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Abstract: A kind of surface plasmon waveguide composed of two nested cylindrical dielectric
parallel nanowire pairs coated with graphene was designed and studied. The dependence of the
mode characteristics and the normalized gradient force of the lowest two modes supported by the
waveguide on the parameters involved were analyzed by using the multipole method. To ensure
rigor, the finite element method was employed to verify the accuracy of the multipole method, thus
confirming its results. The results show that the multipole method is a powerful tool for handling
this type of waveguide. The real part of the effective refractive index, the propagation length, the
figure of merit, and the normalized gradient force can be significantly affected by the operating
wavelength, the Fermi energy of graphene, the waveguide geometric parameters, and the refractive
index of the inner dielectric nanowire. Due to the employment of nested dielectric nanowire pairs
coated with graphene, this waveguide structure exhibits significant gradient force that surpasses
100 nN·µm−1·mW−1. The observed phenomena can be attributed to the interaction of the field with
graphene. This waveguide holds promising potential for applications in micro/nano integration,
optical tweezers, and sensing technologies.
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1. Introduction

Surface plasmon polaritons (SPPs) are electromagnetic modes that arise at the metal-
dielectric interface through the interaction of free electrons and photons [1]. Thanks to
their ability to transcend the diffraction limit and possess robust local field enhancement
properties, SPPs offer immense potential for applications in nanoscale optical information
transmission and processing [2], ultra-sensitive biological detection [3], sensing [4], and
novel light sources [5].

Surface plasmon waveguides (SPWs) are devices that guide the propagation of SPPs [6].
The materials used to construct SPWs include noble metals [7], semiconductors [8], and two-
dimensional materials such as molybdenum disulfide [9] and graphene [10]. The typical
structures of SPWs are strip type [11,12], slot type [13,14], wedge type [15,16], channel
type [16,17], hybrid type [18], etc.

In the infrared-to-terahertz frequency regime, graphene has properties similar to
metals, and SPPs can be excited on its surface. Graphene-coated dielectric nanowires are a
new type of surface plasmon waveguide that emerged in recent years [19]. A cylindrical
dielectric nanowire coated with single-layer graphene was designed by Y. Gao et al. The
authors obtained a dispersion relationship of modes using a semi-analytical method, and
the low-order modes supported by this waveguide were characterized [20,21]. J.-P. Liu and
his colleagues devised a cylindrical dielectric nanowire featuring a double-layer structure
clad in single-layer graphene. Employing the finite-difference time-domain method, they
examined the low-order mode sustained by this waveguide. Furthermore, they highlighted
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that mode properties can be fine-tuned by varying the waveguide’s geometric factors and
graphene’s Fermi energy, as referenced in [22]. Research findings pertaining to cylindrical
dielectric nanowires, utilizing a double-layer graphene structure, reveal that factors such
as the Fermi energy of graphene, the separation between its inner and outer layers, and
the radius of the dielectric nanowires within the core region significantly influence modal
behavior [23]. Notably, it has been demonstrated that the inherent tradeoff between mode
confinement and propagation loss can be overcome [24]. Furthermore, the long-range SPP
(LRSPP) mode exhibits both an extended propagation length and deep subwavelength
constraints, marking a significant advancement in the field [25]. R. Xing and his team
designed a cylindrical dielectric nanowire that was coated with multiple layers of graphene.
The results indicate that this waveguide has a stronger confinement ability on the field than
a nanowire waveguide coated with graphene with the same outer diameter [26]. The results
of research on graphene-coated dielectric nanowires with substrates show that radiation
leakage to the substrate can be effectively suppressed by the introduced buffer layer [27],
the deep subwavelength plasmon mode with ultra-low loss can be supported [28], and a
longer propagation length and a smaller mode area can be obtained simultaneously [29].
The characteristics of the six lowest-order surface plasmon modes have been studied [30].
A dual-multilayer nanoring waveguide configuration was introduced, and both surface
plasmon modes and the augmentation of the gap field within the intervening space between
these waveguides were examined [31]. S. Ye et al.’s research on graphene-coated hexagonal
boron nitride nanowire pairs shows that this waveguide supports both the plasmon phonon
polarization (SPP-HP) mode and the phonon polarization (PHP) mode [32]. The findings of
research on dielectric nanowire pairs coated with graphene and equipped with a substrate
reveal that mode characteristics can be efficiently tailored by altering the thickness of the
substrate, as reported in [33]. Inserting a low-refractive index material layer between the
nanowire and the substrate can compensate for the accompanying loss of the substrate, so
that the mode’s characteristics can be adjusted to achieve better performance [34].

