
Citation: Qiu, Y.; Chen, J.; Dai, Y.;

Zhou, L.; Yu, Y.; Li, K. Mathematical

Modeling of the Displacement of a

Light-Fuel Self-Moving Automobile

with an On-Board Liquid Crystal

Elastomer Propulsion Device.

Mathematics 2024, 12, 1322. https://

doi.org/10.3390/math12091322

Academic Editor: Vladislav

Vasilievich Lyubimov

Received: 1 April 2024

Revised: 20 April 2024

Accepted: 24 April 2024

Published: 26 April 2024

Copyright: © 2024 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

mathematics

Article

Mathematical Modeling of the Displacement of a Light-Fuel
Self-Moving Automobile with an On-Board Liquid Crystal
Elastomer Propulsion Device
Yunlong Qiu 1, Jiajing Chen 1, Yuntong Dai 1 , Lin Zhou 2, Yong Yu 1,* and Kai Li 1,*

1 School of Civil Engineering, Anhui Jianzhu University, Hefei 230601, China;
daiytmechanics@ahjzu.edu.cn (Y.D.)

2 School of Mechanical and Electrical Engineering, Anhui Jianzhu University, Hefei 230601, China
* Correspondence: yyu@ahjzu.edu.cn (Y.Y.); kli@ahjzu.edu.cn (K.L.)

Abstract: The achievement and control of desired motions in active machines often involves precise
manipulation of artificial muscles in a distributed and sequential manner, which poses significant
challenges. A novel motion control strategy based on self-oscillation in active machines offers distinc-
tive benefits, such as direct energy harvesting from the ambient environment and the elimination
of complex controllers. Drawing inspiration from automobiles, a self-moving automobile designed
for operation under steady illumination is developed, comprising two wheels and a liquid crystal
elastomer fiber. To explore the dynamic behavior of this self-moving automobile under steady il-
lumination, a nonlinear theoretical model is proposed, integrating with the established dynamic
liquid crystal elastomer model. Numerical simulations are conducted using the Runge-Kutta method
based on MATLAB software, and it is observed that the automobile undergoes a supercritical Hopf
bifurcation, transitioning from a static state to a self-moving state. The sustained periodic self-moving
is facilitated by the interplay between light energy and damping dissipation. Furthermore, the
conditions under which the Hopf bifurcation occurs are analyzed in detail. It is worth noting that
increasing the light intensity or decreasing rolling resistance coefficient can improve the self-moving
average velocity. The innovative design of the self-moving automobile offers advantages such as not
requiring an independent power source, possessing a simple structure, and being sustainable. These
characteristics make it highly promising for a range of applications including actuators, soft robotics,
energy harvesting, and more.

Keywords: automobile; self-moving; liquid crystal elastomer; light-fueled; fiber; Hopf bifurcation

MSC: 34C27; 37M20

1. Introduction

Active materials are capable of deforming and moving in response to different external
stimuli [1]. These materials are able be used as biomimetic muscles to operate active
machines, and offer multiple benefits compared to conventional motor-driven machines [2].
These advantages include the integrated sensors and actuators for enabling intelligent
functionality, noiseless deformation, and mechanical tunability [3]. Active machines that
respond to electrical, magnetic, and optical stimuli also provide benefits such as wireless
remote control and manipulation through obstacles [4]. As a result, active machines show
immense potential in various fields, including soft robotics, medical devices, and micro-
nano devices [5–7].

However, realizing the intended motions of active machines poses challenges. The
common solutions have been achieved by precise manipulation of biomimetic muscles in a
distributed and sequential manner, analogous to the way the brain manipulates the muscles
distributed throughout an animal body [2,3]. Given the swift progress of AI methods, the
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use of computer modeling and biomimetic muscles is expected to realize smarter living
machines [3]. This solution necessitates timely sensing of motion and ambient states,
and manipulation of the deformation of biomimetic muscles, in order to control motion.
Therefore, it requires a complex sensor and actuator system. The complexity and the
demand for precise manipulation present huge challenges, thereby limiting the scope of
the application of active machines.

While sophisticated manipulation methods are necessary for completing intricate mo-
tion tasks, periodic motions are often sufficient in many engineering applications. Active
mechanical systems based on self-oscillation demonstrate unique advantages in implement-
ing periodic motion [8–14]. Self-oscillation refers to a periodic oscillatory phenomenon
triggered by consistent environmental stimuli [15]. By absorbing energy from a steady en-
vironmental stimulus, self-oscillation can sustain continuous periodicity. This characteristic
reduces the complexity of self-oscillating systems and opens up intriguing possibilities for
applications such as portability. Additionally, the period and amplitude of self-oscillation
typically depend on system parameters rather than initial conditions, enhancing the robust-
ness of the system [16,17]. These superiorities of self-oscillating machines drive them to
become ideal candidates for a variety of practical applications, including millimeter-scale
robots [18], active machines [7], nanogenerator [19], mass transport devices [20], etc.

