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Abstract: The golden ratio and the Fibonacci sequence (F;) are well known, as is the fact that the

. F
ratio —+1

converges to the golden ratio for sufficiently large n. In this paper, we investigate the
metallic ratio—a generalized version of the golden ratio—of pulsating Fibonacci sequences in three
forms. Two of these forms are considered in the sense of pulsating recurrence relations, and their
diagrams can be represented by symmetry, which is one of their distinguishing characteristics. The
third form is the Fibonacci sequence in bipolar quantum linear algebra (BQLA), which also pulsates.

Keywords: pulsating Fibonacci sequence; bipolar Fibonacci sequence; golden ratio; metallic ratio;
bipolar quantum linear algebra; mathematical induction
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1. Introduction

One of the most well-known sequences in the world is the Fibonacci sequence,
Fy42 = Fy41 + Fy, for any n > 0 with initial conditions Fy = 0 and F; = 1. This sequence
has been studied for a long time and has been explored in many fields. It can be found in a
variety of mathematical fields, such as abstract algebra and number theory. For example,
in 1986, H.J. Wilcox [1] established the Fibonacci sequence in a finite abelian group with in-
spiration from D.D. Wall [2] and A.P. Shah [3]. Both of them studied the Fibonacci sequence
together with modulo some fixed integer m. In 1990, S.W. Knox [4] (in the spirit of [1-3])
considered the k-nacci sequence of a finite group. The development along this route has
continued. In 2003, E. Ozkan et al. [5] provided some results with the Wall number of the
ordinary three-step Fibonacci sequence (s;;) in a nilpotent group with nilpotency class 4
and exponent p for a prime number p > 3, defined by

Sn+3 = Sp+2 + Spu4+1 + Su, 1)

where sg = 51 = 0, and s; = 1. In the same year, R. Dikici and E. Ozkan [6] also studied
a similar sequence (1) with the same initial data in a 3-generator relatively free group in
the variety of nilpotent groups of class 2 and exponent p but in a generalized version as
Sp+3 = ASy4o +bs, 1 +cs, for fixed a, b, ¢ € N. In 2020, the largest Fibonacci number, whose
decimal expansion is of the form ab...bc...c, was found by P. Trojovsky [7]. Moreover,
we can see applications of Fibonacci numbers in applied mathematics and computer
science, as follows. A.F. Nematollahi et al. [8] proposed a new metaheuristic optimization
algorithm known as the golden ratio optimization method (GROM) that uses the golden
ratio of the Fibonacci series to update the solutions in two different phases. This method
is a parameter-free and simple implementation. Furthermore, GROM is very robust,
and almost similar results have been obtained in different trials. F. Caldarola et al. [9]
showed that all the Carboncettus words thus defined are Sturmian words, except in the
case of n = 5, and the limit of the sequence of Carboncettus words is the Carboncettus
limit word itself. These results originate from the Carboncettus octagon, a new geometric
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structure based on Fibonacci numbers which is similar to a regular octagon; see [10].
Furthermore, the Fibonacci sequence has numerous essential applications in diverse fields,
including aesthetic applications, as shown in [11-13] or applications related to cross-branch
testing, including probability theory [14], statistical physics [15], and education [16-18].

In this paper, we combine “the metallic ratio” and “the pulsated Fibonacci sequence”,
which generalize the concepts of the golden ratio and the Fibonacci sequence, respectively.
To the best of our knowledge, this is the first work that provides a study on this topic. We
give the definitions that we use below. The metallic ratio was defined by D. Passoja [12],
in 2015, in the form of a continued fraction expansion. In addition, in 2020, R. Sivaraman [19]
tried to generalize the recurrence relations to produce a more general ratio from which
golden, silver, and bronze ratios follow:

. e Ve g X
For a given positive integer k as o = ¥-VE+4 — jim 21 where
S Xy,

Xn42 = kXpi1 + X, @)

and x; = x; = 1 for each n > 1. Indeed, in 2011, O. Yayenie [20] proposed a new type of
generalized Fibonacci sequence {x,};, which is defined recursively by xg = 0,x; = 1,

ax,_1+x,_» if niseven,
{ bx,_1+x,_o if nisodd,
in the case a = b = k, the above sequence is Sequence (2). For special cases, we have
the golden ratio ® = p; = %(1 +/5), the silver ratio pp = 1+ +/2, and the bronze ratio
03 = %(3 ++/13). In addition, in 1985, the origin of the pulsated Fibonacci sequence was
shown by K.T. Atanassov et al. [21] who introduced a new perspective on the generalization
of the Fibonacci sequence. After this, the generalization of pulsated Fibonacci sequences
has been expressed. For example, in 2013, Atanassov [22] constructed the (a, b)-pulsated
Fibonacci sequence as follows:

and x, = where 4,b € R\{0} and n > 2. Notice that

ag =a,Pfo =10,
A2n+1 = Bont1 = &2 + Bon, 3)
A2n42 = &2 41 + Bon,

Bont2 = Pont1 + &2

where n € Ny and 4,b € R. In the same year, the above sequence was modified by
Atanassov [23], which was called the (a, b, c)-pulsated Fibonacci sequence. The following
year, the (a1, as, ..., ay)-pulsated Fibonacci sequence [24] was introduced and is described
as follows:

