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Abstract: In a steel-concrete composite beam (hereafter referred to as a composite beam), partial
interaction between the concrete slab and the steel beam results in an appreciable increase in the beam
deflections relative to full interaction behavior. Moreover, the distribution type of the shear connectors
has a great impact on the degree of the composite action between the two components of the beam.
To reveal the effect of shear connector layout in the performance of composite beams, on the basis
of a developed one-dimensional composite beam element validated by the closed-form precision
solutions and experimental results, this paper optimizes the layout of shear connectors in composite
beams with partial interaction by adopting a stepwise uniform distribution of shear connectors to
approximate the triangular distribution of the shear connector density without increasing the total
number of shear connectors. Based on a comparison of all the different types of stepped rectangles
distribution, this paper finally suggests the 3-stepped rectangles distribution of shear connectors as
a reasonable and applicable optimal method.

Keywords: composite beam element; element stiffness matrix; partial interaction; shear connectors;
interface slip; stepwise uniform distribution

1. Introduction

The most common composite constructions in buildings, bridges and other large span structures
are steel-concrete composite beams due to their virtues, such as high strength, high stiffness and
good ductility. A steel beam is connected to a concrete slab using shear connectors so that they
act compositely. In consideration of composite action between the steel beam and the concrete slab,
shear connectors are arranged at the interface between the steel beam and the concrete slab of composite
beams, and these transfer the transverse shear stress from one component to the other, thus leading to
composite action.

For a composite beam with full interaction between the concrete slab and the steel beam, there is
no relative slip at the interface. Full interaction is achieved when there is a sufficient quantity of shear
connectors in the composite beam for additional shear connectors to have no impact on calculating
the beam strength. Full interaction in composite beams is desirable, because the deflection and slip
are lower in these cases than in cases with partial interaction under normal service load, even under
extreme conditions such as fire [1]. However, it may not always be possible or essential to have full
interaction. For instance, the number of shear connectors required to achieve full interaction may be so
great that there are difficulties in arranging them in the beam (e.g., cost, labor), or the applied load
on the beam could be safely supported with fewer shear connectors than would be required by full
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interaction. Furthermore, full interaction cannot be obtained in practice because of the deformability of
shear connectors. As a result, partial interaction is observed in most composite beams either due to the
limitation of the number of shear connectors that the top flange of steel beam can accommodate, or for
an optimal design. Compared to a composite beam with full interaction, a composite beam with partial
interaction has a greater deflection, since interface slip will reduce the composite action and stiffness
of composite beams. It is therefore unsafe to overlook the impact of interface slip on the deflection of
composite beams with partial interaction [2–4]; even for a full composite beam, the impact of interface
slip may lead to a stiffness decrease of up to 17% for short span composite beams [5]. The decrease in
stiffness could be owing to the fact that the shear connectors are deformable, allowing some interface
slip or a reduction of the interaction between the concrete slab and the steel beam, even though their
strength is adequate for full interaction [6]. Thus, it is increasingly important to decrease interface slip
in order to improve the composite effects and reduce the deflection of composite beams.

In view of the concept of full interaction, the most direct way to reduce the interface slip of
composite beams with partial interaction is to increase the number of shear connectors at the interface
between the two components of the composite beam. In this case, although the interface slip is
decreased, the number of shear connectors may be so great that there are difficulties in arranging them
in the composite beam. Because of the limitation of the amount of shear connectors that the top flange
of steel beam can accommodate, to reduce the interface slip, some scholars have proposed optimal
methods of shear connector distribution in recent years, as opposed to the uniform distribution of
shear connectors, as is adopted in most of practical composite beams, since this type of distribution
can reduce interface slip to some extent. Jasim [7] proposed a precise solution for the deflection of
composite beams with a triangular distribution of connectors along the span. The results indicate that
the number of shear connectors may be too great to be accommodated at the region of the supports,
although the stiffness of the composite beam was increased. The same triangular distribution of
shear connectors was also employed by Wang and Dong [8] to derive the expressions of interface
slip. Even though the triangular distribution can effectively cut down the interface slip, the method
is too complicated to be applied in practical engineering. Simultaneously, Wang et al. [9] presented
an analytical solution for the interface slip of composite beams through stepwise distribution of
connectors, although this distribution was inconvenient for application in practical engineering, since
it needs to be resolved anew for each load case. These research results show that the distribution type of
the shear connectors has a significant impact on the interface slip of composite beams. Despite the fact
that the triangular distribution and stepwise distribution of shear connectors can reduce interface slips,
it may be inconvenient to apply them in practice, as mentioned above. Furthermore, their application
was restricted to simple load cases only (i.e., uniformly distributed load or point load at mid-span),
because no analytical solutions were provided for composite beams with more than two distribution
types under other complicated load cases.

