Article

Lie Symmetries of the Wave Equation on the Sphere
Using Geometry

Michael Tsamparlis >3 *

check for
updates

Citation: Tsamparlis, M.; Ukpong,

A M. Lie Symmetries of the Wave
Equation on the Sphere Using
Geometry. Dynamics 2024, 4, 322-336.
https://doi.org/10.3390/
dynamics4020019

Academic Editor: Rami Ahmad
El-Nabulsi

Received: 13 March 2024
Revised: 24 April 2024
Accepted: 26 April 2024
Published: 29 April 2024

Copyright: © 2024 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

and Aniekan Magnus Ukpong %3

Faculty of Physics, Department of Astronomy-Astrophysics-Mechanics, University of Athens,

Panepistemiopolis, 157 83 Athens, Greece

NITheCS, National Institute for Theoretical and Computational Sciences, Pietermaritzburg 3201,

KwaZulu-Natal, South Africa; ukponga@ukzn.ac.za

3 TCCMMP, Theoretical and Computational Condensed Matter and Materials Physics Group, School of
Chemistry and Physics, University of KwaZulu-Natal, Pietermaritzburg 3201, KwaZulu-Natal, South Africa

*  Correspondence: mtsampa@phys.uoa.gr

Abstract: A semilinear quadratic equation of the form A;; (x)ull = B;(x,u)u’ + F(x,u) defines a metric
Ajj; therefore, it is possible to relate the Lie point symmetries of the equation with the symmetries of
this metric. The Lie symmetry conditions break into two sets: one set containing the Lie derivative of
the metric wrt the Lie symmetry generator, and the other set containing the quantities B;(x, u), F(x, u).
From the first set, it follows that the generators of Lie point symmetries are elements of the conformal
algebra of the metric A;;, while the second set serves as constraint equations, which select elements
from the conformal algebra of A;;. Therefore, it is possible to determine the Lie point symmetries
using a geometric approach based on the computation of the conformal Killing vectors of the metric
Ajj. In the present article, the nonlinear Poisson equation Agu — f(u) = 0 is studied. The metric
defined by this equation is 1 + 2 decomposable along the gradient Killing vector 9;. It is a conformally
flat metric, which admits 10 conformal Killing vectors. We determine the conformal Killing vectors of
this metric using a general geometric method, which computes the conformal Killing vectors of a
general 1 + (n — 1) decomposable metric in a systematic way. It is found that the nonlinear Poisson
equation A¢u — f(u) = 0 admits Lie point symmetries only when f(u) = ku, and in this case, only
the Killing vectors are admitted. It is shown that the Noether point symmetries coincide with the Lie
point symmetries. This approach/method can be used to study the Lie point symmetries of more
complex equations and with more degrees of freedom.

Keywords: Lie point symmetries; wave equation; sphere; conformal Killing vectors; 1+ (n — 1)
decomposable metric

1. Introduction

The homogenous wave equation on the sphere is given by the equation

1
Uy = Uyy + (cotx)uy + sininuW' (1)
H. Azad and M. Mustafa [1], using the package MathLie [2], determined the Lie
algebra of the Lie point symmetries of (1), and classified its subalgebras up to conjugancy.
Subsequently, they performed similarity reduction for each subalgebra, and in some cases
of the two-dimensional subalgebra, they provided the invariant solution.
In [3], Freire observed that Equation (1) is a particular case of the Poisson equation
Aqu = 0 for the metric

dS%-ﬁ-l = —df* + dx? + sin” xdy?. )
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The Lie point and the Noether point symmetries of the nonlinear Poisson equation of
the form

Agu— f(u) =0 ©)

have been studied in [4] for certain forms of the function f(u) and n > 2, where n is the
dimension of the space. Using the results of [4], Freire studied the Lie point symmetries of
(1), which is a particular case of (3) for f(u) = 0, n = 3 and metric (2).