1,0 = a1,&2,0 = a2, -, &m0 = Am,
m
X12k+1 = X22k+1 = + -+ = Ay 2k4+1 = Z X2k 4)
i=1

Qjok4+2 = Qjop41 + Qp—jy1,2k

where j, k,m € Ng such that 1 < j < m and ay,a,...,a, € R. In 2019, the complex
pulsating Fibonacci sequence was introduced by S. Halici and A. Karatas [25] and is described
as follows:
Py=a+ci,Qy="b+ci
Re(P,41) = Im(Py),

Re(Qn+1) = Im(Qn),
Im(Pyy11) = Re(Qan) + Im(Pay),
Im(Qan+1) = Re(Pay) + Im(Q2n),
Im(Pyyy2) = Im(Qan2) = Im(Pays1 + Qont1)



Symmetry 2022, 14, 1204

30f18

where n € Ny and 4, b, ¢ € R. Recent types of pulsating Fibonacci sequences were published
in 2021 and 2022. One is referred to as the pulsating (m, c)—Fibonacci sequence [26]. For
real numbers ay,ay, ..., a4, and c, the pulsating (m, ¢)—Fibonacci sequence is defined by

n1,0 = a1,%2,0 = a2,-+., &m0 = Am,
m

K12k+1 = X22k+1 = = Kmok41 = C Z &2k
i=1

m
Kjok+2 = Xjok+1 + 2 X2k
i=1
i#]
where j, k, and m are non-negative integers such that 1 < j < m, and ¢ # 0. Another one is
referred to as the complex pulsating (a1, ay, . .., an, c)-Fibonacci sequence [27], which is given
as follows. Let aq,ay, . ..,a, and c be real numbers. Then,

Pl,O =a1 + Ci,PZ,O =day + ci,.. -/Pm,O =a, +ci,

Re(Pjkr1) = Im(Pjg),

Im(Pjo+1) = Re(Py—jt1,2¢) + Im(P; o),

m
Im(Pypp12) = Im(Poopt2) = - = Im(Pyy pp42) = Im (Z Pi,2k+1>
i=1

for any non-negative integers j, k, and m such that 1 < j < m.

However, the related problem of finding the metallic ratio, particularly the golden
ratio, remains. The aim of this paper is to study the ratio of the consecutive terms of the
following sequences. The first pulsating Fibonacci sequence to merge Sequences (2) and (3)
is given by

g =a,Bo=0>b,
K41 = Bont1 = &2n + Pon,

©)

Aop42 = kapy1 + Bon,
ﬁ2n+2 = kBZnJrl + a2y

where n € Ny, k > 0, and a,b > 0, such that a4, b are not both zero simultaneously. By the
pattern of pulsating of Sequence (5), in even subscript, the green line represents sequence
«, and the yellow line represents sequence 5, which are symmetrical with each other.
Moreover, while ap = a1 + Bg, Ba = B3 + a2 and so on are shown in solid lines, 82 = B1 + «p,
®4 = &3 + B2 and so on are shown in dashed lines, where both types of lines are symmetrical;
see Figure 1.

Qg ay

Figure 1. The (a, b)-pulsating Fibonacci sequence when k = 1 in Sequence (5).

Another sequence is in the same trace, but we consider the sequence (4) in the case of
m = 3, shown as follows.
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ag=4a,Bo=b,7=c
Q2n+1 = Pon+1 = Yoan+1 = &2 + Poun + You,
A2p42 = ko1 + von, (6)
Bon+2 = kBou+1 + Bon,
Yon+2 = kYant1 + a2n

where n € Nyo, k > 0,and a,b,c > 0, such that 4, b, and c are not all zero simultaneously; see
Figure 2.

Qg a a as

\ /

O > - L D
A \\m //Y
\

2 3
f— ’ > »
Yo Y1 Y2 V3

Figure 2. The (a, b, c)-pulsating Fibonacci sequence when k = 1 in Sequence (6). As seen in Figure 1,

the green and yellow lines are symmetrical to each other, as are the solid and dashed lines.

Outline of the paper: In this paper, the main results are separated into two sec-
tions. In Section 2, the metallic ratios of pulsated Fibonacci sequences are presented in
Theorems 1 and 2. In order to pave the way for the main results, the auxiliary result is
found for a, 8, and < in Sequence (6), which is shown in the first part of this section. In
Section 3, a new type of Fibonacci sequence introduced in 2016 by [28]—namely, the bipo-
lar Fibonacci sequence—is presented, and we extend some concepts of Section 2 to this
sequence; see Theorem 3. Both results in Sections 2 and 3 are equivalent. In Section 4, a
discussion of the results and future work is presented. Lastly, in Section 5, we summarize
our results and suggest some conjectures.

2. Pulsating Fibonacci Sequence

The following lemma is used to obtain the result in Theorem 2, which is one of the
main results related to Sequence (6).

Lemma 1. Let a, B,y be the sequence (6). Then, for each n € N, the formulas for « and -y are

n—1 n—1
Ykagis+ag if2|n Dknaizi+r0 if2n
Xop = ,11:,% and  yop = ,lffi
Ek“2i+l+')’0 if2fn Zk72i+1+0‘0 if 2/ n,
i=0 i=0
n—1

and the formula for B is By, = Z kB2i+1 + PBo-
i=0

Proof. First, we will prove by mathematical induction the case of sequences & and 1.