Optical forces play an essential role in small-particle manipulations with broad appli-
cations in biology, chemistry, and physics [35–41]. It has been demonstrated that, in com-
parison to plasmonic metal-coated nanowire systems, the unique properties of graphene
plasmons (GPs) enable significantly greater field enhancement, and the gradient force
between the two nanowires can be as high as 20 nN·µm−1·mW−1 [30]. Therefore, it is
reasonable to expect the existence of a strong gradient force within nanowire systems
coated with graphene that are coupled together.

Our team’s investigation into nested dielectric nanowire waveguides coated with
single-layer graphene on both inner and outer surfaces has uncovered fascinating results.
We found that the three lowest modes—mode 0, mode 1, and mode 2—can be effectively
combined using the zero-order mode or/and the first-order modes of two individual
nanowires. Notably, mode 0 exhibits a superior figure of merit and the most optimal
performance among these modes within the relevant parameter range. Furthermore, the
characteristics of these modes can be tailored by adjusting the waveguide’s parameters, the
working wavelength, and the Fermi energy of graphene [42,43].

Based on our previous work [43], here, we designed a new type of waveguide com-
posed of nested dielectric parallel nanowire pairs coated with graphene. To our knowledge,
this type of eccentric nested dielectric parallel nanowire pairs coated with graphene has
not been studied previously. Using the multipole method (MPM), the dependence of the
mode characteristics of the two lowest-order modes of this kind of waveguide on the
operating wavelength, the Fermi energy of graphene, the geometric parameters, and the
refractive index of the inner dielectric nanowire were analyzed. This type of waveguide
has broad application prospects in fields such as micro/nano integration, optical tweezers,
and sensing [44,45].

The content of this paper is arranged as follows: in the second part, the structure
model and calculation method will be introduced in detail. The third part is the results and
discussion. A detailed discussion is conducted on the phenomenon and reasons why the
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mode characteristics of two modes vary with the working wavelength, the Fermi energy
of graphene, the geometric parameters, and the refractive index of the inner dielectric
nanowire. The last part is the summary.

2. Waveguide Structure and Calculation Method

The waveguide structure presented in this paper is depicted in Figure 1 and consists
of four nested cylindrical dielectric parallel nanowires coated with graphene. The radii of
the cylindrical nanowires are ρ10, ρ20, ρ30, and ρ40, respectively. Assume that the minimum
distance between the surface of the embedded cylindrical nanowire and the surface of the
parent cylindrical nanowire is s and the minimum distance between the outer surfaces
of two parallel nanowires is d. The surfaces of the four cylindrical nanowires are coated
with a single layer of graphene material, and the surface conductivity is σg. The refractive
indices of the dielectrics in region I, region II, region III, and region IV are n1, n2, n3, and
n4, respectively. Region V is the air background with a refractive index of n0 = 1.0.
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Figure 1. Cross-sectional view of a waveguide composed of two nested cylindrical dielectric parallel
nanowires coated with graphene.

We use the multipole method to analyze the mode characteristics supported by this
waveguide. The symmetric center oi of the cylindrical nanowire is taken as the origin to
establish a rectangular coordinate system oi − xiyi and a polar coordinate system oi − ρiϕi.
Here, i = 1, 2, 3, and 4 correspond to the four cylindrical nanowires shown in Figure 1,
respectively. Assuming that the four cylindrical nanowires exist separately, the distribution
of the Ez and Hz fields in their respective coordinate systems can be expanded into series.
For example, for the first dielectric cylinder, they are as follows:

Inside the 1st cylindrical nanowire:

Ez11(ρ1, ϕ1) =
∞

∑
m=0

Am Im(λ1ρ1) cos(mϕ1) +
∞

∑
m=1

A′
m Im(λ1ρ1) sin(mϕ1) (1)

Hz11(ρ1, ϕ1) =
∞

∑
m=0

Bm Im(λ1ρ1) cos(mϕ1) +
∞

∑
m=1

B′
m Im(λ1ρ1) sin(mϕ1) (2)

Outside the 1st cylindrical nanowire:

Ez12(ρ1, ϕ1) =
∞

∑
m=0

CmKm(λ2ρ1) cos(mϕ1) +
∞

∑
m=1

C′
mKm(λ2ρ1) sin(mϕ1) (3)
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Hz12(ρ1, ϕ1) =
∞

∑
m=0

DmKm(λ2ρ1) cos(mϕ1) +
∞

∑
m=1

D′
mKm(λ2ρ1) sin(mϕ1) (4)

Here, Im and Km are Bessel functions of order m, and Am, A′
m, Bm, and B′

m are unde-
termined coefficients of order m. λ1 =

√
β2 − ω2ε1ε0µ0, λ2 =

√
β2 − ω2ε2ε0µ0. β is the

propagation constant, ε1 = n2
1, ε2 = n2

2, ε0 is the dielectric constant in vacuum, and µ0 is
the permeability in vacuum.

