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7. Conclusions

This paper provides a generalised definition of the entropy of a curve and an algorithmic procedure to
compute it. Moreover, the generalised indicator derived from the thermodynamics of curves is proposed
to analyse the evolution of a curve in the phase space and infer some properties of the underlying dy-
namical system. The proposed indicator is proved to be bounded between 0 and 1 and it is constantly 0

if the dynamical system is linear. Several nonlinear systems, having completely different characteristics
have been compared and classified according to the entropy index. In particular, examples show that the
entropy indicator takes into account difficulties in predicting the evolution of dynamical systems and is
able to quantify the amount of nonlinearity of linear/non linear systems. Finally, the generalised entropy
is used to analyse chaotic systems, and some similarities with other known indicators were presented.
In case of chaotic systems, the generalised entropy is also an alternative choice to Lyapunov Exponents,
both because it reveals other aspects of the underlying dynamical system (i.e. it quantifies the stretching
and the folding aspects at the same time) and because it extends the application field to the investiga-
tion of dynamical systems defined on a discrete state space. The proposed indicator has many useful
properties and provides very promising results with a wide generality. Nevertheless, a systematic way
to classify nonlinear systems in their whole generality is still an unsolved problem because a nonlinear
system might present very different behaviours (stability, instability, limit cycles, attractors..) in different
regions of the state space. In these situations it might be required to compute the entropy as a function
of a parameter, as in the logistic example presented in the previous section, since it is not sensible to
associate a unique nonlinearity value to a complex dynamical system where more behaviours coexist at
the same time. Besides, the rate of growth of the entropy is another interesting parameter to evaluate
dynamical systems, due to the theoretical reasons explained in section 5. In the last example for instance,
it helps to discriminate different behaviours within the same dynamical system.

Although the proposed indicator derived from the theory of the entropy of plane curves is intended
to discriminate linear from nonlinear systems and provide a degree of nonlinearity, there seems to be
more interest to exploit its potentialities for the special case of the investigation of chaotic dynamical
systems. For this reason, future lines of research will focus on the joint evaluation of the entropy and
rate of entropy to analyse chaotic systems, as in the last proposed example, and compare the achieved
results with the other (many) chaotic indicators from the literature.

Appendix

Minimum covering sphere

The problem of finding the smallest hypersphere containing all the points, introduced in the algorith-
mic procedure to compute (8) at step 2.c), requires further considerations. This problem is known from
literature as the “Minimum Covering Sphere” (MCS) problem [15]. The mathematical formulation of
MCS for a finite set of points {xi} is the minimax problem

min
c

max
i
‖xi − c‖ , (22)
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where c is the unknown centre of the hypersphere. The MCS problem is known to have always one
unique solution [15]. The algorithmic procedure to compute the proposed indicator H (k) requires the
solution of an MCS problem (22) at each step. In this work, the algorithm proposed by Hopp and
Reeve [14] was used to solve problem (22), because it is in general faster than the classic solution of a
convex quadratic programming problem. Algorithm [14] exploits the geometric nature of the problem
and computes iteratively an outer and an inner spherical bounding of the MCS. When the two spheres
eventually converge, the solution is the unique MCS. The algorithm is proved to converge always to the
solution in a finite number of steps. Moreover, if n is the number of total points and d is the dimension
of the state space, then the algorithm has complexity O(n1.1d2) if points are distributed uniformly inside
a sphere, and O(n1d2.3) if points are all in the proximity of the surface of the sphere (which represents
the worst case) [14]. In our simulations (performed on an AMD 64 bit processor with 2GHz clock
frequency) we observed that solution was never found in more than 2s for a set of 1000 points in R3.
Particular distributions of points are claimed to be potentially critical for the algorithm [14] in case of
numeric noise, but they never occurred in our practice.
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