Clearly, for n = 1, we obtain ap = kay + o, and 2 = ky; +a9. Forn = 2, we

have ay = kas + v = kaz + kag + ap, because a1 and <y, are the same value. Similarly,

Y4 = ky3 + a2 = kyz + k1 + Yo. Then, using the inductive hypothesis, we consider the two
n—1

cases when 7 is even and odd. If # is even, then v,, = 2 kyzii1 + vo. Since ap, 11 = Y241,
i=0
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n—1 n
we obtain o, 12 = kagy 1 + Yon = kaop 1 + Z kazii1 + vo- Thus, agy 40 = Z kazi 11+ 70
i=0 i=0
n—1
if 2 y n+ 1. If nis odd, then 7,, = Z kyziy1 + ap. Since ap,4+1 = Yo,+1, We obtain
i=0
n—1 n
Kopyo = kapyiq + Z kDézi_H + ag. Then, ap,yp = Z ka2i+1 + g if 2 | n+1. Ina similar
i=0 i=0

n
manner, we obtain Jp,42 = Z kyoiz1 +a0if 2 f n+1, and ypu4p = Z kyaitq + yo if
i=0 i=0
2| n+ 1. Hence,

n
Zk“2i+1+“0 if2|71+1
i?()

Dkagipr+y0 i 24n+1
i=0

Xop+2 =

and

n
dkmig1+y0 if 2|n+1
i=0
n

Zk'YZi-‘rl +oay if2f)n+1.
i=0

Ton+2 =

Next, based on mathematical induction and the fact that 85,12 = Boy+1 + Ban, the se-
quence S follows. O

The ratios of the consecutive terms for Sequences (5) and (6) are presented in
Theorems 1 and 2, respectively.

Theorem 1. Let (a,) and (By) be an (a, b)-pulsating Fibonacci sequence as Sequence (5). Then,
the pulsating metallic ratio is

. 114 .
[ ] hmﬂ=hm%=2,

n—o0 Koy n—o0 ‘an
.o . 2k +1
e lim -2*2 _ lim Pant2 = )
n—0 dppy1 =% Popyq 2

Proof. From Sequence (5), we obtain

lim 2041 _ jim (1 + ﬁz") @)

n—00 oy n—0a0 Xon

Then, the limit of the ratio of By, and &y, as n approaches infinity must be found.
From the formulas of & and B, we have that ap,1» = kao, 11 + Bon = kaoy, + (kK + 1)Boy,
and Bon+2 = kBon+1 + aon = kBoy + (k + 1)az,. Now, for n € N, we obtain

X2n+42 —k+ (k+ 1),8211

8
X2p X2p ®)
Bon2 (k + Daay
=k+ , 9
,BZn ,BZn ©)
and |ap, — Bon| = |a — b| by using mathematical induction. It is obvious that (B2,) is
a strictly increasing sequence and unbounded. Therefore, lim [Szn = o0, which forces
lim & X2n = Pon = 0. Thus, we obtain 11m —— = 1. From Equation (7), we conclude

n—0 ,8211 ,3271
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that lim 2241 _ o, Similarly, we obtain lim Powe1 _ lim (1 + “2”) = 2. In addi-
n—0 Koy n—w  Bo, n—00 Bon
tion, from Equations (8) and (9), we obtain lim B2 _ i Banta = 2k +1. Thus,
n—oo L n—0o0 18271
2k +1 2k +1
lim 22042 _ |y X242 fon KT . Similarly, we have lim Panra  2kH1 -
n—W Nppyy N0 Nop o Aopyl 2 n=0 Bopiq 2

Corollary 1. For Sequence (5), the pulsating golden ratio is

. .
° hm ﬂ = 11m % = 2,
n—0 Ay,  n—=w0 Poy

.u . 3
lim 22142 _ lim Bont2 3

n=%0 Mopyy 10 Poyyr 2

Proof. This follows directly by substituting k = 1 in Theorem 1. O

Theorem 2. Let (xy), (Bn) and (7vn) be an (a, b, c)-pulsating Fibonacci sequence as Sequence (6).
Then, the pulsating metallic ratio is

.« ) .

o lim "2l _ o Pl g T2t _3
n—w Ky n—a0 ,8211 =0 Yoy
. . . 3k+1

o lim Y2042 _ i P2nt2 gy Y242 ,
n—=0 Qppq1 N0 Bopyiy M0 Y4 3

Proof. Since

@ont3 _ %ont2 + Pont2 + Yont2 _ kaoni1 + Yon + KBons1 + Bon + kY2ni1 + a2n

Xop41 X2p+1 X2p+1
_ Bkaoy 1+ @0y + Pon + 20 (Bk+Dag,
- - 7
X2p+1 A2n+1

. . (44 .. . .
we obtain lim —2"3 — 3k + 1. Similarly, lim Pants =3k+1= lim M. Moreover,
n—=90 Kpp 41 =90 Bon41 =90 Yop 41
from the fact that o), = B = ¥ for any positive odd number m, we have

. (44 . o . . o
lim 22043 g 82043 o Bonds o donds g g
n—00 Boy 1 M0 Ypuy1 A0 Ypu4q M0 Appgq