With the progress in the development of computing tools and computers, finite element methods
have become a powerful and useful tool for the analysis of a wide range of engineering problems,
since they are convenient and universal in terms of dealing with any combination of loading
and constraint conditions. Thus, lots of one-dimensional, two-dimensional and three-dimensional
finite element models have been developed for the finite element analysis of composite beams.
Two-dimensional and three-dimensional composite beam elements have been used quite often in
previous studies [10–15] for the finite element analysis of composite beams. Although these element
models can generally generate more precise and accurate models than one-dimensional element
models, they are much more complex, and require more time and resources than one-dimensional
element models. On account of this, a great many scholars have studied this issue, and lots of
one-dimensional composite beam element models have been proposed for the finite element analysis
of composite beams [16–19]. This research has only concentrated upon the description and verification
of the corresponding finite element models, but these finite element models have not been utilized
to study in detail either the impact of the distribution type of shear connectors on the interface slip,
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or other aspects of the system behavior. In addition, these works adopted the continuous bond model
for interface connection, but in practical engineering, the two components of composite beams are
often connected in a discrete way by means of shear connectors.

With the help of the finite element method, this paper proposes an optimal layout method for
shear connectors that adopts a stepwise uniform distribution of shear connectors, i.e., 2-stepped
rectangular distribution, 3-stepped rectangular distribution and 5-stepped rectangular distribution,
in order to approximate a triangular distribution [7]. A one-dimensional composite element model with
discrete shear connectors is developed for the finite element analysis of composite beams. A composite
beam element model with 4 degrees of freedom per node is constructed in accordance with the
Euler-Bernoulli theory, and the corresponding element stiffness matrix is derived by utilizing the
total potential energy method and considering the effect of interface slip. After being validated by
comparing the results obtained from the developed element with those of the closed-form solutions
and experimental results, the developed element is applied to analyze the impact of distribution type
of shear connectors on the interface slip. On the basis of the numerical results, an optimal layout
method for shear connectors is proposed for simply supported composite beams under four different
types of load without increasing the total number of shear connectors.

The rest of the paper is divided into four main sections. First, on the basis of the Euler-Bernoulli
theory, the composite beam element is constructed, and this is followed by a validation study
using finite element analysis and the results of closed-form solutions and experiments. Afterwards,
the problem of how to obtain an optimal layout method based on the developed element is discussed.
Finally, some conclusive remarks are summarized.

2. Finite Element Model

2.1. Model Assumptions

Previous experimental data and numerical studies [20,21] have been conducted, in which,
for calculating deflection under service load, composite beams are usually modeled elastically because
the steel beam is in the elastic stage and the concrete slab is being subjected to low stress levels.
Elastic analysis is thus used in this paper, and the following five assumptions are utilized to derive the
element stiffness matrix for composite beams.

(1) Both the concrete slab and the steel beam are assumed to obey the Euler-Bernoulli theory;
(2) Concrete and steel are regarded as linear elastic materials, while cracks occurring in the

concrete slabs are neglected, and the influence of steel bars in the concrete slab is neglected;
(3) No vertical separation occurs at the interface between the two components of the composite

beams, but longitudinal slip exists at the interface;
(4) Shear connectors are distributed discretely at the interface of the composite beams;
(5) The transverse shear flow at the interface is proportional to the interface slip.

2.2. Simplification of Shear Connectors for a Composite Beam Element Model

In the composite beam element model, the distance between any two adjacent shear connectors in
a series that is uniformly arranged along the length of the element is generally not equal to the length
of element. Therefore, it is essential to simplify the shear connectors of the composite beam element
through the use of two springs, which are placed at the two ends of the element, respectively, as shown
in Figure 1.
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where k is the shear stiffness of a single shear connector, L(e) is the length of the element model, and a is
the distance between adjacent shear connectors.

2.3. Displacement and Strain Representation

In terms of Assumption 3 in Section 2.1, both the concrete slab and the steel beam have the same
transverse displacement w(e) and normal rotation θ(e) at each node of the element, but they could
have different axial displacements. Consequently, longitudinal slip s(e) exists at the interface between
the concrete slab and the steel beam; however, interface slip s(e) is relative to the axial displacement[
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Based on Figure 2, the expression of the nodal displacement vector of the composite beam element
model can be presented as:

a(e) =
[
u(e)

cl , u(e)
sl , w(e)

l , θ
(e)
l , u(e)

cr , u(e)
sr , w(e)

r , θ
(e)
r

]T
(2)

in which the subscripts l and r represent the left node and the right node of the composite beam
element, respectively.
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As shown in Figure 2, the expression of the axial displacement u(e)
c (x, z) at any point on the

cross-section of the concrete slab can be written as

u(e)
c (x, z) = u(e)

c (x)− zc·θ(e)(x) (3)