Various self-oscillating systems have been effectively created using responsive ma-
terials, such as liquid crystal elastomers (LCEs) [21–23], dielectric elastomers [24], ionic
gels [25], environmentally sensitive hydrogels [26], and other similar materials. In ad-
dition, many attempts have been made to create multiple self-sustained motion modes,
including vibration [27–29] and bending [30,31], rolling [12,32,33], self-rotation [34–36],
torsion [37,38], self-fluttering [39], self-oscillation of auxetic metamaterials [40,41], eversion
or inversion [42], swimming [43,44], buckling [45,46], jumping [47–49], and chaos [50,51],
and they even achieve synchronized motion of multiple coupled self-oscillators [52,53].
Self-oscillating systems can balance the damping dissipation during motion by absorbing
energy from the environment [14]. In order to achieve energy compensation, researchers
have suggested several feedback mechanisms that can be combined with different re-
sponsive materials. These mechanisms involve coupling significant deformations with
chemical reactions [22], utilizing the self-shading mechanism [17,18,46], and employing
a multi-process coupling mechanism that combines droplet evaporation and motion [46].
Among various stimuli-responsive materials, LCE is precisely one of the crucial optically-
responsive materials [54]. Liquid crystal elastomers are formed by combining stretchable
long-chain polymers with anisotropic rod-like liquid crystal molecules. When exposed to
various environmental stimuli, such as light [40], heat [55], and electricity [56], the liquid
crystal monomer molecules undergo rotations or phase transitions, leading to changes in
their configurations and resulting in noticeable macroscopic deformations. The optically-
responsive LCE exhibits rapid response, significant inherent deformation, and reversible
deformation [57].

These existing self-oscillating systems have the potential to be used for driving the
automatic operation of machines such as automobiles. This paper proposes an LCE-based
automobile and the self-rotation of the LCE fiber as the driving force for forward propulsion.
By blocking the upper half of the wheels with a baffle, the LCE-based automobile can
achieve continuous forward movement under steady illumination, as illustrated in Figure 1.
The proposed design for the self-moving automobile features integrated sensors and
actuators, adjustable size, high energy utilization efficiency, and wireless control. The paper
is structured as follows: in Section 2, the research introduces a nonlinear dynamical model
for a self-moving automobile operating under steady illumination. In Section 3, the study
examines the two motion regimes of the LCE-based automobile under steady illumination
and provides a detailed explanation of the self-moving mechanism. Section 4 focuses on
the conditions for Hopf bifurcation and also investigates the effects of various system
parameters on the average velocity of the self-moving mechanism. Finally, in Section 5, the
study is concluded.
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Figure 1. Schematics of a self-moving LCE-based automobile. (a) Reference state. (b) Initial state.
(c) Current state. (d) Force analysis. The self-moving of the automobile under steady illumination is
initiated by the interaction between the photo-responsive contraction of the LCE fiber and its motion.

2. Model and Formulation

In this section, a self-moving LCE-based automobile capable of continuous forward
motion under steady illumination is proposed. The automobile is composed of an LCE
fiber and two wheels. Leveraging the dynamic LCE model, a nonlinear dynamical model
for the self-moving LCE-based automobile operating under steady illumination has been
established. This study encompasses several key aspects, including the analysis of the self-
moving automobile, assessment of tension in the LCE fiber, determination of the number
fraction of cis-isomers, the process of nondimensionalization, and the solution method for
the governing equations.

2.1. Dynamics of the Self-Moving LCE-Based Automobile

Figure 1 sketches the LCE-based self-moving automobile, which consists of an LCE
fiber and two wheels. Due to the presence of a baffle above the wheels, the area underneath
the wheels is steadily illuminated, represented by the yellow area in the Figure 1. One
end of the LCE fiber is attached to point O at a distance of s from the center C1 of the
front wheel, with s being less than or equal to the wheel radius R, and the other end is
attached to the center C2 of the rear wheel. The distance from fixed end O to the wheel
center and the wheel center are not in the same plane, which means that the LCE fiber
does not wind around the wheel during rotation. As shown in Figure 1a, the LCE fiber is
unstressed and has an original length of L0, the nematic LCE fiber contains photosensitive
molecules, such as azobenzene molecules, which align themselves along the fiber axis. As a
well-established phenomenon, when exposed to light, the LCE fibers undergo contraction
as the azobenzene liquid crystal molecules transform from a straight trans state to a bent
cis state. Conversely, in darkness, the photo-responsive contraction is reversed as the
azobenzene liquid crystal molecules transform from a bent cis state back to a straight trans
state, leading to recovery [19,54]. Initially, the LCE-based automobile obtains an initial

angular velocity
.
θ0 from the reference state, and the LCE fibers begin self-rotation, driving

the wheels to roll (Figure 1b). At the beginning of the wheels rolling, the azobenzene
liquid crystal molecules in the LCE fiber remain in the straight trans state, and then, as
the wheels rotate, the LCE fiber begins to enter the illumination zone, the azobenzene
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liquid crystal molecules transform from the straight trans state to the bent cis state, and the
LCE fiber contracts under illumination (Figure 1c). Figure 1d gives the force analysis of
the automobile.