Using Lemma 1, we know that

n—1
2 kapirq + ag if 2 | n
Koy = ,lziq ,
kg1 +y0 i 240
i=0
and it implies
n n
Zk“2i+1+“0 if2|n+1 Zka2i+1+oc0 if2) n
a2 = § 5 =4 50
Zk“2i+1+’)’0 if2fn+1 Zka2i+1+’yo if 2 | n.

i=0 i=0
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Hence, we obtain

n—1

n
> kagie1 + 70 kaons1 + Y, kagit + 70
i=0 . i=0 ,
0 if2)n — if 2| n
> kazipt +ap D kagigy +ao
X2p42 _ i=0 _ i=0
Kop " n=l
> ki +ao ka1 + ) kagisr + g
i=0 . i=0 :
- if24n — if 2} n
> ki1 + 70 > ki1 + 70
i=0 i=0
n—1
ke + kBan + kyan + Y ki1 + 70
i=0 .
— if 2|n
D kagig1 +ap
_ i=0
- n—1
ke + kBon + kyan + Y kagig1 +
i=0 :
— if 2 f n.
D kagig1 + 70
i=0

By Lemma 1, we conclude that

n—1 n—1
kag +kBo +kyo+3 Y Kagip1 + Y, ki1 +70
i=0 i=0 :
— if 2|n
D kagi1 + ag
Xon+2 i=0
Aoy - n—1 n—1
kyo+kBo+kao +3 Y Kagisr + Y kagiy1 + g
i=0 i=0 :
— if 2 f n.
> kagig1 + 70
i=0

Since a,b,c € RY and (ay), (Bn), (7n) are strictly increasing sequences, we obtain
oo oo

nlgrolo o, >0, nangc Bn > 0,and nlgrolo Yn > 0. Therefore, we have Z Kpiy] = 90, Z Boiy1 = ©,

i=0 i=0
(e8]
and Z Y2i+1 = 0. Thus,
i=0
. . . 1
hm —_— = 111’1’1 —_— = 111’1’17:0.
n—oo n—1 n—oo n—1 n—oo n—1
Xi 41 Bait1 Y2i41
i=0 i=0 i=0

Hence, lim “Z"*2 _ 3k 4 1. Similarly, lim P22 = 3k + 1, and lim 122 — 3% 1 1,
n—=00 Ay n—=00  Boy n—=0 Yoy

Next, Lemma 1 and the fact that ay, 11 = Boy+1 = Yont1 = &2 + Bon + Y2u imply that
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n—1

Dl kmis+ag i 2]n

=
Uon =3 41

Z kysiy1+70 i 2} n
i=0

Then, for each n € N we have

where
n—1

n—1

Yknisi+70 Y. kyaic1 + a
i=0 i=0

n—1 " n—1

D kraisr+ a0 Y, ki1 + 70
i=0 i=0

A, = min

and

n—1 n—1

D kmiri+ 70 ) kv + o
i=0 i=0

n—1 "n—1

D kmais1 a0 Y kyaisn + 70
i=0 i=0

B, = max

a0
From the fact that Z Y2it+1 = ©, it implies
i=0
n—1 n—1
> kr2ie1 + 70 > kyaicn + @
nILHC}C n—1 n—oo n—1

> kvaig + > kvaie1 + 70
i=0 i=0

Y2n

= ljm =

and then we get lin(;lo Ay = lirgo B, = 1. Thus () converges to 1 as n — co. We obtain
n— n—

Xop

lim @ = 1; hence,
n—aoo 0621,1

. o . Koy + +
lim %2n+1 _ pip %20 Bon + Yon
n—w Koy n—a0 X2p

=3.

Similarly, lim M = 3,and lim Jant1
n—=0  Boy n—00 Yoy

= 3. As a result,

L . o 3k+1
lim 2n+2 — lim 2n+2 . 2n _ ]
n—® Nppiq A0 Ny A 3

1
Bont2 3k + and lim Y2n42

By the same argument, we obtain lim =

n—=® Boyiq 3 n—00 Yoy 11

Corollary 2. For Sequence (6), the pulsating golden ratio is

L . :
o lim Y2l _ oy P2l oy, Y20

= 3,

n—0o0 Koy n—o0 ﬁzn n—0 ’an
. . . 4
. lim —22 — lim Pania — lim 1212 _ 2
n—=0 Kpyy1 10 Boyiq o Yoy 3

3k+1

. O
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Proof. This follows directly by substituting k = 1in Theorem 2. []

3. Bipolar Pulsating Fibonacci Sequence

In this section, our aim is to provide a smooth connection between bipolar quantum
linear algebra (BQLA), which was first introduced by W.R. Zhang, and a new type of
recurrence relation, as in the pulsating Fibonacci sequence. The concept of bipolar and
its applications—for example, bioeconomics, bipolar disorder, bipolar cognitive mapping,
and metal square—are described in the monograph [29]. Particularly, in chapter 8 of
this monograph, Zhang used BQLA and bipolar quantum cellular automata (BQCA) to
prove many laws, such as the symmetry law (or elementary energy equilibrium), energy
transfer equilibrium law [30], the law of energy symmetry (or YinYang-n-element system
nonequilibrium strengthening law) [31]. Moreover, he delivered some conjectures related
to symmetry. One of them is that antimatter-matter bipolar symmetry or broken symmetry
is bipolar equivalent to contraction—expansion bipolar symmetry or broken symmetry.