Similarly, the expression of the axial displacement u(e)
s (x, z) at any point on the cross-section of

the steel beam can be written as

u(e)
s (x, z) = u(e)

s (x)− zs·θ(e)(x) (4)

At the same time, the interface slip s(e) between the concrete slab and the steel beam of the
composite beam element model can be expressed as

s(e) =
(

u(e)
c

)
zc=

−hc
2

−
(

u(e)
s

)
zs=

hs
2

= u(e)
c − u(e)

s + θ(e)·d (5)

where d = (hc + hs)/2.
Therefore, the interface slip of the left node sl

(e) and the interface slip of the right node sr
(e) can be

expressed as

s(e)l = u(e)
cl − u(e)

sl + θ
(e)
l ·d = [1,−1, 0, d, 0, 0, 0, 0]·a(e) =

[
B(e)

kl

]T
·a(e) (6)

s(e)r = u(e)
cr − u(e)

sr + θ
(e)
r ·d = [0, 0, 0, 0, 1,−1, 0, d]·a(e) =

[
B(e)

kr

]T
·a(e) (7)

where
[
B(e)

kl

]T
and

[
B(e)

kr

]T
are the slip-displacement matrices.

Generally, small deflection theory is employed, and then the strain-displacement relationships on
the cross-section of the concrete slab and the steel beam can be written as,

ε
(e)
c (x) =

du(e)
c

dx
=

du(e)
c

dx
− zc

dθ(e)

dx
=

du(e)
c

dx
− zc

d2w(e)

dx2 (8)

ε
(e)
s (x) =

du(e)
s

dx
=

du(e)
s

dx
− zs

dθ(e)

dx
=

du(e)
s

dx
− zs

d2w(e)

dx2 (9)

In view of Assumption 1 in Section 2.1, it is reasonable to consider the two components of
composite beams separately, as a Euler-Bernoulli beam. Employing the Euler-Bernoulli beam theory,
it is reasonable to neglect the cross-sectional shear deformation. In this paper, the axial displacement
u(e)

c or u(e)
s is interpolated by using the linear Lagrangian function, and the transversal displacement w

is interpolated by using the cubic Hermitian interpolation function.

(1) Function of axial displacement

The axial displacement u(e)
c or u(e)

s (as shown in Figure 2) at any point along the length of the
composite beam element can be expressed in a general form by adopting the dimensionless coordinate
system as

u(ξ)(e) =
[

N(ξ)
(e)
1 , N(ξ)

(e)
2

] [ u(e)
l

u(e)
r

]
(10)

in which the shape function vector
[

N(ξ)
(e)
1 , N(ξ)

(e)
2

]
= [1 − ξ/2, 1 + ξ/2].

Therefore, the axial displacement u(e)
c or u(e)

s can be written as u(ξ)(e)c =
[

N(ξ)
(e)
1 , N(ξ)

(e)
2

][
u(e)

cl , u(e)
cr

]T

u(ξ)(e)s =
[

N(ξ)
(e)
1 , N(ξ)

(e)
2

][
u(e)

sl , u(e)
sr

]T (11)
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The axial strain-displacement relationship can be represented as

du(e)(ξ)

dξ
=

[(
dN1

dξ

)(e)
,
(

dN2

dξ

)(e)
] [

u(e)
l

u(e)
r

]
=

[
−1

2
,

1
2

] [
u(e)

l
u(e)

r

]
(12)

and the relationship between absolute coordinates and relative coordinates is{
x = L(e)

2 (1 + ξ)

dx = L(e)

2 dξ
(13)

Thus, the axial strain-displacement relationship for the concrete slab and the steel beam in absolute
coordinates can be given as 

du(e)
c (x)
dx =

[
− 1

L(e) , 1
L(e)

] [ u(e)
cl

u(e)
cr

]
du(e)

s (x)
dx =

[
− 1

L(e) , 1
L(e)

] [ u(e)
sl

u(e)
sr

] (14)

(2) Function of deflection

The deflection w(e)(x) (as shown in Figure 2) at any point along the length of the composite beam
element can be written by utilizing the dimensionless coordinate system as

w(e)(ξ) =
[

N(e)
bi (ξ)

]T
·a(e)

b (15)

in which
a(e)

b =
[
w(e)

l , θ
(e)
l , w(e)

r , θ
(e)
r

]T
(16)

N(e)
bi (ξ) =


N(e)

3 (ξ) = (2 − 3ξ + ξ3)/4

N(e)
3 (ξ) = (1 − ξ − ξ2 + ξ3)/4

N(e)
4 (ξ) = (2 + 3ξ − ξ3)/4

N(e)
4 (ξ) = (−1 − ξ + ξ2 + ξ3)/4

(17)

and the relationship between absolute coordinates and relative coordinates is

(
d2w
dx2

)(e)