The photo-responsive contraction increases the tension F(t) and the rotational moment
MF(t). Due to the transformation of azobenzene liquid crystal molecules from a straight
trans state to a bent cis state under illumination, as the wheels roll forward, the LCE fiber
contracts under illumination, so the F(t) of the LCE fiber is amplified through the photo-
responsive contraction. The friction Fs1 and Fs2 between the front and rear wheels and
the horizontal surface generates the rolling moments Ms1 and Ms2. At the same time,
the rolling damping moments MA1 and MA2 are generated between the wheels and the
horizontal surface as the wheels roll, which makes the wheels always tend to rotate in the
reverse direction. As the rolling angle of the wheels increases, the light energy absorbed
by the LCE fiber progressively increases, and the F(t) also increases. Subsequently, the
automobile speed decreases and the automobile continues to move forward, the LCE fiber
gradually exits the illumination zone, and then the automobile continues to roll past the
critical position due to its own inertia. The LCE fiber will contract again by illumination,
and move through the illuminated and non-illuminated zones in the same way, and, finally,
under steady illumination, the wheels may exhibit continuous periodic motion that propels
the automobile to continue to move forward.

As depicted in Figure 1d, the wheels experience MF(t), Ms1 Ms2, MA1 and MA2. The
derivation of the corresponding nonlinear dynamic governing equation for the self-moving
automobile can yield the following expression{

J d2θ(t)
dt2 = MF(t)− MA1 − Ms1

J d2θ(t)
dt2 = −MA2 − Ms2

, (1)

{
F(t) cos α + Fs1 + F12 = mac
−F(t) cos α + Fs2 − F21 = mac

, (2)

where J is the moment of inertia of the wheels about their center points C1 and C2, ac is

the translational acceleration of the wheels, calculated as ac =
d2θ(t)

dt2 R, F12 and F21 are the
forces between the two wheels with F12 = F21, MA1 and MA2 are the rolling damping
moments of the front and rear wheels, respectively, calculated as MA1 = δ[mg + F(t) sin α]
and MA2 = δ[mg − F(t) sin α], Fs1 and Fs2 are frictions between the front and rear wheels
and the horizontal surface, respectively, calculated as Fs1 = −F(t) cos α − F1 + mac and
Fs2 = F(t) cos α + F2 + mac, and Ms1 and Ms2 are the rolling moments of the front and rear
wheels, respectively, calculated as Ms1 = Fs1R and Ms2 = Fs2R.

The rotational moment, as stated in Equation (1), and its calculation can be expressed
as follows: {

MF(t) = −F(t)d 2nπ ≤ θ ≤ π + 2nπ
MF(t) = F(t)d π + 2nπ ≤ θ ≤ 2π + 2nπ

, (3)

where d is the lever.
By amalgamating the rolling damping moments of the front and rear wheels, as well

as the rolling moments of the front and rear wheels, respectively, and denoting them as MA
and Ms: {

MA = 2δmg
Ms = 2macR

, (4)

where δ is the rolling resistance coefficient and g is the gravitational acceleration.
Adding the two formulas of Equation (1) and substituting Equation (4) into Equation (1),

Equation (1) can be rewritten as

2J
..
θ = MF(t)− 2δmg

.
θ∣∣∣ .
θ
∣∣∣ − 2macR. (5)
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The length of the LCE fiber L(t) =
√

s2 + (L0 + s)2 − 2s(s + L0) cos θ and the lever
d(t) = (L0 + s)s sin θ/L(t).

2.2. Tension of the LCE Fiber

In order to obtain the MF(t) in Equation (3), the F(t) needs to be calculated. To
simplify the analysis, the friction and mass of the LCE fiber are disregarded. To simplify,
the elastic strain εe(t) in the LCE fiber under small deformation can be considered as a
linear combination of the εtot(t) and the εL(t), i.e., εtot(t) = εe(t) + εL(t), assuming that
the F(t) is proportional to the elastic strain, that is:

F(t) = kL0[εtot(t)− εL(t)], (6)

where k represents the spring constant. It is important to mention that the LCE fiber exhibits
homogeneity, while both the εtot(t) and εL(t) are heterogeneous. In order to examine the
heterogeneous deformation of the LCE fiber, two coordinate systems are introduced: the
Lagrangian arc coordinate system X in the reference state (Figure 1a) and the Eulerian arc
coordinate system x in the current state (Figure 1c). The position of a material point in the
LCE fiber during the rolling process of the wheels can be represented as x = x(X,t).

