =n — 1.

5.2.  Effect on the model properties

The effect of the two model reduction transformation is related, and they may imply each other in

special cases.
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Quasi equilibrium Both complexes C; and Cy and one reaction pair C; <= C; (say the xth reaction
pair) disappear from the reaction network, and a new complex C}, appears, which is in itself a new
component X ;. Therefore

1. the columns [Y]. ; and [Y]. , are deleted from matrix Y, and a new column [Y]. j, is inserted being
a unit column vector,

2. the vertices C; and C in the reaction graph are condensed (united), such that the united remaining
vertex C), inherits every incoming and outgoing directed edges (all reactions) that were adjacent
to C; and Cy. Formally this can be performed by adding the jth row to the /th one in the Kirchhoff
matrix Ay, and the jth column to the /th one (except for the diagonal entries), and then delete the
jth row and column (and recompute [Ay]).

A special “degenerate” case arises if any of the components, say the ¢th, appear only in the reaction
pair in quasi equilibrium, because then this component will be in quasi-steady state, and its row [Y]; . is
deleted from matrix Y, too.

Because of the above vertex condensation in the reaction graph, the reversibility of the reaction
network does not change, while the number of connected components L either remains unchanged
or decreases by one. The dimension of the stoichiometric space s may also decrease by one in the
non-degenerate case, because precisely one reversible reaction, a pair of reaction vectors (g, —¢,) 18
deleted, where x identifies the the reaction pair C; < Cy. As the number of complexes m is also

decreased by one, the deficiency of the reaction kinetic system may change.

Quasi steady state The effect of the two transformation steps SS1 and SS2 is analysed on both the Y

and Ay matrices.
SS1 The row [Y];.. belonging to the component in quasi steady state is deleted from the matrix Y.

SS2 The substitution of one reaction monomial kg, @y () into the RHSs using Equation (52) decreases
the number of complexes, which implies to delete the column [Y]. ;. from the matrix Y, to omit
the vertex belonging to C', from the reaction graph, and to introduce directed edges into the graph.

Step SS1 may result in identical transformed columns, [Y].; and [Y].;, i.e., identical transformed
complexes 6]- and C; in degenerate special cases. In addition, the zero complex may also appear
in the transformed matrix Y, when the deleted component formed a complex itself. In the general
non-degenerate cases, however, neither the number of complexes m nor the reaction vectors change,
thus the dimension of the stoichiometric space s remains unchanged as a result of this step.

Step SS2 results in a decrease of the number of complexes and in a drastic change of the reaction

graph that may destroy its reversibility.

Effect on structural stability The effect of the quasi equilibrium model reduction transformation on
the basic properties shows that it preserves structural stability in the general non-degenerate cases.

This is, unfortunately, not the case for the quasi steady state transformation when we cannot guarantee
that structural stability remains unchanged.
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5.3.  Examples

Model reduction is performed on both of the examples introduced in subsection 2.4 using a quasi

equilibrium and a quasi steady state assumption.
Linear kinetics Let us assume first quasi equilibrium for the reaction X; = X,. This implies
kiz1 = koxo

Substituting this to the original model (11) we obtain

% 0 , x; = const
L2 = —kymy + kas (53)
drs

a kszo — kaxs

It is important to observe that the quasi equilibrium assumption implies the quasi steady state for the
component X7, because it only participates in the reaction for which the equilibrium assumption holds.
The reduced reaction graph is in the form

Xo S X3

The structural descriptors changetonm =n—1 =2, m=m—1=2and 7 =1 —2 = 2 The

representation matrices and vectors are also easy to derive

To 10
BERRETL e

The resulting reduced model preserves its structural stability.

(54)

—ks  ky
ks —ky

Michaelis—Menten kinetics First two quasi equilibrium assumptions are investigated.