=
4(

L(e)
)2

(
d2w
dξ2

)(e)

(18)

Thus, the curvature at any point along the length of the composite element can be written by
using the coordinate transformation as

d2w(e)

dx2 = 4
(L(e))

2

[
d2 N(e)

3
dx2 , d2 N(e)

3
dx2 · L(e)

2 , d2 N(e)
4

dx2 , d2 N(e)
4

dx2 · L(e)

2

]
·a(e)

b =[
6ξ

(L(e))
2 , −1+3ξ

L(e) , −6ξ

(L(e))
2 , 1+3ξ

L(e)

]
·a(e)

b =
[

B(e)
1 , B(e)

2 , B(e)
3 , B(e)

4

]
·a(e)

b =
[
B(e)

]T
·a(e)

b

(19)

where
[
B(e)

]T
is the longitudinal curvature-displacement matrix.
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Thus, the axial strain at any point of cross-section of the concrete slab ε
(e)
c can be written by

substituting Equations (14) and (19) into Equation (8) as

ε
(e)
c (x) = du(e)

c (x)
dx = du(e)

c
dx − zc

d2w(e)

dx2 =[
− 1

L(e) , 0, zc
−6ξ

(L(e))
2 , zc

1−3ξ

L(e) , 1
L(e) , 0, zc

6ξ

(L(e))
2 , zc

−1−3ξ

L(e)

]
·a(e)

=
[
B(e)

c

]T
·a(e)

(20)

where
[
B(e)

c

]T
is the axial strain-displacement matrix for concrete slab.

Similarly, the axial strains at any point of the cross-section of the steel beam ε
(e)
s can be obtained

by substituting Equations (14) and (19) into Equation (9) as

ε
(e)
s (x) = du(e)

s (x)
dx = du(e)

s
dx − zs

dθ(e)

dx =[
0, − 1

L(e) , zs
−6ξ

(L(e))
2 , zs

1−3ξ

L(e) , 0, 1
L(e) , zs

6ξ

(L(e))
2 , zs

−1−3ξ

L(e)

]
·a(e)

=
[
B(e)

s

]T
·a(e)

(21)

where
[
B(e)

s

]T
is the axial strain-displacement matrix for the steel beam.

2.4. Composite Beam Element Stiffness Matrix Evaluation

When a composite beam of length L is subjected to a uniformly distributed load q, the contribution
to the total potential energy I from element (e) of length L(e) can be expressed as

I(e) = I(e)c + I(e)s + I(e)k −
∫

L(e)
q(e)w(e)dx (22)

where 
I(e)c = 1

2

∫
vc(e) σ

(e)
c ε

(e)
c dv

I(e)s = 1
2

∫
vs(e) σ

(e)
s ε

(e)
s dv

I(e)k = 1
2 K(e)

T ·s(e)l

2
+ 1

2 K(e)
T ·s(e)r

2
(23)

The stress-strain relationships for an isotropic elastic material and the load-displacement
relationships, using Hooke’s law to represent the springs, can be written as

σc = Ecεc

σs = Esεs

TKl = K(e)
T sl

TKr = K(e)
T sr

(24)
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Substituting Equations (1), (6), (7), (20), (21) and (24) into Equation (22), the total potential energy
equation for element (e) can also be written as

I(e) = 1
2

∫
vc(e) Ecε

(e)
c

2
dv + 1

2

∫
vs(e) Esε

(e)
s

2
dv + 1

2 K(e)
T ·s(e)l

2
+ 1

2 K(e)
T ·s(e)r

2
−
∫

L(e) qw(e)dx

= 1
2

∫
vc(e)

[
a(e)

]T[
B(e)

c

]
Ec

[
B(e)

c

]T
a(e)dv + 1

2

∫
vs(e)

[
a(e)

]T[
B(e)

s

]
Es

[
B(e)

s

]T
a(e)dv+

1
2

[
a(e)

]T[
B(e)

kl

]
K(e)

T

[
B(e)

kl

]T
a(e) + 1

2

[
a(e)

]T[
B(e)

kr

]
K(e)

T

[
B(e)

kr

]T
a(e) −

∫ 1
−1

[
B(e)

b

]
q L(e)

2 dξ

= 1
2

[
a(e)

]T
K(e)

c a(e) + 1
2

[
a(e)

]T
K(e)

s a(e) + 1
2

[
a(e)

]T
K(e)

Tl a(e) + 1
2

[
a(e)

]T
K(e)

Tr a(e) −
∫ 1
−1

[
B(e)

b

]
q L(e)

2 dξ

= 1
2

[
a(e)