It is assumed that the total strain εL(X, t) is linearly dependent on the number fraction
of cis-isomers ϕ(t). The photo-responsive contraction is then determined as

εL(t) = −C0ϕ(t), (7)

where C0 is the contraction coefficient. For simplicity, the total strain is defined as
εtot(t) =

L(t)−L0
L0

[58].
Thus, the F(t) in Equation (6) can be rewritten as

F(t) = k[(L(t)− L0) + C0L0ϕ(t)]. (8)

2.3. Dynamic LCE Model

The calculation of the number fraction ϕ(t), as described in Equation (9), relies on the
utilization of the established dynamic LCE model proposed by Finkelmann et al. [59,60].
Yu et al. discovered that the trans-to-cis isomerization of LCE can be triggered by ultraviolet
light or a laser with a wavelength below 400 nm [61]. The determination of the ϕ(t)
is influenced by three factors: thermal excitation causing a transition from trans to cis,
thermally driven relaxation leading to a transition from cis to trans, and optically driven
relaxation inducing a transition from trans to cis. However, in many cases, the thermal
excitation from trans to cis is considered insignificant compared to the photo-responsive
excitation [60], therefore, the ϕ(t) can be represented as

∂ϕ(t)
∂t

= η0 I0[1 − ϕ(t)]− τ−1
0 ϕ(t), (9)

where τ0 is the thermal relaxation time from cis to trans, I0 is the light intensity, and η0 is the
light absorption constant. Given that the number fraction of cis-isomers at t = 0 is denoted
as ϕ0, taking into account the initial number fraction (ϕ0 = 0), in the presence of the LCE
fiber within the illumination zone, the accurate representation of the number fraction of
cis-isomers can be obtained

ϕ1(t) =
η0τ0 I0

η0τ0 I0 + 1
+ (1 − η0τ0 I0

η0τ0 I0 + 1
) exp[− t

τ0
(η0τ0 I0 + 1)]. (10)
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Conversely, when the LCE fiber is in the non-illumination zone, the number fraction
of cis-isomers can also be expressed as

ϕ2(t) =
η0τ0 I0

η0τ0 I0 + 1
exp(− t

τ0
). (11)

2.4. Nondimensionalization

For convenience, the following dimensionless quantities are introduced: t = t/τ0,
L = L/L0, R = R/L0, X = X/L0, x = x/L0, d = d/L0, MF

(
t
)
= MF(t)τ2

0 /J, F
(
t
)
=

F(t)L0τ2
0 /J, k = kτ2

0 L2
0/J, I = Iη0τ0, I0 = I0η0τ0, δ = δ/L0, g = gτ2

0 /L0, and s = s/L0.
Equations (5), (8), (10) and (11) can be rewritten as follows:

..
θ
(
t
)
= MF

(
t
)
/3 −

(
δg/3R2

) .
θ∣∣∣∣ .
θ

∣∣∣∣ . (12)

For simplicity, δg is reduced to A, which denotes the rolling resistance coefficient, and
MA = A/3R2.

The dimensionless form for the tension F(t) of the LCE fiber is

F(t) = k
[
(L(t)− 1) + C0ϕ(t)

]
, (13)

where L(t) =
√

s2 + (1 + s)2 − 2s(s + 1) cos θ and d = (1 + s)s sin θ/L
(
t
)
.

The nondimensionalized equation for the number fraction of cis-isomers is derived
as follows:

in the illumination zone

ϕ1(t) = 1 − exp[−t(I0 + 1)]; (14)

in the non-illumination zone

ϕ2(t) = exp(−t). (15)

Through Equations (14) and (15), the ϕ(t) can be calculated. As the LCE fiber tran-
sitions across the boundary separating the illumination and non-illumination zones, the
time-dependent behavior of the ϕ(t) alternates between Equations (14) and (15). To calcu-
late these intricate dimensionless equations, the Runge-Kutta method is employed, and
numerical computations are conducted using MATLAB R2016b software. For the number
fraction ϕi of cis-isomers and the position θi of the wheels at time ti, the current tensions Fi
and the current rotational moment MFi can be calculated by Equations (12) to (13). Then
the angular position of the wheels θi+1 at time ti+1 can be calculated using Equation (12).

3. Two Motion Regimes and Mechanism of Self-Moving

In the above process, the governing Equations (12) and (13) of LCE-based automobile
are derived. Next, the two motion regimes of the LCE-based automobile will be discussed,
and the mechanism of each motion regime will be analyzed in depth.