For simplicity, we present the terminology that will be used in this section as follows.
A bipolar dynamic equilibrium is a process of bipolar interaction and state change among
bipolar equilibrium, non-equilibrium and eternal equilibrium states of any action-reaction
pair or any collection of such pairs. A bipolar quantum agent (BQA) is a bipolar dynamic
equilibrium. The set of all bipolar agents is the bipolar set B = {(—a, b) |a,b € R }. The norm
of (—a,b) € Bis |(—a,b)| = |a| + |b|. For (—a,b), (—c,d) € B, the addition of the bipolar set
is defined as (—a,b) + (—c,d) = (—a —c, b+ d), and the multiplication of the bipolar set is
defined as (—a,b)(—c,d) = (—bc — ad, ac + bd). Both operations have commutative and
associative properties with the identities (0,0) and (0, 1), respectively. Moreover, (0,4) in
Bis equivalenttoa e Rar in the sense that if we consider (—x,y) as a vector in R? space,
the result (0,3)(—x,y) = (—3x, 3y) shows that the vector (—x, y) is triply stretched. Hence,
(0,a) behaves as a constant in B, similar to how a behaves in Ra’ .

Next, we introduce the bipolar Fibonacci sequence, created by F. Marchetti [28] in 2016,
F. = (—fu, fut2) for n = 0, where (f,) is the Fibonacci sequence, and fy = f1 = 1. To
consider the golden ratio of (F,), Marchetti defined a new operation for BQLA as follows.
The division of the bipolar set is a defined set for (—a, b), (—c,d) € B such that ¢* —d? # 0,

(—a,b) _ <_bc—ad ac—bd).

2_d2 2 _ 2

This operation has a few points to be aware of, which are described in Remark 2.
In addition, we provide some properties of this division that contribute to our proof:
(—a,b) + (—c,4) (—c,d) (—a,b)(—c,d)
——— = =(0,1 d = (—c,d)f h (—a,b),(—c,d)e B
—ab) 0,1)+ (_a’b),an a,D) (—c,d) foreach (—a,b),(—c,d) €

F 1 5
Furthermore, as n — o0, Marchetti showed that ”F—H converges to (0, P), where = +2\f

and this limit is sensible because (0, @) is the connstant @ in R. However, the definition of
the convergent sequence in B was not given.

In this paper, a bipolar agent (—L, M) is said to be the limit of a sequence (—ay, by,) in
B or a sequence (—ay, by) converges to (—L, M), denoted by nlgl(')lo(—an,bn) = (-L, M), if for

every number € > 0, there exists a natural number N such that for any n € N, if n > N, then
| Yin((—an, b)) — L[ + | Yang((—an, bn)) — M| < €

where Yin((—a, b)) = a, and Yang((—a,b)) = b, for any (—a, b) € B. Consequently, for any
sequence (—ay, by) in B, we have that nlir%lo(—an, by) = (—L, M) if and only if

. . . . . o 1. (—an,by) o
nh_r)roloYm((—an,bn)) =L, and nlgI;CYang((—an,bn)) = M. Moreover, if nl%m =
. (_Cn/dn) .
(0,1), then lim Canbn) (0,1).

7
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Next, we aim to find the ratio of Sequences (10) and (11), which are inspired by
sequence (5) and a bipolar sequence from Marchetti.

For (a,) and (B,) satisfying Sequence (5), we define the sequences (F,) and (Gy)
as follows:

Frui1 = Gong1 = Boyn + Gy,

B2 = (0,k)Fyyt1 + Gon, (10)
Gant2 = (0,k)Gopy1 + Fon

where Fy = (—ag,a2), Fi = (—a1,a3), Go = (—Bo, B2), G1 = (—B1,B3), k € RT, and n € No.
Then, the sequence in (10) is called a bipolar pulsating Fibonacci sequence, which is depicted
in Figure 3.

140

X 120

100

®F_n

XG_n
60

20

X &
-45 -40 -35 -30 -25 -20 -15 -10 -5 ° 0
Figure 3. A bipolar pulsating Fibonacci sequence in the case where k = 1,49 = 1, and By = 2 in
Sequence (10). This implies that Fy = (—1,5), F; = (—3,9), Gg = (—2,4), and G; = (—3,9). The blue
diamonds and the red crosses represent the sequences (F,) and (G;,), respectively.

Note that it is easy to show that F, = (—ay, a442), and G, = (—Bn, Pn+2) for any
n € Ny using mathematical induction. Now, we are ready to investigate the metallic ratio of
this sequence.

Theorem 3. Let (F,) and (Gy,) be a bipolar pulsating Fibonacci sequence as Sequence (10). Then,
the bipolar pulsating metallic ratio is

° hm F2n+1 llm G2n+1 _ (012)/

n—w by,  n-w Gy

. lm Fouya _ lim Gont2 _ (0/ 2k+1>‘
n—w b1 1= Gopgq 2

Remark 1. Although (F,) and (Gy,) are in the bipolar set, and the ratios are computed by a more
2k +1
2

complicated division operation, their results (0,2) and (0, ) still associate with the results

in Theorem 1, which are 2 and

+ .
T respectively.
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Proof. First, we consider for any n € Ny,
i1 _ Fon+Gon _ 0,1)+ (—B2n, Ban+2)
by, By, ’ (—&2n, @25 42)
— 01+ _ Bony20on — Pontont2 Ponlon — Pont22n2
Y a3 — a2 ! e
2n 2n+2 2n 2n+2
_ [ _Ban+2%2n = Ponttonsa Pontton — Ponsatonta
B a2 — a2 ’ a2 — a2 '
2n 2n+2 2n 2n+2
. Wy . X2n 1
From the proof of Theorem 1, we recall that lim —=— =1, lim,_, = 5,and