]T
K(e)a(e) − f

(25)
in which

K(e) = K(e)
c + K(e)

s + K(e)
Tl + K(e)

Tr{
B(e)

b

}
=
[
0, 0, N(e)

3 (ξ), N(e)
3 (ξ), 0, 0, N(e)

4 (ξ), N(e)
4 (ξ)

]T

K(e)
c =

∫ 1
−1

[
B(e)

c

]
(EA)(e)c

[
B(e)

c

]T L(e)

2 dξ

K(e)
s =

∫ 1
−1

[
B(e)

s

]
(EA)(e)s

[
B(e)

s

]T L(e)

2 dξ

K(e)
Tl =

[
B(e)

kl

]
·K(e)

T ·
[
B(e)

kl

]T

K(e)
Tr =

[
B(e)

kr

]
·K(e)

T ·
[
B(e)

kr

]T

f =
∫ 1
−1

[
B(e)

b

]
q L(e)

2 dξ

(26)

Therefore, the element stiffness matrix K(e)[8×8] for a composite beam element can be written in
a symmetric form as follows



(EA)(e)c
L(e) + K(e)

T −K(e)
T 0 −(ES)(e)c

L(e) + K(e)
T d − (EA)(e)c

L(e) 0 0 (ES)(e)c
L(e)

(EA)(e)s
L(e) + K(e)

T 0 −(ES)(e)s
L(e) − K(e)

T d 0 − (EA)(e)s
L(e) 0 (ES)(e)s

L(e)

12(EI)(e)c
L(e)3 +

12(EI)(e)s
L(e)3

6(EI)(e)c
L(e)2 +

6(EI)(e)s
L(e)2 0 0 − 12(EI)(e)c

L(e)3 − 12(EI)(e)s
L(e)3

6(EI)(e)c
L(e)2 +

6(EI)(e)s
L(e)2

4(EI)(e)c
L(e) +

4(EI)(e)s
L(e) + K(e)

T d2 (ES)(e)c
L(e)

(ES)(e)s
L(e)

6(EI)(e)c
L(e)2 − 6(EI)(e)s

L(e)2
2(EI)(e)c

L(e) +
2(EI)(e)s

L(e)

(EA)(e)c
L(e) + K(e)

T −K(e)
T 0 −(ES)(e)c

L(e) + K(e)
T d

symmetric (EA)(e)s
L(e) + K(e)

T 0 −(ES)(e)s
L(e) − K(e)

T d
12(EI)(e)c

L(e)3 +
12(EI)(e)s

L(e)3 − 6(EI)(e)c
L(e)2 − 6(EI)(e)s

L(e)2

4(EI)(e)c
L(e) +

4(EI)(e)s
L(e) + K(e)

T d2



(27)

3. Validation of the Composite Beam Element Model

In this section, a finite element program is developed on the basis of the element stiffness matrix
of the proposed composite beam element model that was established in the above section.

The developed element is verified by comparing it against previous experimental data [22,23],
and also against the closed-form solution [24].

3.1. Comparison with Experimental Results

In this section, the developed composite beam element model is employed to calculate the
maximum deflection of the simply supported composite beam employed by Wang et al. [22,23],
and the numerical results are compared with the corresponding experimental results. In the simulation,
the simply supported composite beam is modeled using twenty-one elements. The geometric
characteristics and the material properties of the simply supported beam with uniformly distributed
shear connectors are shown in Figure 3. The comparison between the load-deflection curve of the
numerical results and that of the experimental results is shown in Figure 4. In Figure 4, a good
agreement can be observed between the numerical results and the experimental data in the elastic
stage. However, the cross-section enters an elastic-plastic state when the applied load is greater than
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250kN, and the difference between the numerical results and the experimental data becomes greater
and greater. In other words, the proposed element model is not applicable to the final stage of loading.
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3.2. Comparison with the Closed-Form Solutions

For the sake of demonstrating that the developed element model can be used to simulate
composite beams with both full and partial interaction, the deflection and interface slip are analyzed
for a simply supported composite beam with a shear connector distance a of 250 mm by using the
composite beam element. A comparison is made between the results obtained using the developed
element model and values of existing closed-form solutions [24]. To obtain as many results as possible
for the deflection and the interface slip on the composite beam in order to compare them with the
results of the closed-form solutions, the beam is modeled using twenty elements. The same simply
supported composite beam is analyzed under two different loads (a uniformly distributed load and
a point load). The applied loads on the composite beam, the sectional size, and the corresponding
elastic material parameters can be seen in Figure 5. Furthermore, a simply supported composite beam
have different values for the stiffness of shear connector k is considered in the comparison, and full



Appl. Sci. 2019, 9, 207 10 of 17

interaction is reached when k is 1.0 × 108 N/mm. The corresponding results obtained, as well as the
related parameters, are shown in Table 1.