3.1. Two Motion Regimes

In order to analyze the behavior of the self-moving LCE-based automobile under
steady illumination, it is necessary to establish the reference values of the dimension-
less parameters. These values can be determined based on the material properties and
geometric parameters obtained from the available experiments [18,62–64]. Table 1
presents the reference values for these properties, while Table 2 lists the corresponding
dimensionless parameters.
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Figure 2 and Movie S1 present the two typical motion regimes that can be achieved
in the automobile system, namely the static regime and the self-moving regime. In the
calculation, the initial parameter is set to C0 = 0.3, I0 = 2, k = 1, A = 0.001, R = 0.3,

s = 0.28, θ0 = 0, and
.
θ0 = 1. The LCE fiber is stimulated by illumination to undergo

periodic self-rotation, which acts like an engine to propel the automobile forward. Driven
by the self-rotation of the LCE fiber, the automobile gradually moves forward to self-propel,
and after a period of time, the self-rotation frequency of the LCE fiber, as well as the self-
moving frequency of the automobile, tend to be steady, which is defined as the self-moving
regime. Next, the parameter is set to C0 = 0.3, I0 = 1.2, k = 1, A = 0.0014, R = 0.3, s = 0.28,

θ0 = 0, and
.
θ0 = 1. The self-rotation frequency of the LCE fiber gradually decreases and

eventually comes to a stationary state. Influenced by this, the velocity of the automobile
directly decreases. When the LCE fiber stops rotating, the velocity of the automobile drops
to 0 and stops there, which is the static regime. As shown in Figure 2c,f, as the parameters
I0 and A vary, a stable fixed point loses stability and gives rise to a stable limit cycle.
This means that the system transitions from a stable static state to periodic oscillations,
which is the characteristic of a supercritical Hopf bifurcation [65]. As shown in Section 4,
this paper will additionally explore the mechanism of the self-moving automobile in a
detailed study.
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time-history graphs of the two motion regimes: self-moving regime (I0 = 2, A = 0.001) and static
regime (I0 = 1.2, A = 0.0014); (c,f), limit cycles of the two motion regimes. Under steady illumination,
the LCE-based automobile can exhibit two distinct motion regimes: the static regime and the self-
moving regime. This implies that the automobile is subject to a supercritical Hopf bifurcation, as
demonstrated in Section 4.
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Table 1. Material properties and geometric parameters.

Parameter Definition Value Unit

A Rolling resistance coefficient 0~0.01 mm/s2

C0 Contraction coefficient 0~0.2 /
η0 Light-absorption constant 0.0003 m2/(s·W)
τ0 Thermal relaxation time from cis-to-trans 0~100 ms
J Moment of inertia of the wheels 0~1 mg·mm2

I0 Light intensity 0~100 kW/m2

k Spring coefficient of the LCE fiber 0~2 N/m
R Wheel radius 0.28~0.5 mm
s Distance from fixed end to wheel center 0.1~0.3 mm

L0 Original length of LCE fiber 0.1 m

Table 2. Dimensionless parameters.

Parameter θ0

.
–
θ0

–
I0 A

–
k

–
R C0

–
s

Value 0 0~10 0~3 0~0.01 0~2 0.28~0.5 0~0.3 0.1~0.3

3.2. Mechanism of Self-Moving

This subsection mainly focuses on the mechanism of self-moving for the LCE-based
automobile under steady illumination. Figure 3a–c provide the time dependances for the
ϕ, the L, and the F of the LCE fiber, and the yellow region in the figure represents the
illumination zone. For the numerical calculations, the following assumptions are made:

C0 = 0.3, I0 = 2, k = 1, A = 0.0014, R = 0.3, s = 0.28, θ0 = 0, and
.
θ0 = 1. As depicted in

Figure 3a, the number fraction of cis-isomers in the LCE exhibits a gradual increase inside the
illumination zone, followed by a decrease within the non-illumination zone. The periodic
fluctuation of the number fraction with respect to time indicates the cyclical change in the
photo-responsive strain. From Figure 3b, it can be seen that the L also exhibits periodic
variations. Eventually, the fiber length varies periodically with time during one cycle of
the self-moving regime, which can be further understood from Figure 4. In Figure 3c, it
can be observed that the tension of the LCE fiber exhibits an increasing trend over time
within the illumination zone. Conversely, in the dark zone, the tension initially decreases
and then increases.

