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Abstract: Currently, the design of resonant power converters has only been developed while operating
in the steady state, while the design operating in the transient stage has not been considered nor
reported. This paper is interested in testing the performance of the resonant circuits operating in the
transient stage and finding applications where benefits can be obtained from this form of operation.
One application in which it is possible to obtain benefits from designing resonant circuits in the
transient state is in the area of frequency multiplication. Usually, to achieve frequency multiplication,
it is necessary to resort to complex methods and special devices that increase the complexity of the
design and the total cost of the circuit. This paper evaluates the performance of a series RLC resonant
circuit operating in the transient stage and with an underdamped response acting as a frequency
multiplier, where the oscillation frequency of the current in the resonant tank is “n” number of times
the switching frequency of the square voltage source at the input with a duty cycle of D = 50%. To
validate the analysis, a circuit was designed to deliver an output power of 30 watts to a resistive
load, where the switching frequency of the square voltage source at the input was 500 kHz. Since
a multiplier value “n” equal to fifteen was chosen, the current in the resonant tank reached an
oscillation frequency of 7.5 MHz. The design methodology was validated by simulations in SPICE,
complying with the established design parameters.

Keywords: resonant circuits; frequency multiplier; transient state design; analog frequency multiplier;
underdamped response

1. Introduction

The development of electronic systems has been constant, with advantages in areas
such as switched-mode power supply systems, filters, etc. Currently, designers have
focused on reducing cost, size, and increasing energy efficiency to achieve a good use
of energy and extend the life of electronic devices [1–3]. A good way to achieve these
objectives is to operate at high frequencies, as this reduces the size of the components
that store energy, which reduces the cost of the total converter and increases the power
density [4–7]. Usually, for these types of applications, resonant converters are the most
widely used since they allow working at high frequencies and with soft switching, which
greatly reduces switching losses [8–10]. The problem with operating at frequencies above
1 MHz is that it usually requires expensive programmable electronic cards, sophisticated
semiconductors, and complex control methods applied at the inverter/rectifier stage when
frequency multiplication is required. This leads to an increase in the overall circuit cost,
complexity, and problems in the electronics, such as negative bias temperature instability,
hot carrier injection, etc. [11–17].

Conventionally, the design of resonant converters is performed in the steady-state
and for its analysis, the method called first harmonic approximation is used, which is a
modeling technique where it is assumed that only the first harmonic signal contributes to
the power transfer [18,19]. The performance of resonant circuits operating in the transient
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state has not been widely considered, and it is of great interest to see in which applications
the analysis of resonant circuits operating in the transient state can be used.

In this work, the analysis and design in the transient state of a series RLC circuit
acting as a frequency multiplier are shown, where the oscillation frequency of the current
in the resonant tank is equal to “n” times the switching frequency at the input of the
circuit (fo = nfsw), which allows operating at high oscillation frequencies in the resonant
tank without needing a high switching frequency at the input of the circuit. Frequency
multipliers are not a recent topic and multiple works have already been reported. A
frequency multiplier is a DC circuit in which the frequency of the output signal is a harmonic
component of the frequency of the supply signal; if the frequency of the input signal is “fsw”,
a resonant tank can be used to filtrate out the unwanted frequency components and leave
only the signal component whose frequency is “nfsw” at the output [20,21]. These circuits are
usually used in high-frequency RF applications when parasitic semiconductor components
limit the maximum operating switching frequency, such as in switched-mode inverters and
power amplifiers [22,23]. These types of frequency multiplication techniques have been
proposed in the design of DC-DC converters but are not commonly performed since the
output power of a frequency-multiplying inverter is intrinsically low when compared to
the ratings of the required devices [24–26].

Currently, many methods used in frequency multiplication have been reported: the
frequency doubler using the Injection-Locked frequency multiplier technique, which is
used to generate a differential signal and increase the power of the second order harmonic
component filtered with an LC circuit [27]; the frequency doubler using Schottky diodes
where series connected diodes polarized in the output waveguide are used [28]; the fre-
quency tripler using a pair of antiparallel GaAs Schottky diodes where the pair of diodes
are used as nonlinear devices to generate harmonic components for the input signal in the
Q-band [29]; the frequency tripler by the triple push technique using heterojunction bipolar
transistors (HBT) technology, which consist of three identical unit-cell multipliers which
are individually pumped by the W-band input signals with 120◦ phase difference so that
the third harmonic components are combined in phase at the output [30]; the frequency
doubler and tripler using the Class E amplifier with shunt linear and nonlinear capacitances
where it is necessary to select an appropriate value of the shunt capacitor to achieve the
frequency multiplication [31]; and finally using the well-known technique called “Variable
Frequency Multiplier” (VFX) in which the duty cycle and switching frequency of an inverter
or rectifier are modified as the input or output voltages change to create different operating
modes, allowing a tripling or quadrupling of the operating frequency [32,33].

In this work, frequency multiplication is achieved by operating in the transient stage
and without the need for special devices or complex control methods, which only raise the
overall cost of the circuit and add complexity to the design. It is also possible to work with
much higher power levels. This transient design methodology has not been reported before
and can be used in applications where high operating frequencies are required without the
need to work with very low power levels. As shown in Figure 1, this design methodology
could be used in resonant circuits that have an inverter stage that can generate a certain
switching frequency, since the inverter output voltage can be replaced by a bipolar square
voltage source.

The proposed design methodology was able to achieve the previously established
design parameters, which were verified by simulations in SPICE; however, the performance
of the circuit under these operating conditions presented inconveniences, which varied
depending on whether the values of “n” are even or odd. These inconveniences were
the high supply voltage levels of the circuit and the large instantaneous power peaks
demanded from the power supply.