However, it should be pointed out that the situation here is different than the one
considered in [4]. Indeed, having the Lie symmetry conditions for a generic metric and
a general function f(u) , one has two possibilities: either to leave the metric unspecified
and consider various types of functions f(u), or to specify the metric and determine the
functions f(u) for which the symmetry conditions are satisfied.

In [4], the authors considered the first scenario, that is, they assumed a generic metric
and considered certain forms of f(u). In the present work, the situation is different because
the metric is specified. Therefore, one has to use the second approach, that is, to fix the
metric (2) and use the Lie symmetry conditions to find for which functions f(u) Lie point
symmetries are admitted. This is what it is carried out in the present work.

In the second approach, one needs the conformal Killing vectors (CKVs) of the metric
(2). To our knowledge, there is no a package available to perform that, at least for a
complex metric and/or a significant number of independent variables, and one has to use
available results from Riemannian geometry. This case, although more demanding, has
the advantage that it is applicable to higher dimensions and more complex metrics due
to the existence of the plethora of general relevant geometric results. In the Appendix A,
we use a systematic method, which determines the CKVsina 1+ (n — 1) decomposable
Riemannian space to compute the CKVs of (2).

The structure of the paper is as follows. In Sections 3-6, we present the geometric
results, which shall be used in the “solution” of the system of Lie conditions. In Section 6,
we use these results to compute the CKVs of the metric defined by (2). In Section 7, we write
the Lie point symmetry conditions and find that the only homogeneous wave equations on
the sphere that admit Lie point symmetries are the ones for which f(u) = ku where kis a
constant. Furthermore, the Lie symmetry generators are the Killing vectors (KVs) of the
metric (2) and the vector b(x)0d,, where b(x) is a solution of the wave equation. In Section 8,
it is shown that the Lie symmetries are also Noether symmetries, and it is demonstrated
how the conserved Noether currents are computed. Finally, in Section 10, we draw our
conclusions.

2. Symmetries of a Metric

Consider a Riemannian space with metric g,;, a vector field X, and the Lie derivative
LXgab = gab,cXC + Xa,b + Xb,a' (4)
A symmetry of the metric is defined by the relation

LXgab = Kab (5)

where K is a symmetric tensor. The basic symmetries of g,; are defined by the tensors
Ky = 0, ¢4, P(x)gap, and in each of these cases, the vector field X is called the Killing
vector (KV), Homothetic vector (HV), and conformal Killing vector (CKV), respectively. Each
type of these vectors forms a Lie algebra. In order to compute the vector X, one solves
the equation

gub,CXC + Xap + Xpa = Kap (6)

Obviously, the general solution cannot be performed for all metrics, and we have to
consider special simplified classes of metrics. One special class of metrics are the maximally
symmetric metrics, or metrics of constant curvature.
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3. Maximally Symmetric Metrics

Maximally symmetric metrics are the units of “symmetry”, and have a direct relation
with the standard Euclidean concepts of symmetry, e.g., spherical symmetry.

Definition 1. A maximally symmetric metric g,y is a metric whose curvature tensor R e satisfies
the relation

Raped = Kgabcd' (7)
R

where K = A=) is a constant, R is the curvature scalar, and the tensor

8abed = 8ac8bd — ad8bc- (8)

A flat metric is a maximally symmetric metric for which K = 0. The covariant
definition of a flat metric is R,y = 0.

A maximally symmetric metric is characterized by the number of admitted KVs as
follows (see pp. 238-239 in [5]):

Theorem 1. A non-degenerate metric g,y is a metric of constant curvature iff it is a maximally
symmetric metric iff it admits $n(n + 1) KVs iff the equations of geodesics admit 3n(n + 1) linearly
independent linear first integrals (I = &;x"' where &;.;y = 0).