Figure 3d shows the variations in F and θ over one cycle. During the self-rotation of
LCE fiber, as the fiber enters the illumination zone the increase in F is due to the photo-
responsive contraction strain. As the LCE fiber enters the non-illumination zone, the F
within the fiber exhibits a monotonic decrease owing to the decline in photo-responsive
contraction strain. Figure 3e shows the relationship between MF and θ. The MF is jointly
controlled by the F and θ. The numerical calculation yields a positive net work performed
by the driving force from the LCE fiber, which is represented by the area enclosed by
the curve in Figure 3e and is determined to be 0.0232. Figure 3f shows the relationship
between MA and θ, in which the enclosed loop represents the damping dissipation with
a value of 0.0232. The net work is equal to the damping dissipation, which implies that
the self-rotation of the LCE fiber is a consequence of the interplay between the net work
performed by the driving force and the damping dissipation. Therefore, the automobile
realizes self-moving due to the self-rotation of the LCE fiber.
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Figure 3. Mechanism of self-moving for the LCE-based automobile. (a) Time history curve for the
number fraction of cis-isomers. (b) Time history curve for the length of LCE fiber. (c) Tension varies
cyclically with time. (d) Tension-angular function graph. (e) The area enclosed by the enclosed
loop represents the energy input from the environment over one cycle. (f) The enclosed loop area
represents the damping dissipation over one cycle. During the self-moving of the automobile, which
is driven by the self-rotation of the LCE fiber, the damping dissipation within the system is equivalent
to the net work performed by the driving force generated by the LCE fiber.
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Figure 4. Self-moving of the automobile in one cycle under the conditions of Figure 2a–c. Under
steady illumination, the automobile will be able to achieve steady forward self-moving.

4. Influences of System Parameters on the Self-Moving

The two motion regimes of the LCE-based automobile system and the mechanism of
the self-moving regime are summarized in the above discussions. The execution of these

principles is governed by seven dimensionless physical parameters, which encompass
.
θ0,

I0, k, R, s, C0, and A. In the computation, the parameters are set to be θ0 = 0. By adjusting
these parameters, the LCE engine evolves into self-rotation, and then the automobile
can realize continuous self-moving. In the current subsection, the effects of these seven
parameters on both the Hopf bifurcation conditions and the average velocity V of the
automobile will be examined.

4.1. Effect of the Light Intensity

Figure 5 and Movie S2 illustrate the effect of light intensity I0 on the self-moving
of the LCE-based automobile. The parameters are set for C0 = 0.3, k = 1, A = 0.001,

R = 0.3, s = 0.28, and
.
θ0 = 1. At an approximate value of 0.792 for the light intensity, a

critical threshold is reached, triggering the self-rotation of the LCE fiber and enabling the
self-moving of the automobile. This indicates that the automobile undergoes a supercritical
Hopf bifurcation when the light intensity reaches this critical value. When I0 ≤ 0.792, the
LCE fiber stays stationary, causing the automobile to remain stationary, while when I0 = 1.2,
1.6, 2, the self-moving regime can be triggered. Figure 5a plots the limit cycles, and Figure 5b
shows the effect of I0 on the average velocity V of the self-moving automobile. With the
increase in I0, the average velocity of the automobile increases gradually. The precise
explanation for this outcome is that the photo-responsive contraction of LCE intensifies as
parameter I0 increases, which provides the system with sufficient driving force to perform
net work. The light intensity is proved to enable the LCE fiber to rotate faster, thereby
accelerating the propulsion velocity of the automobile. In engineering applications, the
self-rotation of the LCE fiber and the self-moving of the automobile can be facilitated by
adjusting the light intensity.
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Figure 5. Effect of light intensity on the self-moving, for C0 = 0.3, k = 1, A = 0.001, R = 0.3, s = 0.28,

and
.
θ0 = 1. (a) Limit cycles. (b) Effect of different light intensities on the average velocity of the

self-moving automobile. A critical light intensity of I0 ≈ 0.792 exists for the supercritical Hopf
bifurcation between the static regime and the self-moving regime. As the light intensity I0 increases,
the average velocity of the self-moving automobile presents an upward trend.

4.2. Effect of the Spring Constant

Figure 6 and Movie S3 describe the effect of spring constant k on the self-moving of
the LCE-based automobile. Figure 6a depicts the limit cycles for different k, and Figure 6b
displays the relationship between k and V of the self-moving automobile. The parameters

are set for C0 = 0.3, I0 = 2, A = 0.001, R = 0.3, s = 0.28, and
.
θ0 = 1. A critical value of

k approximately equal to 0.653 is present for the supercritical Hopf bifurcation between
the static regime and the self-moving regime. When k ≤ 0.653, the smaller F results in less
net work carried out by the MF, which, consequently, cannot balance the energy dissipated
by the damping, and thus, fails to sustain the self-rotation of the LCE fiber and the self-
moving of the automobile. Figure 6b presents the increasing trend of average velocity with
the increasing k. The F and MF of the LCE fiber also increase as the k increases. From
Equation (6), it can be seen that the effects of I0 and k on tension are similar, as shown
in Figures 5 and 6. Given the physical significance of parameter k, augmenting the k can
enhance the efficacy of converting light energy into mechanical energy, thereby facilitating
more efficient utilization in various engineering applications.
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Figure 6. Influence of spring constant on the self-moving, for C0 = 0.3, I0 = 2, A = 0.001, R = 0.3,

s = 0.28, and
.
θ0 = 1. (a) Limit cycles. (b). Effect of different spring constants on the average velocity

of the self-moving automobile. For the transition from the static regime to the self-moving regime,
there exists a critical value of parameter k ≈ 0.653 that leads to a supercritical Hopf bifurcation. With
the increase in spring constant k, the average velocity of the self-moving automobile presents an
increasing trend.
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4.3. Effect of the Wheel Radius