It can be found from Table 1 that, for different types of load and shear connection degrees,
the maximum absolute value of relative error is only 0.46%, indicating a good agreement. This indicates
that the results calculated by the proposed element model are close to those of the closed-form solutions;
therefore, the proposed element model is sufficiently accurate and stable for the numerical analysis of
composite beams.
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Table 1. Comparison of maximum deflection and the interface slip of the beam end for two types
of load.
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w s w s w s w s w s w s
Numerial result

(mm) −37.26 2.10 −29.86 0.95 −24.04 0.00 −24.08 1.18 −19.34 0.50 −15.40 0.00

Closed result
(mm) −37.24 2.10 −29.80 0.95 −23.96 0.00 −24.06 1.18 −19.30 0.50 −15.33 0.00

Relative error
(%) 0.05 0 0.20 0 0.33 0 0.08 0.14 0.21 0 0.46 0

It can also be found that, with regard to both the evenly distributed load case and the point load
case, (1) the maximum deflections occur at the mid-span of the beams, and the values of deflection
decrease with increasing values of shear connector stiffness; and (2) the maximum interface slips take
place at the end of beams; moreover, the slip values increase with decreasing values of shear connector
stiffness. This is because of the degree of shear connection, whereby shear connectors with a high
degree of connector stiffness are able to resist interface slip and deflection very well. From Table 1, it can
be observed that full interaction is achieved between the two components of the composite beam when
the stiffness value of a shear connector k reaches 1.0e8 N/mm. The comparison of maximum deflection
between partial interaction and full interaction for the two types of load can be seen in Table 2.

Table 2. Comparison of maximum deflection between partial connection and full connection for the
composite beam.

Load Types k=3.46 × 104 N/mm
w1 (mm)

k=1.0 × 108 N/mm
w2 (mm)

(w1 − w2)/w1
(%)

Uniformly distributed −37.26 −24.08 35.37
Point −24.04 −15.40 35.94
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As shown in Table 2, when the value of connector stiffness increases from 3.46e4 N/mm to
1.0e8 N/mm, i.e., from partial interaction to full interaction, the maximum deflection at the mid-span
of the beam decreases by 35.37% or so in the case of a uniformly distributed load; meanwhile,
the maximum deflection decreases by as much as 35.94% in the point load case. In addition, it can
be seen that the deflection and interface slip of the composite beam decreases with increasing values
of stiffness of a shear connector k for the same composite beam. On the other hand, slip exists at
the interface between the two components of the composite beams because of the partial interaction,
thus affecting the deformation capacity of the composite beam. Therefore, interface slip has a great
influence on deflection. Nevertheless, a great number of composite beams employ partial interaction,
since slip always exists at the interface between the concrete slab and the steel beam of a composite
beam. As a consequence, it is unsafe to ignore the existing interface slip of a composite beam with
partial interaction; in other words, interface slip should be considered in deflection analysis.

4. Optimal Layout for Shear Connectors

4.1. Uniformly Distributed Shear Connectors

In most of practical composite beams, the shear connectors are uniformly distributed along
the beam, since this type of distribution reduces the interface slip to some extent, and it is also
convenient to construct. To reveal the disadvantages of this approach, a composite beam with uniformly
distributed shear connectors is investigated with regard to the distribution of the interface slip along
the longitudinal direction of beam. Four different types of load (as shown in Figure 6) are applied
to a simply supported composite beam with partial interaction, i.e., stiffness of shear connector
k = 3.46 × 104 N/mm and connector distance a = 200 mm. The shear force diagrams of the four load
cases are shown in Figure 6, and the cross-section size and material parameters of the composite beam
are the same as those given in Figure 5. Because it is symmetrical, only one-half of the composite beam
is studied, and the results for the interface slip of the half-span beam under four different load cases
are depicted in Figure 7.Appl. Sci. 2019, 9, x 12 of 18 
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As can be observed in Figure 6, the distribution of the cross-sectional shear force along the
beam becomes increasingly uneven from the first type of load to the fourth type of load. It is known
from Liu [25] that the distribution of shear flow v at the interface is the same as the distribution of
cross-sectional shear force V along the beam in terms of ν = VSz/Iz, as shown in Figure 8, in which
α = Sz/Iz is a constant value for a given cross-section. Meanwhile, according to Assumption 5 in
Section 2.1, the distribution of interface slip is similar to the distribution of shear flow at the interface.
Thus, the distribution of interface slip is similar to the distribution of cross-sectional shear force.
For this reason, with the increasingly uneven distribution of cross-sectional shear force along the
beam from the first type of load to the fourth type of load, a more uneven distribution of interface
slip occurs, as can be seen in Figure 7. For example, the fourth type of load (in Figure 6) is an extreme
case, in which the maximum cross-sectional shear force occurs at the two ends of the beam and the
cross-sectional shear force is at its minimum at mid-span. Correspondingly, the distribution of interface
slip is the most uneven, as shown in Figure 7 and Table 3. Essentially, the role of the shear connectors
is to resist interface slip. Therefore, for cases of uneven distribution of shear force, the number of shear
connectors in the mid-span region is too great to be utilized fully, while the number of shear connectors
in the region of the supports is not sufficient to resist the interface slip. Nevertheless, the shear force
varies along the beam for most load cases. Therefore, uniform distribution may not be the best way to
distribute shear connectors.