All maximally symmetric metrics are conformally flat and have the global property
that they can be written in the form

1 .
ds?> = ————dx'dx; 9
(14 Kxrx,)2 l ®)
wherei =0,1,...,n and
R
=— 10
n(n—1) (19
where R is the scalar curvature of the space and K = —1, 41,0 for a negative, positive, and
zero curvature, respectively.
4. The Conformal Algebra of Maximally Symmetric Metrics
Definition 2. Two metrics, gap, Y45, are conformally related if they satisfy the condition
8ab = Y(X)7ap (11)

where (x) is the conformal factor.

Two conformally related metrics share the same CKVs. From (9), it follows that a max-
imally symmetric metric is conformally related to the flat metric with the conformal factor

1

= 12
1+ Kx2 (12)

Therefore, the conformal algebra of the metric g, is the same with conformal algebra
of the flat metric.

It is well known [5-8] that a flat metric of dimension n admits % KVs, 1 gradient
HV and w Special CKVs (a CKV is called special if the conformal factor ¢ satisfies
the condition g’/ P =0).

Specifically, the conformal algebra of the flat space

ds? = edt* + 6 o pdy?dy® (13)

wheree = +1and A,B =1,2,...,n — 1 consists of the following vectors.
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n— gradient KVs: d¢,0 4.

@ non-gradient KVs: X1 = y49, — eta 4, X4 = yBa, — 9.

One HV: H = td; + Y4 y“94.

7(”“)2(“2) Special CKVs: Xt = (2 —eXo(y?)2)0r + t L ay?oa, X2 = ty40; +
3(—et? + ()2 — Tp2a(yP)?)9a + vy Tp2a yP0p where A, B = 1,2,...,n — 1 with con-
formal factor L. = t and p2 = y4.

From these, by taking into consideration the conformal factor U(x), we have that the
conformal algebra of a maximally symmetric metric g,;, consists of the vectors of Table 1.

Table 1. The conformal algebra of the metric of constant curvature (9).

~ A

Param Type Symbol Number P E;
a; CKV P, — Ky, KUBxp17y;
Gap KV 4B n(n-1) 0 U1 agab + KU1 33 ) e
b CKV H 1 1— Kly2 0
ba SCKV K, n 2Ux; AP x 1,1y

The metric g, being maximally symmetric must admit n2(n + 1) /2 KVs. In Table 1, we
have only the n(n — 1) /2 KVs r,;. Therefore, there must exist another n KVs. Furthermore,
we note that the HV is a gradient CKV. Because gradient vector fields are always convenient,
we are looking for combinations of these CKVs, which produce KVs and gradient CKVs.

We find that the vectors
I, =P+ %Kl =3+ % [bexl - (xch)(s?]ab
_ :1 - Kf o+ N atxa, (14)
C =P/ — %Kl =0, — %[bexl - (xcxc)éﬂab
_ :1 200, - Ko, (15)

are the required ones. Indeed, I; is a KV and C; is a proper gradient CKV with the
conformal functor
I/J(CI) = —KUx;j. (16)

We collect these results in Table 2. The non-tensorial indices A,B,I = 1,...,n count
vector fields. Fy, is the antisymmetric part X[, of the non-gradient CKYV, called the bivector
of X.

Table 2. The (1 +1)(n +2)/2 CKVs of (9).

# Type Components Ey P P

I KV (non-grad) & [(zu —1)0% + %KUx,x“] 2KUPx (15, 0 0
rAB KV (non-grad) 5 A(sg] Xc U1 agap + KUy 4B [pYa] Xe 0 0

H CKV (grad) X%y 0 1- KU g2y, = —KH,
Cy CKV (grad) % [5? — %xlxb] 0 —KUx; —KC(M

We note that the new basis consists of the n + @ = % KVs {I;,M_;}, no HV
and n + 1 proper CKVs {H, C, }. These vectors are in total w as it is necessary for

a metric of constant curvature. Furthermore all KVs of this basis are not gradient and all
proper CKVs are gradient. This observation is very useful in applications.
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We note that the vectors {H, C,} are not SCKVs except in the case K = 0. Indeed from
the last column we compute

P.ap(H) = —KH ) = —K§(H)gap = —pP(H) g (17)

where we have set
p =K. (18)

A similar calculation applies to fb\;ab(C 1)- Relations (17) and (18) show two more facts:

1. The gradient vectors ¢ ,(H) and ¢ ,(C;) are gradient CKVs of the metric g,; (not the
flat metric!);
2. For non-flat metrics (K # 0) the gradient vector ¢, is non-null.