Figure 7 and Movie S4 demonstrate the impact of wheel radius R on the self-moving

of the automobile, for C0 = 0.3, I0 = 2, A = 0.001, k = 1, s = 0.28, and
.
θ0 = 1. In

Figure 7a, the limit cycles for varying wheel radius are depicted, and Figure 7b presents the
relationship between R and average velocity V of the self-moving automobile. A critical
R of 0.28 is present to trigger the self-rotation of the LCE fiber and the self-moving of
the automobile. Since the distance from the fixed end to the wheel center is set as 0.28
in the initial condition, the wheel radius cannot be smaller than this distance, thus only
cases where the radius is greater than or equal to 0.28 are considered. When the radius is
reduced, the tension in the LCE fiber decreases, resulting in insufficient net work carried
out by the rotational moment to counterbalance the damping dissipation. As a result, it
becomes inadequate to sustain the self-rotation of the LCE fiber and the self-moving of the
automobile. The upward trend of the average velocity with the increasing R is given in
Figure 7b. The derivations show that the F and the MF increase as the R increases. This
finding suggests that the increase in wheel radius can improve the self-rotation of the LCE
fiber and the self-moving of the automobile under steady illumination.
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.
θ0 = 1. (a) Limit cycles. (b) Effect of different wheel radii on the average velocity of the self-moving
automobile. There exists a critical wheel radius of R = 0.28 for the supercritical Hopf bifurcation
between the static regime and the self-moving regime. The average velocity of the self-moving
automobile increases with the increasing wheel radius R.

4.4. Effect of the Contraction Coefficient

Figure 8 and Movie S5 display the effect of contraction coefficient C0 on the self-

moving of the automobile, for I0 = 2, A = 0.001, k = 1, R = 0.3, s = 0.28, and
.
θ0 = 1.

Similarly, a critical C0 approximately equal to 0.198 exists for triggering the self-rotation of
the LCE fiber and the self-moving of the automobile. The LCE-based automobile remains
static when C0 ≤ 0.198, while for C0 = 0.24, 0.27, and 0.3, the self-moving regime can be
triggered, with limit cycles being plotted in Figure 8a. Figure 8b describes the effect of
C0 on the average velocity V of the self-moving automobile. As C0 increases, the average
velocity of the self-moving automobile tends to increase. Equation (7) demonstrates that
augmenting the C0 results in an upsurge in the photo-responsive strain, which corresponds
to a corresponding increase in the absorbed light energy. This infers that raising the C0 can
improve the efficiency of converting light energy into mechanical energy.
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Figure 8. Effect of C0 on the self-moving, for I0 = 2, A = 0.001, k = 1, R = 0.3, s = 0.28, and
.
θ0 = 1. (a) Limit cycles. (b) Effect of different contraction coefficients on the average velocity of the
self-moving automobile. There is a critical value of C0 ≈ 0.198 for the supercritical Hopf bifurcation
between the static regime and the self-moving regime.. With the increase in C0, the average velocity
of the self-moving automobile tends to increase.

4.5. Effect of the Distance from Fixed End to Wheel Center

Figure 9 and Movie S6 present the influence of distance s from fixed end to wheel
center on the self-moving of the automobile, for C0 = 0.3, I0 = 2, A = 0.001, k = 1, R = 0.3,

and
.
θ0 = 1. Similarly, the critical distance s from fixed end to wheel center, which is

approximately equal to 0.18, is present to trigger the self-rotation of the LCE fiber and the
self-moving of the automobile. When s ≤ 0.18, the LCE-based automobile remains in static
regime. For s = 0.24, 0.28, and 0.3, the automobile exhibits the self-moving regime, and
their limit cycles are depicted in Figure 9a. It is worth noting that when the wheel radius
is R = 0.3, the distance from fixed end to wheel center cannot exceed the wheel radius;
therefore, the value range of this distance is less than or equal to 0.3. Figure 9b illustrates
the effect of the distance from fixed end to wheel center on the average velocity of the self-
moving automobile. As s increases, the average velocity trends upwards. Increasing the
distance from fixed end to wheel center will cause an increase in the lever d, which will in
turn induce increases in the F and the MF of the wheels. This result suggests that increasing
the distance from fixed end to wheel center will be beneficial in improving the self-rotation
of the LCE fiber and the self-moving of the automobile under steady illumination.
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.
θ0 = 1. (a) Limit cycles. (b) Effect of different distances from fixed end

to wheel center on the average velocity of the self-moving automobile. A critical distance of s ≈ 0.18
is present for the supercritical Hopf bifurcation between the static regime and the self-moving regime.
As the distance s from fixed end to wheel center increases, the average velocity of the self-moving
automobile trends upwards.
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4.6. Effect of the Rolling Resistance Coefficient