Table 3. Comparison of maximum slip at the end of the beam under four load cases.

Load Types I II III IV

Maximum slip smax (mm) 1.31 1.62 1.90 2.11
smax/smaxI 1.0 1.24 1.45 1.61
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4.2. Stepwise Uniform Distribution for Shear Connectors

As can be seen from the above section, the uniform distribution of shear connectors has its own
disadvantages. The stiffness of the shear connectors in the mid-span region is not being fully utilized to
reduce interface slip. However, interface slip has a significant influence on deflection, as described in
Section 3, so it is increasingly important to reduce interface slip in order to improve the composite action
and reduce the deflection of composite beams. It was made known by Wang and Dong [8] that the
distribution of interface slip is directly related to the distribution of shear connector density. Although
the beam can effectively reduce the interface slip under a triangular distribution of shear connector
density [8], such a distribution of shear connectors is inconvenient for engineering applications,
since each connector has a different stiffness along the half-span. As can be observed in Table 1,
the interface slip along the beam is equal to zero when the two components of the composite beam
achieve full interaction. Therefore, the most direct and effective way to reduce the interface slip of
composite beams with partial interaction is to increase the stiffness of shear connectors in the regions
with the largest interface slip. For the purpose of achieving this goal, there are three different ways
of increasing the stiffness: (1) an increase in the number of shear connectors; (2) an increase in the
stiffness value of every shear connector; and (3) adopting a stepwise uniform distribution for shear
connectors without increasing the total number of shear connectors. The first two methods have
their own deficiencies, not only with regard to the stiffness of shear connectors being incompletely
utilized at the mid-span, but also with respect to the increase of cost. Furthermore, it is increasingly
difficult to accommodate the shear connectors in the beam when the total number of shear connectors
increases. Therefore, this paper will adopt the third method for the developed composite beam element,
which is to rearrange the shear connectors to achieve an optimal layout without increasing the total
number of shear connectors. The optimal layout method adopts a stepwise uniform distribution
of shear connectors—namely, 2-stepped rectangles, 3-stepped rectangles and 5-stepped rectangles
(as shown in Figure 9)—to approximate the triangular distribution of shear connector density along
the beam [6]. For the purpose of effectively utilizing the shear connectors and reducing the interface
slip, a greater number of shear connectors are distributed in the region of the beam ends, and a lower
number of shear connectors are distributed in the mid-span region. Meanwhile, the total number of
shear connectors is assumed to remain constant before and after redistribution. The efficiency of the
proposed connector layout method is evaluated by comparing the interface slip before and after the
redistribution. The comparison is performed on a simply supported composite beam with partial
interaction, i.e., with the stiffness value of a shear connector k = 3.46 × 104 N/mm. The loads applied
on the composite beam are shown in Figure 6, and the cross-sectional size and corresponding elastic
material parameters are the same as those shown in Figure 5. Figure 9 shows the redistribution of the
shear connectors along the composite beam, which is divided into 20 elements based on a distribution
using different stepped rectangles. The slip distribution curves obtained by using different types of
distribution for the shear connectors are compared in Figure 10a–d. The corresponding slips of the
composite beam end are shown in Table 4.
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Table 4. Comparison of beam end interface slip under four load cases.

Load Types I II III IV

Uniformly slip s1 (mm) 1.31 1.62 1.90 2.11
2-stepped rectangles slip s2 (mm) 1.12 1.40 1.63 1.83
3-stepped rectangles slip s3 (mm) 1.02 1.27 1.49 1.66
5-stepped rectangles slip s4 (mm) 0.94 1.17 1.37 1.52

(s1 − s2)/ s1 (%) 14.17 13.33 13.95 13.47
(s1 − s3)/ s1 (%) 21.59 21.48 21.33 21.53
(s1 − s4)/ s1 (%) 27.96 27.96 27.65 28.02