Utilizing the superposition principle of fields, the Ez and Hz field distributions can be
derived individually in regions I, II, III, IV, and V. For example, in region I:

(Ez)I = Ez11(ρ1, ϕ1) + Ez21(ρ2, ϕ2) + Ez32(ρ3, ϕ3) + Ez42(ρ4, ϕ4) (5)

(Hz)I = Hz11(ρ1, ϕ1) + Hz21(ρ2, ϕ2) + Hz32(ρ3, ϕ3) + Hz42(ρ4, ϕ4) (6)

Here, Ez21(ρ2, ϕ2) and Hz21(ρ2, ϕ2) are the z component of the electric field strength
and magnetic field strength inside the 2nd cylindrical nanowire, respectively. Ez32(ρ3, ϕ3)
and Hz32(ρ3, ϕ3) are the z component of the electric field strength and magnetic field
strength outside the 3rd cylindrical nanowire. Ez42(ρ4, ϕ4) and Hz42(ρ4, ϕ4) are the z
component of the electric field strength and magnetic field strength outside the 4th
cylindrical nanowire.

The distribution of transverse fields (Eρ)i, (Hρ)i, (Eϕ)i, and (Hϕ)i in regions i can be
obtained by using the relationship between the transverse and longitudinal components of
fields. Here i = I, II, III, IV, and V. For example,

(Eϕ)I = − 1
λ2

1
{(−jβ) 1

ρ1

[
∞
∑

m=0
Am Im(λ1ρ1)(−m) sin(mϕ1)+

∞
∑

m=0
A′

m Im(λ1ρ1)(m) cos(mϕ1)

+ ∂
∂ϕ1

[
∞
∑

m=0
Em Im(λ2ρ2) cos(mϕ2)+

∞
∑

m=1
E′

m Im(λ2ρ2) sin(mϕ2)

]
+ ∂

∂ϕ1

[
∞
∑

m=0
RmKm(λ2ρ3) cos(mϕ3)+

∞
∑

m=1
R′

mKm(λ2ρ3) sin(mϕ3)

]
+ ∂

∂ϕ1

[
∞
∑

m=0
VmKm(λ0ρ4) cos(mϕ2)+

∞
∑

m=1
V′

mKm(λ0ρ4) sin(mϕ4)

]]
+(jωµ0)

[
∞
∑

m=0
Bm(λ1)Im(λ1ρ1) cos(mϕ1)+

∞
∑

m=0
B′

m(λ1)I′m(λ1ρ1) sin(mϕ1)

+ ∂
∂ρ1

[
∞
∑

m=0
Fm Im(λ2ρ2) cos(mϕ2)+

∞
∑

m=1
F′

m Im(λ2ρ2) sin(mϕ2)

]
+ ∂

∂ρ1

[
∞
∑

m=0
SmKm(λ2ρ3) cos(mϕ3)+

∞
∑

m=1
S′

mKm(λ2ρ3) sin(mϕ3)

]
+ ∂

∂ρ1

[
∞
∑

m=0
WmKm(λ0ρ4) cos(mϕ4) +

∞
∑

m=1
W ′

mKm(λ0ρ4) sin(mϕ4)

]]}

(7)

Here, Em and E′
m are undetermined coefficients of field Ez21 inside the 2nd cylindrical

nanowire, Fm and F′
m are undetermined coefficients of field Hz21 inside the 2nd cylindrical

nanowire, Rm and R′
m are undetermined coefficients of field Ez32 outside the 3rd cylindrical

nanowire, Sm and S′
m are undetermined coefficients of field Hz32 outside the 3rd cylindrical

nanowire, Vm and V′
m are undetermined coefficients of field Ez42 outside the 4th cylindrical

nanowire, and Wm and W ′
m are undetermined coefficients of field Hz42 outside the 4th

cylindrical nanowire, λ0 =
√

β2 − ω2ε0µ0.
The derivatives involved in the above formula can be obtained by the point product of

the gradient of a scalar field and the unit vector of the polar coordinate system. For example,