Figure 10 and Movie S7 describe the influence of rolling resistance coefficient A on the
self-moving of the automobile. Figure 10a illustrates the limit cycles for different rolling
resistance coefficients, while Figure 10b expresses the average velocity V of the self-moving
automobile as a function of the A. In the calculation, the parameters are set for C0 = 0.3,

I0 = 2, k = 1, R = 0.3, s = 0.28, and
.
θ0 = 1. A critical value of A, which is approximately

0.0015, is present to trigger the self-rotation of the LCE fiber and the self-moving of the
automobile. When A ≥ 0.0015, the absorbed light energy is insufficient to compensate
for the excessive damping dissipation, causing the automobile to enter a static regime.
However, for A = 0.0014, A = 0.0012, and A = 0.001, the self-rotation of the LCE fiber and
the self-moving of the automobile can be triggered. An increase in the rolling resistance
coefficient leads to a decrease in the average velocity of the self-moving automobile. Based
on the aforementioned derivation process, it can be concluded that as the rolling resistance
coefficient increases, the LCE fiber requires more energy to overcome damping, resulting in
a reduction in the average velocity of the self-moving automobile.
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.
θ0 on the self-moving of

the automobile. The parameters are set for C0 = 0.3, k = 1, I0 = 2, A = 0.001, R = 0.3,
and s = 0.28. In Figure 11a, the limit cycles for various initial velocities are depicted, while
Figure 11b illustrates the relationship between the average velocity V of the self-moving

automobile and the
.
θ0. As shown in Figure 11a,b, the

.
θ0 has no influence on the limit cycle

and the average velocity of the self-moving automobile. From the numerical calculations,

a critical
.
θ0 of roughly 0.357 exists between the static regime and the self-moving regime.

The self-rotation of the LCE fiber and the self-moving of the automobile are triggered at
initial velocities of 0.5, 1, and 2. Taking into account the equivalency between kinetic and

potential energies during the conversion of θ0 and
.
θ0, the initial conditions are irrelevant on

the average velocity of the self-moving automobile, which is a fundamental characteristic
of self-oscillation [66].
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.
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.
θ0 does not have any

influence on the average velocity of the self-moving automobile.

5. Conclusions

To overcome the disadvantage of traditional active machines requiring complex control
systems, this paper develops an innovative self-moving LCE-based automobile under
steady illumination, featuring an LCE fiber and two wheels. Utilizing the dynamic LCE
model, a theoretical framework for the LCE-based automobile is proposed to investigate its
self-oscillatory behaviors. Through numerical simulations, this paper has demonstrated
that the automobile, propelled by the LCE fiber, experiences a supercritical Hopf bifurcation,
transitioning from a static state to a self-moving mode. The self-moving mechanism of the
LCE-based automobile is attributed to the light-induced contraction of the LCE fiber in
response to illumination, where light energy offsets damping dissipation in cyclic motion.
Increasing the system parameters, including C0, I0, k, R, and s, can improve the self-moving
average velocity. Conversely, an increase in A leads to a decrease in the average velocity.

Conclusively, the automobile proposed in this paper can self-move through self-
oscillation, and its movement speed can be controlled through system parameters. In the
future, this self-moving automobile is worth validating through experiments, and verifying
the effectiveness of the equations. It is worth noting that the theoretical analysis overlooks
the impact of the viscoelasticity and gravity on LCE fibers, which should be considered in
experimental studies. The proposed method of controlling motion through self-oscillation
indicates significant advantages, such as integrated sensors and actuators, wireless control,
adjustable size, and high energy efficiency. These findings provide guidance for potential
applications in the fields of actuators, soft robotics and energy harvesting.

Supplementary Materials: The following supporting information can be downloaded at: https://www.
mdpi.com/article/10.3390/math12091322/s1, Movie S1: Two motion regimes for the automobile;
Movie S2: Effect of the light intensity; Movie S3: Effect of the spring constant; Movie S4: Effect of the
wheel radius; Movie S5: Effect of the contraction coefficient; Movie S6: Effect of the distance from
fixed end to wheel center; Movie S7: Effect of the rolling resistance coefficient; Movie S8: Effect of the
initial velocity.
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