It can be observed from Figure 10a–d and Table 4 that, with an increase in the number of stepped
rectangles, the interface slip of the beam end decreases. When adopting a 2-stepped rectangle distribution,
the interface slip of the beam end decreases by 14.17% for the four kinds of load, while the interface slip
decreases by 21.59% for the 3-stepped rectangle distribution, and the interface slip decreases drastically,
by 28.02%, for the 5-stepped rectangle distribution. Nevertheless, it can be clearly seen from Figure 10a
that the location at which maximum interface slip occurs gradually moves from the beam end toward the
mid-span when using the 5-stepped rectangle distribution method, and this phenomenon is also apparent
in Figure 10b. The main reason for this is that cross-sectional shear force is uniformly distributed along
the composite beams for the first type of load and is relatively evenly distributed along the beam for
the second type of load; but compared with the 3-stepped rectangle distribution, the 5-stepped rectangle
distribution results in several too many shear connectors concentrated at the two ends of the beam. In this
way, the number of shear connectors in the region close to the mid-span is too small to resist interface
slip, leading to the movement of the maximum interface slip from either end of the beam towards the
mid-span. However, the 3-stepped rectangle distribution facilitates application in practice, because this
type of distribution has fewer segments than the 5-stepped rectangle distribution, and, most importantly,
the 3-stepped rectangle distribution method is able to effectively decrease the interface slip. For these
reasons, it is reasonable to select the 3-stepped rectangle distribution method as an optimal layout method
for the stepwise uniform distribution of shear connectors.
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4.3. Effect of Shear Connector Distribution on Deflection

As described in Section 3, the deflection of composite beams decreases with the decrease in interface
slip. From Section 4.2, we can get that the interface slip is decreased by using different redistributions
of shear connectors. The corresponding maximum deflections along the beam under different stepped
rectangle distributions of shear connectors (as shown in Figure 9) are shown in Table 5. As shown in
Table 5, the 2-stepped rectangle distribution method can reduce the maximum deflection along the beam by
3.18% for the four kinds of load. Meanwhile, the 3-stepped rectangle distribution method is able to reduce
the maximum deflection by 4.88%, and the 5-stepped rectangle distribution method is able to reduce the
maximum deflection by 6.35%. However, it is not necessary to increase the total number of shear connectors.
In other words, the proposed connector layout method can enlarge the service space without increasing
the construction cost; furthermore, it can decrease the interface slip and deflection of composite beams,
and increase the composite effect and stiffness of composite beams.

Table 5. Comparison of maximum deflection under four load cases.

Load Types I II III IV

Uniformly deflection w1 (mm) −31.35 −36.54 −38.75 −41.75
2-stepped rectangles deflection w2 (mm) −30.56 −35.84 −37.51 −40.67
3-stepped rectangles deflection w3 (mm) −30.17 −35.10 −36.92 −39.71
5-stepped rectangles deflection w4 (mm) −29.87 −34.66 −36.43 −39.10

(w1 − w2)/w1 (%) 2.51 1.93 3.18 2.57
(w1 − w3)/w1 (%) 3.75 3.95 4.72 4.88
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5. Conclusions

This paper proposes an optimal layout method of shear connectors for a steel-concrete composite
beam with interface slip that is based on a one-dimensional composite beam element model.
The proposed composite beam element model consists of two beam components, which are considered
to be a Euler-Bernoulli beam, and the corresponding element stiffness matrix is derived by adopting
the total potential energy method. After the efficiency of the developed element is validated by
comparisons with experimental data and closed-form solutions, we arrive at an optimal layout method
for the uniform distribution of shear connectors based on the developed element. The main conclusions
drawn from this study can be summarized as follows:

(1) The proposed composite beam element model is a unified formulation and is applicable to
any complex load conditions, particularly cases with an arbitrary stiffness and arbitrary distribution
of shear connectors. The results obtained using the developed program are in good agreement
with experimental data in the elastic stage, and are also in good agreement with those of
closed-form solutions.

(2) Compared to the uniform distribution method, the proposed connector layout method can
effectively decrease the interface slip and deflection of composite beams and increase the composite
effect and stiffness without increasing the number of shear connectors.

(3) Based on the developed composite beam element model, the proposed connector layout
method can be applied under arbitrary load conditions, and the type of distribution does not need to
be determined afresh for different load cases.

(4) The 3-stepped rectangle distribution method is an optimal layout for the shear connectors of
composite beams, since the distribution type of the shear connectors can not only decrease the interface
slip and deflection, but will also clearly never result in the locations at which maximum interface slip
occurs moving from the beam ends toward the mid-span.

However, the developed composite element model was verified only by using the experimental
data and closed-form solutions provided in the paper, and the proposed connector layout method is
applied to a simply supported beam. In the future, further numerical simulations and experimental
research need to be conducted to verify the developed element model and to confirm the efficiency of
the proposed connector layout method.
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