' n—0 oy X2n+1
. 143 . 2k +1
lim —2*2 — lim P+ =

n—0 dppyq =0 Boyyq 2
follows. In part of Yin, we obtain

. Next, we consider part of Yin and part of Yang as

- () (32)
T Bon202n — Bonont2 i a2 ) \ Bon+2
nl—I}c}o DC2 — [x2 - nl—l;rc}o 1% ﬁ (44 14 (44
n Tn+2 ( n ) ( 2n+1) . ( 2n+1) ( 2n+2> ( 2n+2)
®2n+1/ \ Ban+2 A2p ®2n+1/ \ Ban+2
1-(1)(1)

B

. . . o . .
Since lim —1,and lim —2*2 _ lim Panta _ 2k + 1, we obtain
n—00 Koy n—w0 Ky n—a0 ,B2n

ﬁZn

Bon <132n+2 ) (,52n> <¢¥2n+2 )
lim Bonton — Bont2&2nt2 X2 Bon X2p X2n

= lim
2 2 2
e ) "o 1 <a2n+2>

Xon
1-2k+1)(1)(2k+1)
1—(2k+1)2

=1.

F
As a result, in part of Yang, the limit tends to 2. Hence, we have lim 2t _ (0,2).

n—0o0 M
Next, for the sequence (G;,), we have
Gont1 _ Bon+Gon _ 0,1)+ (—&2u, 02542)
Goy Gon ’ (—=B2n, Ban+2)
« —a « —a
— 01+ <_ 2n+2,§2n 22n,32n+7_l Zn,BZZ 2r;+2,82n+2> for any 1 > 0.
2n ~ FP2n+42 2n ~ P2n+2

. . 14 . 14 .
Since lim =2 — 1,and lim 2242 i M = 2k + 1, we can see that

n—=9 Boy n—aw Ny n—0a0 ,an
(22)(E)-(2)(5)
lim Q2n+2Pon — ConPon+2 lim %2 Ban Bon Bon
‘ 2 2 = 2
=0 By = Bt "0 1— (,32n+2>
ﬁZH

(2k+1)(1)— (1)(2k+1)
1—(2k +1)2 -
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and
() - () () ()
lim ﬂznﬁzg *Déznz+2/32n+2 _ i P X2p ,32112 Ban
e 2n = Pany2 o 1 (ﬁ2n+2>
;BZn
()= @Rk+1)(1)(2k+1) 1
B 1— 2k +1)2 o
F, F,
Thus, lim Conv1 _ (0,2). In addition, we have —2+2 — 220+l =G _ (0,k)
. n-x Gy Bt Fant1
2n ,and
2n+1
Gon _ (=BonPont2) _ [ %2us1Poni2 — @2n13Bon M2n+1Pon — 201 3P2nt2
Fynt1 (=a2n41,02043) i1~ s ’ i1~ Guia

From the fact that wp,, 11 = Boj+1 for all n > 0 and Theorem 1, it follows that

(52n+2) B <a2n+3>( Bon )
.« —u ) « a o
lim 2n+1B2n+2 = &ony3Pon _ lim \42n+1 2n+1 2n+1

n—w lx%nJrl - D‘%n-&-?a =0 1_ <a2n+3 ) 2
X2n+1
21 k(L
B 2 2) _,
B 1—(2k+1)2 -

and

< Bon > (“2n+3><ﬁ2n+2)
X2p41 X2n+1 Xon+1
2

. 14 —
lim 2n+1Pon — @on+3Pon+2

5 5 = lim
O g1 T g3 e 1 <“2n+3)
X2n+1
1 2k +1
— ) —(2k+1
a)meF)
- 1—(2k+1)? -2
1 F, 2k +1
hence, lim Gon <O,>. Consequently, lim 2n42 <0, + ) In the same
n—00 FZ&-H c 2 : n—w Fpy1q
manner, since ~2042 — Z2n+1 ¥ 2n = (0,k) + and
G2n+1 G2n+1 GZn+1
Fon _ (—won,@n42) _ (_ %2n12Bon+1 — %2nPont3 X2nPont1 — Koni2Poni3
G2n+1 (_,BZnJrlr ,32n+3) %n-‘rl - :B%n+3 ’ %n-l-l - ﬁ%n-&-:’; ’

it implies that

o ((CF)-()en ()-C)en)

li - |-
1560 Gon i1 1—(2k+1)?2 ' 1—(2k+1)?2

Hence, we obtain lim % = <O,2k+1). O
1= Gopq1 2
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In the rest of this section, we consider Sequence (10) as a special case to the follow-
ing sequence.
Let (ay;) and (B,) be sequences obtained from Sequence (5) in the case of k = 1. Then,
we define the sequences (F;) and (G;,) as follows:
Fopn1 = Gon1 = Fon + Gon,
B2 = Bpy1 + Gon, (1)
Gont2 = Gant1 + Fon

where FO = (_D‘O/DCZ)/ Fl = (_alra:’))/ GO = (_ﬁOI ,32)/ Gl = (_ﬁlr 53)/ andn e NO'

Corollary 3. For Sequence (11), the bipolar pulsating golden ratio is

F G
o lim -2 — lim 22F _ (0,2),
n—a0 Iy n—o Gy

. lim Fan 2 = lim G242 = <0,3).
n—=0 Fyppq 1=% Gopyq

Proof. The proof follows directly from Theorem 3 and the fact that (0, 1) is the identity of
the multiplication. [

Finally, the following remark shows some points to be aware of when dividing in the
bipolar set. This remark was adjusted from the comments in [32].