∂ψ(ρ2, ϕ2)

∂ρ1
= ∇ψ(ρ2, ϕ2)·ρ̂1 =

∂ψ(ρ2, ϕ2)

∂ρ2
ρ̂2·ρ̂1 +

∂ψ(ρ2, ϕ2)

ρ2∂ϕ2
ϕ̂2·ρ̂1 (8)

∂ψ(ρ2, ϕ2)

ρ1∂ϕ1
= ∇ψ(ρ2, ϕ2)·ϕ̂1 =

∂ψ(ρ2, ϕ2)

∂ρ2
ρ̂2·ϕ̂1 +

∂ψ(ρ2, ϕ2)

ρ2∂ϕ2
ϕ̂2·ϕ̂1 (9)
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Here, ψ(ρ2 , ϕ2) represents any function with ρ2 and ϕ2 as variables, such as
Im(λ2ρ2) cos(mϕ2). ρ̂1 and ϕ̂1 represent the two unit vectors in the polar coordinate sys-
tem o1 − ρ1ϕ1, while ρ̂2 and ϕ̂2 represent the two unit vectors in the polar coordinate
system o2 − ρ2ϕ2.

The boundary value relation of the tangential field applies at the four interfaces which
are located at ρ10, ρ20, ρ30, and ρ40, respectively. For example, at the interface of ρ10,

(Ez)I
∣∣
ρ10 = (Ez)II

∣∣
ρ10

(10)

(Eϕ)I

∣∣
ρ10 = (Eϕ)II

∣∣
ρ10

(11)

(Hz)I
∣∣
ρ10 − (Hz)II

∣∣
ρ10 = σg(Eϕ)I

∣∣
ρ10

(12)

(Hϕ)I

∣∣
ρ10 − (Hϕ)II

∣∣
ρ10 = −σg(Ez)I

∣∣
ρ10

(13)

Here, σg is the conductivity of graphene, which is obtained from the Cooper formula [46].
From the given formula, we can derive a system of linear algebraic equations:

amn(0, 0) amn(0, 1) . . . amn(0, 31)
amn(1, 0) amn(1, 1) . . . amn(1, 31)

. . . . . . . . . . . .
amn(15, 0) amn(15, 1) . . . amn(15, 31)



[A]
[A′]
. . .
[H′]

 = 0 (14)

Here, [A] is the column vector composed of undetermined coefficients A0, A1, · · · and AM−1.
In order to perform calculations on a computer, the infinite series shown in Formulas (1)–(4)
must be truncated. Here, M is the maximum value of m. To ensure that the coeffi-
cient matrix in formula (14) is a square matrix, the maximum value of n must be 2M.
[A′], [B], · · · and [H′] are constructed in the same way. amn(i, j) is the submatrix of m × n,
for example,

amn(0, 0) = Im(λ1ρ10) cos(mϕ1n) (15)

We found that as M gradually increases, calculation accuracy will gradually improve.
When M = 15, the results obtained by the multipole method are very close to those obtained
by the finite element method, and the relative error can reach the order of 10−4. In the
following calculations, we take M = 15.

Solving the linear algebraic equations (14) by the singular value decomposition (SVD)
method [47], the characteristics of each mode can be obtained, including the field dis-
tribution, the real part of the effective refractive index Re(ne f f ), which describes the
amount of phase delay per unit length in the waveguide relative to the phase delay
per unit length in vacuum [48], and the imaginary part of the effective refractive index
Im(ne f f ),which describes the loss of the waveguide structure [48]. Then, propagation

length Lprop and the figure of merit (FOM) can be obtained: Lprop = λ/
{

4π Im
(

ne f f

)}
[49],

FOM = Re(ne f f )/Im(ne f f ) [50]. Here, Lprop is used to describe the propagation distance,
and FOM is used to describe the quality of the modes. The gradient force along the x direc-

tion is evaluated by Fx =

[∮
Σ

→→
T ·d→σ

]
·êx; here,

→→
T is the Maxwell Stress Tensor (MST), Σ

is an arbitrary surface enclosing the left or the right nested cylindrical dielectric parallel

nanowires, and êx is the unit vector along the x direction. The component of
→→
T here is

Tαβ = εEαEβ + µHα Hβ − 1
2 δαβ(εE2 + µH2), where δ is the Kronecker delta function [51].