5. The Conformal Algebra of a1+ (n — 1) Decomposable Metrics

We continue with the determination of the conformal algebra of 1 + (n — 1) decom-
posable metric S,

Definition 3. A metric Sy is called 1+ (n — 1) globally decomposable if it admits a non-null
covariantly constant vector field k°.

The vector field k* is a gradient KV. The metric of a 1 4+ (n — 1) can be written in
the form
ds* = e(k)(dx")? + g,xlg(x'y)clx“abc/3 (19)

where k = 9x!, e(k) = +1is the sign of k” and the quantities g,5(x7) are the components
of the metric tensor S,;, on the (n — 1) space x! =constant.
The CKVs of the 1 + (n — 1) decomposable metric are computed from the CKVs of the

n — 1 metric g, as indicated in the following Theorem [9].

Theorem 2. Consider the 1 + (n — 1), (n = 3) decomposable Riemannian metric S, which is
as follows:
dS%l = Subdx”dxb = Sll(dxl)Z + g;w(xp)dxmdxv

where the reduced n — 1 metric gy, (uv # 1) is non-decomposable and the decomposing vector is
the M = 67 with sign e = M“"M,. The conformal algebra of Sy}, has as follows:

1. The KVs of Sy, are the ones of gy (if any) plus the Killing vector M*, which decomposes
the metric. All these vectors are non-gradient.

2. S,p admits the gradient HV:

Xo = Cix' M, + kydl

provided the reduced n — 1 metric gy, admits the gradient HV k¥ with conformal factor C.
3. The metric Sy, admits a non-gradient special CKV X*:

X* = [a(xl)2 — as/kydx”] M" + axléf,k“

with conformal factor = ax', provided the reduced n — 1 metric g, admits the proper gradient
HV kt* with homothetic factor a.
4. All proper CKV's of the metric S,y are non-gradient and given by the formula

Xa = [/g(xl)dxl)\(xp) + C} M, — ;g(xl)/\(k),,,éff (20)

where



Dynamics 2024, 4

327

a. The function g(x')

g(x) = sin(y/px)), cos(y/px) forep =1
g(x!) = sinh(y/px!), cosh(y/pxt) forep = —1

p is a non-zero constant.

b. A(k) y, is a gradient CKV of the reduced n — 1 metric gy, with conformal factor pA(xP)
(p #0). The conformal factor of X equals P(x*) = g(x')A(xP) and its bivector is given by the
formula Fyy(X) = ¢ [ g(xV)dx'A , (xF) (6105) — 56%).

At this point, we have all the means to compute the functions f(u) for Equation (3).

6. The Geometry of the Metric (2)

The metric
ds%ﬂ = —dt? 4 dx? + sin® xdy?. (21)

defined by the homogenous wave Equation (3) is 1 + 2 decomposable along the gradient
KV 0;. Furthermore, the 2-metric

ds3 = dx® + sin® xdy? (22)

is the metric of a maximally symmetric space with positive Gaussian curvature R = 2
therefore admits % = 6 CKVs. Three of these vectors are Killing vectors (KVs) and
the remaining three are proper CKVs. The homothetic vector (HV) is not admitted. It is
easily found (using any algebraic computing program) that the KVs ¢y, ¢, §3 (say) are

§1 = 9y, G2 = sinydy + cot x cosydy, {3 = cos ydy — cot x sin ydy,. (23)

The 1 + 3 metric (2) is conformally flat (this can be shown easily by showing that
the Cotton tensor vanishes), and therefore admits W = 10 CKVs. These are the
four KVs &1, ¢, €3, 9¢ and six proper CKVs.