1. Quasi equilibrium for the reaction £ + S <= ES
The equation to be used is kx5 = k; x3, the complex (E + S) is eliminated. The resulting

reduced model is in a reaction kinetic form

d

- —ky 2125 + ki 3 (55)
dt

d

% = —k’;_l‘gfﬁg + k‘g_flf4 (56)
d

% = kyxixs — kyws — k3 waws + k3 ay (57)
dx

d_t4 = kixswy — k34 (58)
d

% = —k;l'lxg, + k‘;xg (59)

that remains structurally stable.
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2. Quasi equilibrium for the reaction £S + S = ESS

Here we use the equation k3 z3w; = kj x4 for the reduction, that implies quasi steady state for
the component ESS, that is, ©4 = [ESS] = z}. In addition, as the reaction ES + S = ESS
forms a connected component in the reaction graph in itself, this connected component disappears
from the reaction graph completely. Performing the reduction formally, one obtains the following

reduced model in reaction kinetic form

d

% = —k;r.fb'll’z + k;$3 — k;xlmg, + k;raﬁg (60)
d

2 = ks + ks (61)
dt

dzxs o — - +

E = kl T1Xg — kl T3 + k2 T1T5 — k'2 T3 (62)
d

% = —k;xléﬁg) + k;.ﬁCg (63)

that preserves it structural stability.

The reduced reaction graphs are seen in Figure 6.

Figure 6. Reaction graph of the reduced Michelis—Menten kinetics, (a) quasi equilibrium
for F + S <= ES and (b) quasi equilibrium for £S + S < ESS

ka* k" k"
@-@ E+S ES E+P
B ks ke

(@) (b)

It is easy to check using the deficiency zero theorem that both of the above reduced models have

structural stability.

Finally, model reduction using two quasi steady state assumptions is presented.

1. Quasi steady state for the component F.S

Let us denote the steady state value of component £S5 by z3, and let us notice that £S forms a

complex in itself. Therefore, the reduced stoichiometric matrix Y becomes

~l
I

0
0
1
0

S O ==
o O o o
_ o O =
(=R =)
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that shows that the zero complex appears in the reaction kinetic system (see 2nd column of Y).

The reduced kinetic equations are

d _ —

% = —kizias +k; — kyzias + ky (64)
d — —

% = —kimzo+k, — k;l‘z + k3 x4 (65)
d$4 -+ _

de‘5 _ T+

o —ky x5 + Ky (67)

where the new reaction rate constants are formed as Ef = kx}. For the zero complex that appears
in the place of £S there is no component mass balance, but the presence of constant positive terms
indicate that the systems becomes open. The reaction graph of the reduced system is seen in Figure
7. It is important to note that structural stability of the reduced model cannot be guaranteed.

Figure 7. Reaction graph of the reduced Michelis—Menten kinetics with S in quasi steady

state

2. Quasi steady state for the component £
With the steady state value =] of component £’ the transformed reaction rate constants are formed
—+ I .
as k, = kz*, and the reduced kinetic equations are as follows.

0 = —k, o9+ kyas+ kfzs — kyas (68)
% =~k 2o+ ky 2y — ki mozs + kj 24 (69)
% = E:_l'g — ki zg — k;l‘gl’g +kyzy (70)
% = ki zaws — k5w (71)
e Y (72)

The reduced stoichiometric matrix is now

Y =

o O O =
o O = O
_ o O O
S O = =
o = O O
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It can be easily seen that the algebraic equation (68) restricts the system dynamics to a
3-dimensional manifold in the 4-dimensional component space. However, the reaction kinetic
form would be lost if one expresses a variable from Equation (68) and substitutes it into the

differential ones because of the appearance of negative cross-effects.

At the same time, structural stability of the model remains unchanged, because the reduced

“unrestricted model” (Equations (69)—(72)) is in a reaction kinetic form with reversible reactions.
6. Conclusions

In this paper, the structural properties of chemical reaction systems obeying the mass action law
were investigated and related to the physical and chemical properties of the system. An entropy-based
Lyapunov function candidate serves as a tool for proving structural stability for closed reaction kinetic
system obeying the MAL. The equivalence of the special form of this Lyapunov function used in reaction
kinetics [20] was shown to be equivalent to the thermodynamically motivated Lyapunov function used
in process systems engineering [7,8].

The commonly used engineering model reduction methods, the so-called quasi equilibrium and quasi
steady state assumption based reductions, together with the variable lumping, were formally defined as
model transformations acting on the reaction graph, and their effect on the structural descriptors and on
structural stability were investigated.

It was shown that both variable lumping and quasi equilibrium based reduction preserves both the
reaction kinetic form and the structural stability of reaction kinetic models of closed systems, but this is

not always the case for the reduction based on quasi steady state assumption.
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