For the convenience of calculation, the gradient force Fx is normalized to fx by the power
along z direction, fx = Fx/

s
Σ′ Szdxdy, where Sz is the energy flow density component

along the z direction of the mode and Σ′ is the cross-section of the left or the right nested
cylindrical dielectric parallel nanowire waveguide.
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3. Results and Discussion

In this section, the synthesis of the two lowest-order modes supported by wave-guides
is initially explored. Subsequently, the discussion focuses on how these modes’ Re(ne f f ),
Lprop, FOM, and fx vary with factors such as the working wavelength, the Fermi energy
of graphene, the radii of embedded and parent cylindrical nanowires, and the minimum
distances between the outer surfaces of parallel nanowires and between the surfaces of
embedded and parent cylinders. For the sake of structural symmetry, it is assumed that
the radii of two embedded cylindrical nanowires are the same, and the radii of the two
parent cylindrical nanowires are also the same, i.e., ρ10 = ρ30, ρ20 = ρ40. The refractive
indices of region I and region III are the same, while the refractive indices of region II
and region IV are the same, i.e., n1 = n3, n2 = n4. To verify the accuracy of the multipole
method, we also provide the results obtained by the finite element method. In the figures
in Sections 3.2–3.8, solid lines represent the results obtained by the multipole method, and
dotted lines represent the results obtained by the finite element method.

3.1. The Two Lowest-Order Modes

The waveguide shown in Figure 1 supports many modes. Table 1 shows the two
lowest-order modes, namely, the combination of mode 0 and mode 1, the distribution of
electric field z component, and the distribution of electric field intensity. From Table 1, it can
be seen that mode 0 and mode 1 are combined by zero-order modes supported by a single
nanowire [20,21]. The Ez field distribution of mode 0 is symmetric about the x-axis and
antisymmetric about the y-axis, while the Ez field distribution of mode 1 is symmetric about
both the x-axis and y-axis. Because the fields of these two modes are mainly concentrated in
the gap area between the left and right embedded nanowires, they have a certain practical
value, while the field distribution of other higher-order modes will diffuse to the entire
range of the waveguide, which is less practical. Therefore, in the following text, we will
only discuss the mode characteristics of the two lowest-order modes.

Table 1. Combination and the electric field component in the z direction of the two-lowest order modes.

Mode Combination Ez

0
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interaction with the graphene. Consequently, there is reduced loss, a longer propagation 
distance, and a weaker gradient force. 
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force of the two modes with wavelength is shown in Figure 2a,b. It can be seen that in
the wavelength range of 8–14 microns, as the wavelength increases, the Re(ne f f ) of both
modes monotonically decreases. Mode 0 has a slower descent speed, while mode 1 has a
faster descent speed. The Lprop of the two modes shows a monotonic growth trend. The
propagation distance of mode 0 and mode 1 is almost the same. FOM shows a trend of first
increasing and then decreasing. Under certain wavelength conditions, mode 0 has a higher
figure of merit and mode 1 has a lower figure of merit. The magnitude of the normalized
gradient force fx shows a monotonic decreasing trend. Mode 0 has a slower descent
speed, while mode 1 has a faster descent speed. The above phenomenon can be explained
by the fact that different wavelengths correspond to different field distributions of the
mode. Figure 2c,d show the Ez field distribution of mode 1 at wavelengths of 8 microns
and 14 microns, respectively. Comparing the two figures, it becomes evident that as the
wavelength decreases, the field becomes more confined to the graphene layer adjacent to
the surfaces of the two nanowires. This confinement enhances the interaction between
the field and the graphene, leading to increased losses, shorter propagation distances, and
stronger gradient forces. Conversely, when the wavelength increases, the field diffuses
more widely into the space separating the nanowires, weakening the interaction with the
graphene. Consequently, there is reduced loss, a longer propagation distance, and a weaker
gradient force.
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3.3. Influence of the Fermi Energy of Graphene on Mode Characteristics

The relationship between the real part of the effective refractive index, propagation
length, figure of merit, and normalized gradient force of the two modes with Fermi energy
under the conditions of λ = 10 µm, ρ10 = ρ30 = 150 nm, ρ20 = ρ40 = 220 nm, s = 20 nm,
d = 75 nm, n1 = n3 = 1.45, and n2 = n4 = 1.45 is shown in Figure 3a,b. It can be seen
that in the range of 0.2–1.2 eV, as the Fermi energy increases, the Re(ne f f ) of both modes
monotonically decreases. The descent speed of mode 0 is almost the same as that of mode 1.
The Lprop of both modes shows a monotonic growth trend. The propagation distance of
mode 0 and mode 1 is almost the same. The FOM of both modes shows a monotonic
growth trend. Under certain wavelength conditions, mode 0 has a higher figure of merit