The computation of the six CKVs are computed using Theorem 2. It is found that there
are two sets of proper CKVs, the non-gradient and the gradient ones. The non-gradient
CKVs are

¢s = —costsinysinxd; — sintsiny cosxdy — sintcosy sin xdy
cos
s = sintsinysinxd; — costsinycosxdy — cost yay
sin x
. . . siny .
¢7 = costcosysinx + sintcosycosxdy — sint——= sin xdy
sin x
. . siny .
(g = —sintcosysinx 4 costcosycosxdy — cosf— < sin xdy
sin

with conformal factors
Y5 = sintsinysinx; P = costsinysinx; Py = —sintcosysinx; Pg = — cost cosy sin x
and the gradient CKVs are

9 = —costcosxds+ sintsinxdy

¢1p = sintcosxd; + costsin xdy

with conformal factors
P9 = sintcos x; P19 = costcos x.
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It is important to note that the conformal factors of the all proper CKVs satisfy
the relation

Vi = —¥8ij (24)
that is, the vectors ¢ ; are gradient CKVs.
In a Riemannian space, which admits CKVs the following results are well known [7,8].

Lemma 1. Assume that the vector &' is a CKV of the metric gij with conformal factor — (A — a)
i.e., Lgiy 8ij = —(A — a)gij. Then, the following relations hold:

& LTy = ¢!y + T = ¢ T+ (a = A)T (25)

—-n
2

LTt = 2= a—a) 26)
where n = g/ Skj is the dimension of the space.

Proof. The proof of (25) is straightforward by using the definition of L¢ r?jk and contracting
with g/¥. To prove (26), one uses the identity

. 1 .
Lellye = 58" [Vkchjr + ViLegkr — VrLCgkj} (27)

and replaces Lzg;j = (a — A)gjj to find

, 1 .
Lely = 58" [(‘1 = M) x8jr +(a—A) gk — (a— /\),rgkj]
1 . . )
=3 [(a — M)+ (a = A) 0 — g™ (a A),rgk]} :
O

Contracting with g/* the result follows.

We note that for n = 2 the gkagffjk = 0, that is, the connection coefficients are
disassociated from the conformal factor. This is a singular case, and it is the reason that the
case n = 2 was not considered in [4].

7. The Lie Point Symmetries

As it is done in [3], we consider the Equation (3) for an arbitrary function f(u) and the
metric (2), that is, we consider the equation Agu + f (1) = 0, or equivalently,

H(x',u, Ui, Ujj) = giju,l-]- —Tlu;+ f(u) =0 (28)

where x' = {t,x,y},¢" = diag(—1,1,sin? x) and T* = gijf;k.
The Lie point symmetry vector is

X = &l u)d; 41 (x, 1)y (29)
and the Lie symmetry condition is
X2 (H)=AH

where A(x?, u,1;) is a function to be determined. X2 is the second prolongation of X given
by the expression
2 _ i 0 d 1) 0

=d e+ oty

9 (2) 9
o Tau au; i

X ; .
1j au,»j

(30)
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where
1 D Dy ' ‘
’71’( )= DJZ —Uj Dxi Wi+ uiljy — é{j”]' - ”i”j‘:{u (31)
1) k
2 D’?’( D¢ k k k
17,-(j ) = DJ’C]- — Uik =i T (uittj + Mujtti) = Gt + Muutdith — (&0 + C ki ) g

k k k k
iy — (G + & i) — (uijuk + iy + Mikuj) Gou — witljugCy-

The introduction of the function /\(xi, u,u;) in the defining equation allows one to
consider the variables x?, 1, 1; to be independent [10].