Remark 2. Let (—a,b),(—c,d) € B. Then, (=a,b)

—od) € B if and only if it satisfies one of the

following conditions.

. c>d,a<b,c>%dzfa7é0

. c>d,a>b,c>%ifb;é0
o c<d,u<b,c<%ifb7é0

. c<d,a>b,c<%dzfa7é0

4. Discussion

There are other forms of the pulsating sequence (5) that appeared in the last part
of [21]. The following recurrence relations are other pulsating sequences in the same spirit
as Sequence (3).

ag=a,Bo=0b,
A2n+1 = Bont1 = &2 + PBon,

(12)
a2n12 = kBony1 + Bon,
Bont2 = kagui1 + aoy
where n € Ny, k > 0, and 4, b > 0 such that 4, b are not both zero simultaneously.
ny) =4a, ,BO = b,
A2n+1 = Bont1 = &2 + PBon, 13)

A2p42 = Koty 1 + aoy,
Bont2 = kBont1 + Pon
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where n € Ny, k > 0, and 4, b > 0 such that 4, b are not both zero simultaneously.
Ky =4a, ,BO = b,
X2p+1 = P2n+1 = &2n + Pons
n—+ ﬁ n+ n ﬁ n (14)

A2n42 = kBoyny1 + a2y,
Bon+2 = kagy1 + Bon

where n € Ny, k > 0, and 4,b > 0 such that 4, b are not both zero simultaneously. Under
the condition ap, 41 = Bont1 = &2n + Bon, it implies that the pulsating sequences (5) and
(12) are the same sequence, and it also occurs in Sequences (13) and (14). So, the results of
Theorem 1 can be applied to the pulsating sequence (12). Furthermore, Sequence (13) is
similar to the origin sequence (2), and in the same way as the proof of Theorem 1, we can
f X2p 42 and Bon+2

X2n+1 Ban+1
appear right away. That is why we only considered the form of the pulsating sequence (5).

Returning to the original version of the bipolar Fibonacci sequence F,; = (—fy, fu+2)
for n = 0, where (f) is the Fibonacci sequence, and fy = f; = 1, for a fixed k > 1,
the standard form of the metallic ratio should be from the generalized bipolar Fibonacci
sequence as follows. For n > 0,

reach forward the limit o . As a result, the sequence (14) outcomes will

Fiio = (0, k)Fn—H +F, (15)

where F, € B, Fy = (—1,k+1),and F; = (=1, k(k+ 1)+ 1). If we let F;, = (—fy, fus2) for
all n > 0, we automatically have a recurrence relation f,,4» = kf, 11 + fu, where n > 0,

k+vVk2+4
2

fo = f1 =1, then, lim fui1 is the ordinary metallic ratio p = . By the rule
n

—00 f}’l
of the division of the bipolar set and the fact that p? = ko, + 1, the following ratio of
Sequence (15) is presented immediately

lim Font _ (0,k) + lim Frlz_fl =(0,k) + (0,p1k) = (0, px).

n—0o0 n n—aoo n

Hence, we see (0, pi) plays a role as the metallic ratio of the sequence F, 1+ = (0, k)F,4+1 +
F,, where Fy = (—1,k+ 1), and F; = (—1,k(k+ 1) + 1). This is very similar to the original
sequence (2), X,4+2 = kx,+1 + x,. So, instead, we examined a bipolar set and a pulsating
sequence, which can be interwoven with concepts of the metallic means.

Notice that, in Section 3, even though the algebraic operation of addition in the bipolar
set is quite straightforward, it is different for the multiplication and the division of the
bipolar set. To illustrate these operations, we examine two agents (—2,3) and (—a, b) in B as
vectors. From the results of (—2,0)(—a,b) = (—2b,2a) and (0,3)(—a,b) = (—3a,3b), we can
see that (—2,3)(—a,b) = (—2,0)(—a,b) + (0,3)(—a, ) is a sum of two vectors, where one
(—2b,2a) is a vector twice the length of vector (—a, b) in the opposite direction with respect
to the line y = —x in the XY-plane, and another one is a triple stretch of a vector (—a, ).