Photonics 2024, 11, 441 8 of 16

and mode 1 has a lower figure of merit. The magnitude of the normalized gradient force fx
shows a monotonic decreasing trend. Mode 0 has a slower descent speed, while mode 1
has a faster descent speed. The above phenomenon can be explained by the fact that
different Fermi energies correspond to different field distributions of the mode. The Ez
field distribution of mode 1 at Fermi energies of 0.2 eV and 1.2 eV are shown in Figure 3c,d.
Comparing the two graphs, it becomes apparent that when the Fermi energy is low, the
field is more concentrated within the graphene layer adjacent to the nanowire surface
between the two nanowires. This strong interaction between the field and graphene leads
to increased losses, shortened propagation distances, and a relatively large normalized
gradient force. Conversely, at high Fermi energy, the field spreads out into the space
between the nanowires, weakening the interaction with the graphene. Consequently, there
are reduced losses, longer propagation distances, and a relatively smaller normalized
gradient force.
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3.4. Influence of the Radii of the First Nanowire on Mode Characteristics

Under the conditions of λ = 10 µm, E f = 0.5 eV, ρ20 = ρ40 = 220 nm, s = 20 nm, d = 75 nm,
n1 = n3 = 1.45, and n2 = n4 = 1.45, the relationship between the real part of the effective
refractive index, propagation length, figure of merit, and normalized gradient force of the
two modes with the radius ρ10 (ρ30 = ρ10) of the embedded cylindrical nanowire are shown
in Figure 4a,b. It can be seen that, in the range of 80–200 nm, as ρ10 increases, the Re(ne f f )
of both modes shows a trend of first decreasing and then increasing. The Lprop of the two
modes shows a monotonic upward trend. The FOM of both modes shows a monotonic
growth trend. The magnitude of the normalized gradient force fx first shows a slow
decreasing trend, and then shows a significant decreasing trend around 200 nm. When ρ10
is small, the Re(ne f f ), Lprop, FOM, and fx of mode 0 are all higher than the Re(ne f f ), Lprop,
FOM, and fx of mode 1. When ρ10 approaches 200 nm, the embedded cylindrical nanowires
and the parent cylindrical nanowires tend to be coaxial. At this point, the Re(ne f f ), Lprop,
FOM, and fx of both mode 0 and mode 1 tend to be consistent. The above phenomenon can
be explained by the fact that different radii of embedded cylindrical nanowires correspond
to different mode field distributions. The Ez field distribution of mode 1 at ρ10 = 80 nm and
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200 nm are shown in Figure 4c,d, respectively. Comparing these two graphs, we observe
that when ρ10 is small, the field remains confined to the graphene layer close to the surface
of the two nanowires. This leads to a strong interaction between the field and graphene,
causing higher losses, shorter propagation distances, and a relatively larger normalized
gradient force. However, when ρ10 reaches 200 nm, field intensity weakens and distributes
almost uniformly across the four graphene rings. Consequently, the interaction between the
field and graphene becomes relatively weak, resulting in lower losses, longer propagation
distances, and a smaller normalized gradient force.
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3.5. Influence of the Radii of the Second Nanowire on Mode Characteristics

The relationship between the real part of the effective refractive index, propagation
length, figure of merit, and normalized gradient force of the two modes with the radius
of the parent cylindrical nanowire ρ20 (ρ40 = ρ20) under the conditions of λ = 10 µm,
E f = 0.5 eV, ρ10 = ρ30 = 150 nm, s = 20 nm, d = 75 nm, n1 = n3 = 1.45, and n2 = n4 = 1.45 is
shown in Figure 5a,b. It can be seen that in the range of 170–230 nm, as ρ20 increases, the
Re(ne f f ), Lprop, and FOM of the two modes all show a monotonic decreasing trend, while
the normalized gradient force fx shows a monotonic increasing trend. When ρ20 is large,
the Re(ne f f ), Lprop, FOM, and fx of mode 0 are all higher than the Re(ne f f ), Lprop, FOM,
and fx of mode 1. When ρ20 approaches 170 nm, the embedded cylindrical nanowires and
the parent cylindrical nanowires tend to be coaxial. At this time, the Re(ne f f ), Lprop, FOM,
and fx of both mode 0 and mode 1 tend to be consistent. The above phenomenon can be
explained by the fact that the radii of different parent cylindrical nanowires correspond to
different mode field distributions. Figure 5c,d, respectively, show the Ez field distribution
of mode 1 at ρ20 = 170 nm and 230 nm. Comparing the two graphs, it is evident that when
ρ20 is small, the field spreads out into the gap between the two nanowires, weakening
the interaction with the graphene. This leads to reduced losses and longer propagation
distances. Conversely, as ρ20 increases, the field becomes more confined to the graphene
layer adjacent to the nanowires’ surfaces. This stronger interaction between the field and
graphene results in greater losses and shorter propagation distances.
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3.6. Influence of the Minimum Distance between the Outer Surfaces of Two Parallel Nanowires on
Mode Characteristics