When the symmetry condition X 2/(H) = AH is applied to (28), the following system
of equations results [10-18] in

gij(aiju +bij) — (au+ bli)l"i +aufy+bfu—Af=0 (32)
ek —2g%a; — T + ¢+ (a— A)TF =0 (33)
Leip 8" = (A —a)g" (34)

n= a(xi)u + b(xi) (35)

& =0e ). (36)

These relations coincide with those given in [10] (p. 115) if we consider the following
correspondence:

This Notation Ibragimov Notation
a(x) o(x)

fx,u) —9(x,u)

Bl 7bl

B! 0

The strategy to solve these conditions is the following.

Because we know the metric, it is possible (in principle!) to solve condition (34) and
determine the CKVs &. Using these vectors in (33), one determines the value of A. Having
these results and using (32), one determines the possible functions f(u), and consequently,
the equations of the form (28), which admit Lie point symmetries. Having the admitted Lie
symmetries, one may use similarity reduction and possibly determine invariant solutions
of (28). This latter part has been carried out for the case f(#) = 0 in [1]. Finally, using the
fact that Equation (28) follows from the Lagrangian [4]

L= ;sinx<—uf +ul + ﬁuy + 2f(u)>
one determines the Noether point symmetries and finds the corresponding Noether cur-
rents, which reduce this equation possibly to one that can be solved with quadratures. This
has been considered in [3] for f(u) = ku, where k is a constant.

In the present case, it is possible to compute the CKVs of the 1 + (3 — 1) decomposable
metric; therefore, we follow the above algorithm.

We start with (34). This states that & is a CKV of (2). These vectors have been
determined in Section 6.

Next, we consider condition (33).

Using property (25) of Lemma 1, condition (33) becomes

gf"Lgrf‘jk = 2¢'%a. (37)
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Again, using (26) of Lemma 1 to replace g/ Lgl"f i we find that eventually, condition
(33) gives
2—n
2

where 7 is the dimension of the space. In our case, n = 3; therefore,

(a— M) =2at

(a— M) = —4a'

or
a—A=—4a—-2C (38)

where C is a constant, which counts for the KVs and the HV. We conclude that condition (33)
expresses the conformal factor in terms of 4, and furthermore provides the value of A:

A =5a+2C. (39)
Due to (38), condition (34) becomes
Lgi 8ij = 2(2a + C)gij (40)
Still, we have to consider the remaining Lie symmetry condition (32):
gij(aiju + bi]-) — (au+ b,i)l"i +auf,+bfu—Af=0
from which follows
gijaij—a,il”"—b—aﬁu = 0& Aga=—afy 41)
§bij —b T +bfu —Af = 0 Agb=Af—bfy. (42)

The obvious implication of (41) is (because a(xi)) fu = 0; therefore, the function
f(u) = ku, where k is a constant.

In the last section, it has been shown that the conformal factors of the CKVs of the
metric (2) satisfy the relation

Pij = —Ygij (43)
from which follows

Agp = —3¢. (44)
From (34) we have 2¢ = —(a — A), and replacing A from from (39), we find

Y =2a+2C (45)
Combining (44) and (45), we find
2Aga+3(2a+C) =0. (46)
Then, condition (41) becomes
3(2a + C) = 2ak.

or
2(k — 3)a = 3C. (47)

We consider two cases.

Casea. k #3

Then, a is a constant, which means that 2 = 0 (homothetic vector is not admitted),
and subsequently, C = A = 0. In this case, only the KVs ¢y, ¢», {3 survive. Condition (42)
gives Agb = —Dbk.
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We conclude that for metric (2), the wave equations that admit Lie point symmetries
are of the form
Aqu = ku (48)

where k # 3. The Lie symmetry vectors are

. 9
X12345 = 51,2,3(x1),at,b(x1)£ (49)
where ¢ ; 3 are the KVs (23) and b(x') is a solution of Equation (48). These vectors coincide
with the ones found in [1,3], except the Lie symmetry u%. This is reasonable, because
a=0.
Note: In [3], the author refers to [4]’s case f(u) = uP, where p # Z—f% In our case,

p= % =5 # 1, which also gives 4 = A = 0, and therefore agrees with our result.