The division operation of bipolar is defined from the inverse operation of multipli-
cation under some conditions. It contains the same trend of multiplication in some cases,

(—a,b) b a (—a,b) ab (—a,b) (—a,0) 0,b)
such as 0) = (—,), and 0,3) = (—3,3), but (=2,3) # (2,3) + —2,3)°
,b) 2b—3a 2a—-3b\ 3a—2b 3b—2a

(). (i,

) for any nonnegative real

numbers a and b satisfied in Remark 2; then, it is a difference of two vectors (— %, 35b> and

55
Surprisingly, this operation does not effect the results of the ratios in Theorem 3.

2b 2a
< > . So, we can see that the result from the division operation is more complicated.
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As mentioned previously in Section 3, the behavior of (0, a) is that of a constant in

B, similar to how a constant a performs in R. So, the results of the ratio in Theorem 3,
ie., (0,2) and (O, Zk;l) should be equivalent to 2 and Zk%l, which are the results in
Theorem 3. From these facts, we assert that, together with the same structure of recurrence
relations in Sequences (5) and (10) and the intrinsic nature of the metallic ratio, this may
dominate the novelty of the division operations of a bipolar set. In other words, if we look
at these characteristics as if they were human genes, the novelty of the division has to be
the recessive genes but the others are the dominant genes. Moreover, the phenomenon of
the equivalent results between Sections 2 and 3 is one of the indications that emphasize the
celebrity number, the golden ratio. This number almost appears in everything (see [33]),
including arts, architecture, music and even bipolar concepts, which still did not seclude
from ® and its partisans. This is another reason that we proposed Section 3 in this paper.

Finally, the elementary tools for solving the problems in this paper have prompted
us to choose this concept for our students to work on in the active learning classroom to
follow in the footsteps of S. Abramovich et al. [34] in one of our future works. The others
are Conjectures 1 and 2 at the end of Section 5.

5. Conclusions
For Sequence (5),
ao =a,Bo =",

X2p+1 = Pan+1 = d2n + Pon,

aon+2 = kagy 11 + Pon,

Bont2 = kPont1 + aon
where n € Ny, k > 0, and a,b > 0, such that a,b are not both zero simultaneously. The
pulsating metallic ratio is

. 14 .
o lim "2t _ oy B o

n— Ky, n—00 ,3211
.o . 2k +1
o lim Y2042 _ iy P2nr2 _ _
n—=%0 Wopy1 10 oy 2

For Sequence (6),
ag=a,fo=bv=c
X2n+1 = Bont1 = Yan+1 = &2n + Bon + V2n,
Xop42 = k“2n+1 + Y2n,
Bon+2 = kBont1 + Ban,
Yont2 = KYons1 + aop
where n € Ng, k > 0,and 4, b, ¢ > 0, such that 4, b, and ¢ are not all zero simultaneously. The
pulsating metallic ratio is

O2n+1 _ Ban+1 lim 2241 _ 5
- - 7

. lim =
n—00  foy n—o  Bo, n—0 Yoy .
. . . 3k+1
o lim 22 _ Pony2 _ lim 12142 _ .
n—>0 Qypy1 M0 Bogiy M0 Y4 3
And, for Sequence (10),

Frut1 = Gong1 = By + Gy,
Fouy2 = (0,k)Fong1 + Gon,
Gong2 = (0,k)Gapt1 + Fon

where FO = (—D(o, 0(2), Fl = (—Dél,l)é3), GO = (—‘Bo, ﬁz), Gl = (_.311,33)/ ke R+, and n € No.
The bipolar pulsating metallic ratio is
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o lim 2 gy Sl (0,2),

w0 Fpy o Gay
o lim 212 _ gy G2 _ <0, 2k +1 > _

n—m Fyiq 1200 Gy 2

In summary, we investigated the behavior of the ratio of the sequences shown in (5)
and (6) that are paired with the metallic ratio by the limits in the theorems and corollaries in
Section 2. We also showed that there is a bridge between the pulsating Fibonacci sequence
and the bipolar Fibonacci sequence through the limits of the ratio of the consecutive terms
of Sequences (5) and (10) in Section 3.

Moreover, we obtained the other ratios

42 Pont2 Pon

. o . . o + . o o
m 223 _ i Bonys _ L 22142 Bany2 _ lim 2 Pon @on | _ k41
n—w0 Aoyl no0 By No® Koyl n—a0 1+ Ban

Ko

in the case of Sequence (5) and

. 1% .
lim =2"*3 _ jim Pants =3k+1
n—=m Ky g1 10 Boyig

in the case of Sequence (6). The change in the value from 2k + 1 to 3k + 1 persuaded

us to suggest that if we consider the (a1, 4y, ..., 4y )-pulsating Fibonacci sequence, then

the limit should be mk + 1. In the same manner as in Theorems 1 and 2, the limits
k+1

should be changed to m and MET 2 with respect to the evenness and oddness of the

m
subscripts in the (ay,ay, . .., a,)-pulsating Fibonacci sequence. We end our conclusion with
some conjectures.

Conjecture 1. Let (a1,,), (22,1), .., (&mn) bean (ay,az,. .., an)-pulsating Fibonacci sequence
as Sequence (4). Then, the ratio

. X12n43 . X22p43 . Mm2n+3
llm ,711+ = llm ’77” R hm M
n—=00 &1 2p+1 n—=0 &3 2y +1 n=00 Ky 2pn+1

=mk+ 1.

Conjecture 2. Let (x1,), (€24),. .., (&mn) be an (a1, as, ..., am)-pulsating Fibonacci sequence
as Sequence (4). Then, the pulsating metallic ratio is

. 0 . o . 12
. lim X2n41 gy Y2241 gy Ym2nal m,
n—w K12y n—0 K37y n—=0 Ny on
.o . .« mk + 1
. lim 2142 _ i 822042 iy Ym2n42 .
n—=0 K12p4+1 N0 X2 2p41 n—=00 Ny 2pn+1 m
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