The relationship between the real part of the effective refractive index, propagation
length, figure of merit, and normalized gradient force of the two modes with a minimum
distance between the outer surfaces of the two parallel nanowires under the conditions of
λ = 10 µm, E f = 0.5 eV, ρ10 = ρ30 = 150 nm, ρ20 = ρ40 = 220 nm, s = 20 nm, n1 = n3 = 1.45, and
n2 = n4 = 1.45 is shown in Figure 6a,b. It can be seen that within the range of 10–105 nm, as
d increases, the Re(ne f f ) and fx of mode 0 show a monotonic decreasing trend, while the
Re(ne f f ) and fx of mode 1 show a monotonic increasing trend. The Lprop of mode 0 shows
a monotonic upward trend, while the Lprop of mode 1 shows a monotonic downward trend.
The FOM of mode 0 shows a monotonic decreasing trend, while the FOM of mode 1 shows
first a decreasing and then an increasing trend. Under certain wavelength conditions,
mode 0 has a higher figure of merit and mode 1 has a lower figure of merit. The above
phenomenon can be explained by the fact that the radii of different parent cylindrical
nanowires correspond to different mode field distributions. Figure 6c,d respectively show
the Ez field distribution of mode 0 at d = 10 nm and 105 nm. Comparing the two graphs, it
becomes apparent that as d decreases, field intensity is heightened and more focused on the
graphene layer adjacent to the nanowires’ surfaces. This stronger interaction between the
field and graphene leads to increased losses, shorter propagation distances, and a stronger
normalized gradient force. Conversely, when d is larger, the field intensity diminishes and
slightly penetrates into the gap between the nanowires. As a result, the interaction with the
graphene weakens, resulting in reduced losses, longer propagation distances, and a weaker
normalized gradient force.
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3.7. Influence of the Minimum Distance between the Surface of the Embedded Cylinder and the
Surface of the Parent Cylinder on Mode Characteristics

The relationship between the real part of the effective refractive index, propagation
length, figure of merit, and normalized gradient force of the two modes with minimum spac-
ing between the surface of the embedded cylindrical nanowire and the surface of the parent
cylindrical nanowire under the conditions of λ = 10 µm, E f = 0.5 eV, ρ10 = ρ30 = 150 nm,
ρ20 = ρ40 = 220 nm, d = 75 nm, n1 = n3 = 1.45, and n2 = n4 = 1.45 is shown in Figure 7a,b. It
can be seen that within the range of 10–70 nm, as s increases, the Re(ne f f ), FOM, and fx of
the two modes all show a monotonic decreasing trend. Mode 0 has a slower descent speed,
while mode 1 has a faster descent speed. The Lprop of the two modes shows a monotonic
growth trend. Mode 0 has a faster growth rate, while mode 1 has a slower growth rate. The
above phenomenon can be explained by the fact that the minimum spacing between the sur-
faces of different embedded cylindrical nanowires and the surfaces of the parent cylindrical
nanowires corresponds to different mode field distributions. Figure 7c,d respectively show
the Ez field distribution of mode 1 at s = 10 nm and 70 nm. Comparing the two graphs, it
is evident that when s is small, the field is predominantly confined to the graphene layer
adjacent to the nanowires’ surfaces. This results in a stronger interaction between the field
and graphene, leading to increased losses, shortened propagation distances, and a stronger
normalized gradient force. However, when s is large, the field is primarily distributed in
the background space separating the nanowires. Consequently, the interaction between the
field and graphene is weaker, leading to reduced losses, longer propagation distances, and
a weaker normalized gradient force.
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3.8. Influence of the Refractive Index of Region I (or Region III) on Mode Characteristics