Caseb: k=3
In this case, we have C = 0, and (47) is trivially satisfied; therefore a stays unspecified.
Now, we use (42), from which follows

A = 0=a=0 (50)
Agb = —bk (51)

We conclude that the Lie symmetries are the same as in the case k # 3.
Therefore the result of k # 3 applies to all values of k.

8. Noether Point Symmetries

The Noether point symmetries are special Lie point symmetries, which in addition
satisfy Noether’s condition:
XL + LD;¢ = D;¢! (52)

where ¢/ (x, u, u;, ujj,..) is the Noether function,
) a¢f a(pf a(pj
D;¢) = - - - +...
i oxt ik ou + ks ous +

and X! is the first prolongation of the vector field X.
The nonlinear Poisson equation in a general space with metric g;; follows from the
Lagrangian [4]

L= ﬁ(;gjkujuk - F(u))

where
P = % — f(u). (53)
Using the relations
(V3g")x = V&g Ty (54)
(vV8)i = VaTk (55)
(v3s™); = —va(EIT+8"T5) + vag T (56)

and the Lie symmetry condition 7 = a(x)u + b(x) (see (35)), one computes

1. . » . )
XUL = 28 (=g/'rh — T + T Yy + VR (aof — &8 g uju
+/8(bx + uak)uk —/8lau+b)F, — Ci(\/g),l-F(u)
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while .
LD = V3 ( 58w — ) )

Replacing the lhs of the Noether condition (52) and collecting terms, it follows the
general result:

XL + LD = %\/g[—ngf" + (22 + gfi)gfk} it + /3 by + ua)u* — \/g(au+b)f(u) — 3 F(u).  (57)

In Section 7, it has been shown that the Lie symmetry conditions for the homogenous
wave equation on the sphere require that a = A = 0 and ¢' is a KV; therefore ¢*',; = 0.
Replacing these in (57) and using f(u) = ku, we find

XWL 4+ LD;E = \/g(bpu* — bku). (58)

Then, the Noether symmetry condition (52) becomes

o’ o’ o’
VBt —bku) = SE e S Sy

from which follows

cpi(x,u) (59)
o
a% — _ Jgbku (60)
o) .
T vahe (6)
Condition (61) implies ‘ ‘
¢' = V88" bu + R(u) (62)

from which follows )
o’
%;. = \f ub. ki = \/SUlgD

Comparing with (60), we find
Agb+ku =0 (63)

which means that b(x') is a solution of Equation (3). Therefore, for the KVs, the Noether
condition is trivially satisfied, which means that for the homogenous wave equation on the
sphere, the Lie symmetries are also Noether symmetries.

9. Conserved Noether Currents

The conserved vector corresponding to a Noether symmetry is given by the general
expression [10]

d 0 d
Ci =L+ (n* — ¢*u )(aLanaLiI;)Jral; i(n" = &'uf) (64)
ij

where L is the Lagrangian. In the present case, 2 = 0 and

i 1 1 1 1
L(x' u,u;) = 5 sin xu? — 5 sin xu2 — Teme 2+ ksmxu2

Therefore, (64) reduces to

Ci=L&—¢C ukgL (65)
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We compute

oL ) oL . JdL ) JoL 1
— = ksinxu; — = sinxu;; — = —sinxuy; —

Ju ouy oy duy - sinxuy (66)

Using (64) and (66), one computes the conserved currents for the KVs of the metric (19).
We demonstrate the computation for the vector d; and refer the reader to [3] for the
remaining conserved vectors.
Let C; = (Al, A?, A3) be the conserved vector for the KV 9;. Then, from (64) and (66),
we compute
A =—L

Ay = —uy(—sinxuy) = sin xuiy

Az = Utily

sin x
Therefore,

Ci = —Lg+sinxutuxi+ o

ot ox sinxutuy@' (67)