Under the conditions of λ = 10 µm, E f = 0.5 eV, ρ10 = ρ30 = 150 nm, ρ20 = ρ40 = 220 nm,
s = 20 nm, d = 75 nm, and n2 = n4 = 1.45, the relationship between the real part of the
effective refractive index, propagation length, figure of merit, and normalized gradient
force of the two modes and the refractive index n1 (or n3) of region I (or region III) is shown
in Figure 8a,b. It can be seen that within the range of 1.00 (corresponding to the hollow case)
to 1.45, as n1 increases, the Re(ne f f ), FOM, and fx of the two modes all show a monotonic
downward trend. Under certain refractive index conditions, Re(ne f f ), FOM, and fx of
mode 0 are all higher than Re(ne f f ), FOM, and fx of mode 1. The Lprop of both modes
shows a monotonic growth trend. Under certain refractive index conditions, the Lprop of
mode 0 is higher than that of mode 1. The above phenomenon can be explained by the
fact that different refractive indices in region I (or region III) correspond to different mode
field distributions. Figure 8c,d, respectively, show the Ez field distribution of mode 1 at
n1 = 1.00 and 1.45. Comparing the two graphs, it becomes apparent that when n1 is small,
the field tends to disperse within the space between the two nanowires. This results in a
relatively weak interaction between the field and the graphene, leading to reduced losses,
extended propagation distances, and weaker normalized gradient forces. Conversely, when
n1 is large, the field is primarily constrained to the graphene layer close to the nanowires’
surfaces. This stronger interaction between the field and graphene causes increased losses,
shorter propagation distances, and stronger normalized gradient forces.

In Figure 2a, it can be seen that the propagation distance of mode 0 and mode 1 is
almost the same. The reason for this phenomenon is that, when the working wavelength
is changed, the intensity and distribution range of the field distribution corresponding
to mode 1 and mode 0 are almost the same. The interaction between graphene and the
field is also almost the same, and the pace of change is also almost the same. Therefore,
the variation of propagation distance with wavelength is also almost the same. The same
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conclusion applies to changing the Fermi energy of graphene, as shown in Figure 3a. In
Figure 4a, it can be seen that the propagation distance of mode 0 and mode 1 is slightly dif-
ferent. The reason for this phenomenon is that, when the radius of the embedded nanowire
is changed, the intensity and distribution range of the field distribution corresponding to
mode 1 and mode 0 are slightly different, the interaction between graphene and the field
is also slightly different, and the pace of change is also slightly different. Therefore, the
variation of propagation distance with the radius of the embedded nanowire is also slightly
different. The same conclusion applies to changing other geometric structural parameters,
as shown in Figure 5a, Figure 6a, and Figure 7a.
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The nested dielectric parallel nanowire pairs coated with graphene display a sig-
nificant gradient force that surpasses 100 nN·µm−1·mW−1, as clearly demonstrated in
Figure 5b, Figure 6b, Figure 7b, and Figure 8b. This result surpasses the findings reported
in reference [30].

The multipole method is a semi-analytical method, while the finite element method
is a numerical method. In terms of the physical mechanism of pattern formation, the
multipole method is superior to the finite element method.

4. Conclusions

In this paper, a kind of waveguide consisting of four nested cylindrical dielectric
parallel nanowires coated with graphene was designed, and characteristics of the lowest
two modes supported by this waveguide were analyzed using the multipole method. In
this method, the longitudinal components of the field are expanded firstly by the Bessel
function in four cylindrical coordinate systems; then, the characteristic equation of the
mode is obtained by virtue of the superposition principle of the field and the boundary
value relationship, and the effective refractive index of the mode and the corresponding
mode field distribution are finally obtained by means of the linear algebra method. The
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obtained results of the multipole method have been confirmed by the finite element method.
Assuming ρ10 = ρ30, ρ20 = ρ40, n1 = n3, and n2 = n4, we found that the Re(ne f f ), Lprop,
FOM, and fx of the two lowest modes can be adjusted by adjusting λ, E f , ρ10, ρ20, d,
s, and n1. Utilizing a double-layer graphene structure, this waveguide demonstrates
remarkable gradient forces, exceeding the performance of the comparable single-layer
graphene structure. The various phenomena observed can be explained by the fact that
different parameters correspond to different field distributions and different interactions
between the field and graphene. The results of this article have certain theoretical guidance
significance for the design, fabrication, and application of surface plasmon waveguides
composed of nested parallel dielectric nanowire pairs with graphene coating.
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