10. Conclusions

We addressed the problem of finding the Lie point symmetries of the partial differential
equation 3
H = AY(x)uj; — F(x",u,u;) =0 (68)

where
F(x",u,u1) = BX(x, u)uy — f(x,u). (69)

and B*(x,u), f(x,u) are arbitrary functions of their argument. In (68), there are two sets of
unknown quantities, that is, the tensor Aij and the functions Bk(x, u), f(x,u). This means
that in order for it to be possible for the Lie point symmetries to be determined, one of these
sets must be specified. If the functions of the second set are assumed, one determines the
CKVs of the metrics for which Lie point symmetries are admitted. Because the CKVs do
not specify completely the metric, one finds essentially families of metrics. This approach
has been taken in [4]. Here, we are given the metric, which we read from the Equation (3),
which is a special case of (68), and we assume that B¥(x,u) = 0, f(x,u) = f(u). Therefore,
we compute the Lie point symmetries, and consequently, we determine the functions f(x, u)
for which Lie point symmetries are admitted. This completes the work of [3].

From the Lie symmetry condition (34), it follows that the Lie point symmetries are
the CKVs of the metric ¢/ = diag(—1,1,sin? x). Thisisa 1 + (3 — 1) decomposable metric
whose reduced 2D metric is a metric of maximal symmetry with curvature scalar R = 2.
Using Theorem 2, we computed the CKVs of (34), and consequently, the Lie point symme-
tries. Using the rest of the Lie symmetry conditions, we found that f(u) = ku, where kis a
constant. Finally, it has been shown that the Lie symmetries are also Noether symmetries,
and it has been demonstrated how one computes the conserved Noether currents.

The geometric method we have considered in computing the Lie point symmetries
and the functions BX(x, u), f(x, u) is general and can be applied to other known differential
equations of the form (68), especially to the ones in which the metric defined by A” is more
complex and of a higher dimension where the algebraic computing programmes might
not answer.
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Appendix A
We write the metric (2) as
s, = —dt* +ds} (A1)
where
ds3 = dx* + sin® xdy? (A2)

is the metric of a maximally symmetric 2D Euclidian space with the curvature scalar R = 2.
Therefore, ds% can be written in the form

1

1163+

ds; = 5 (dx] + dy7) (A3)

for some coordinates x1, y1. ds% is given in the coordinates x, y. To bring ds% to the form (A3)
and use the results of Section 5, we consider the coordinate transformation

X1 = 2tan % cosy;y; = 2tan % siny (A4)

x_1 /oo 1N
tanE—E X1ty y = tan <y1> (A5)

The six CKVs of the metric ds% in the coordinates x1,y; are known (see Section 6).
They are the three KVs:

with inverse

K 1 1
Ly, = Py, + Ky = [1 + 4w - x%)} By, + 5X1¥10x, (A6)
K 1 1
Ly =Py + ZKJQ = Eylxla% + [1 + Z(_]/% + x%)} Ix, (A7)
Ty = 25fy15§1]xlc3d = (—y1)0x — x10y; = —(y10x, + xlaw) (A8)
and the three proper gradient CKVs:
H = y19y, + x10x, (A9)
K 1 1
Cp = Py - ZKyl = {1 - 1(3/% - x%)} Iy, — Eylxlaxl (A10)
K 1 1
Cy = Py—Ky= _Eylxlay1 + [1 — Z(—y% +x§)}axl (A11)
whose conformal factors are L
= 1— gy +x7)
1+ (7 +9)
—¥
Ve, = T o
14y + D)
Ye,, =

1+ 12 +x3)
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and satisfy the condition
lPCI;yv = —ng;w (A12)
where g, = W%H%)(sab' These CKVs in the coordinates x, y are
. . cosy siny
— sinxdy, fs = — 9y — Yy & = 9, — =¥y Al3
¢4 = sinxdy, €5 siny cos xdy sinx Y (6 = COS Y COS X0y sinx ( )
with conformal factors
Py = cosx,P5 = siny sinx, Pg = — cosy sin x. (A14)
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