In future work, the design methodology and analysis shown in this paper could be
applied to the design of resonant converters which can be used in applications where high
operating frequencies are required, such as wireless power transmission, which has become
a trend due to many applications that do not involve wired connections [34–38].
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Figure 1. Design methodology for transient state applied to resonant circuits with inverter stage. (a) 
Resonant inverter with series RLC circuit. (b) Series RLC equivalent circuit with bipolar voltage 
source replacing the inverter output voltage. 
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Figure 1. Design methodology for transient state applied to resonant circuits with inverter stage.
(a) Resonant inverter with series RLC circuit. (b) Series RLC equivalent circuit with bipolar voltage
source replacing the inverter output voltage.

2. Analysis of the Circuit

In the following section, the analysis of the circuit operating with an underdamped
response is developed. Figure 2 shows the series RLC circuit with a bipolar source at
the input, which needs to be analyzed as two circuits with different voltage sources at
the input.
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2.1. Determination of the Instantaneous Current with Underdamped Response Circulating in the
Resonant Tank

Due to the bipolarity of the voltage source at the input of the circuit, there are two
states with different polarities in the input voltage, as shown in Figure 2a,b.
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Following the procedure in [39], the differential equation that defines the behavior of
the current in the circuits of Figure 2a,b is determined as follows:

i′′ (t) +
R
L

i′(t) +
1

LC
= 0 (1)

Roots of Equation (1):
λ1 = −α +

√
α2 −ω2

o
λ2 = −α−

√
α2 −ω2

o
(2)

where:
α = R

2L

ω0 =
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; ; o
o o

a
a

ω
ω α ω αα> ==   (6)

Considering the circuits shown in Figure 2, two current equations will be obtained for
each circuit, defined as:

i(t) =

{
i1(t) 0 < t < T/2
i2(t) T/2 < t < T

(3)

where i1(t) represents the current flowing in circuit Figure 2a with +VDC, i2(t) represents the
current flowing in circuit Figure 2b with −VDC, and T is the switching period of the bipolar
voltage source at the input. In the analysis, it is necessary to consider the duty cycle of
50% because a sinusoidal current waveform with symmetry in the two states of the circuit
is sought. This consideration is usually taken into account in the design of conventional
resonant converters. Another consideration in the design of the underdamped circuit was
that in both states of Figure 2 the capacitor voltage during switching would be equal to the
supply voltage multiplied by a constant “c”, as shown in Equation (4).

Vc = cVDC (4)

Considering Equation (4), the solution of Equation (1) is determined to find the
equation that defines the behavior of the current in the circuits of Figure 2a,b. As it is
known, the solution for the case where the current has an underdamped response (ωo > α)
is defined by Equation (5), where it is necessary to determine the value of the constants K1
and K2.

i(t) = K1e−αt cos(βt) + K2e−αt sin(βt) (5)

where β is defined in Equation (6). The procedure for determining the values of the con-
stants in Equation (5) is not new and can be found in detail in [40]. To reduce Equation (5)
into known terms, β is replaced by ωo considering the following:

ωo > α ; ωo = aα ; α = ωo
a

β =
√

ω2
o − α2 → ωo

√
1− 1

a2
(6)

where a represents the constant that defines the level of underdamping of the current in the
resonant tank and ωo represents the angular frequency of the current in the resonant tank.
In Equation (6), for values of a ≥ 10, then:

β ≈ ωo (7)

Substituting the value of the constants (K1, K2) and substituting Equation (7) into
Equation (5), the current behavior in the circuits of Figure 2a,b are defined as follows:

i(t) =

{
i1(t) =

VDC(1+c)
ωo L e−αt sin(ωot) 0 < t < T/2

i2(t) =
−VDC(1+c)

ωo L e−αt sin(ωot) T/2 < t < T
(8)
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2.2. Determination of Parameters Defining the Underdamping Level and Waveform of the
Instantaneous Current in the Resonant Tank

As previously mentioned, the objective of this analysis is to multiply the frequency of
the current in the resonant tank. Thus, the angular frequency of the current in the resonant
tank is considered as:

ωo = 2nπ fsw (9)

where n represents the number of times to multiply the resonant frequency “fo” in the
resonant tank, fsw is the switching frequency of the bipolar voltage source at the input, and
fsw = 1/Ts.

In this paper, the analysis of the RLC circuit will be done only for a duty cycle D = 50%.
Therefore, the half period of the bipolar voltage source switching (DTs = ton = T/2) is
considered a function of the time constant “τ” and a constant called “k”:

ton = kτ (10)

where:
τ =
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1;;on ont t t k ττ α= = =   

0.1 0.9
on

f

t k
t kde e e e

τ
α τ τ
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(11)

where k represents the constant that defines the maximum current decay up to half of the 
switching period (ton = Ts/2), assuming an inverter duty cycle of D = 50%. 

The influence of the damping factor “df” on the current waveform (i(t)) is graphically 
represented in Figure 3. As shown in Figure 3, the damping factor defines how sinusoidal 
the current waveform is, where, if fully sinusoidal waveforms are required, it is necessary 
to use high damping factors to prevent the current from decaying significantly, and, 
where using a damping factor of “df = 0.9” is equivalent to an almost sinusoidal waveform. 

For this analysis, the Euler exponential (e−αt) of Equation (5) is called the damping
factor “df”, which is expressed as a function of the constant “k” and can take values from
df = 0.1 to df = 0.9, as shown below:

t = ton; ton = kτ; α =
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e−αt = e
−ton

τ = e
−kτ

τ → d f = e−k = 0.1− 0.9
(11)

where k represents the constant that defines the maximum current decay up to half of the
switching period (ton = Ts/2), assuming an inverter duty cycle of D = 50%.

The influence of the damping factor “df” on the current waveform (i(t)) is graphically
represented in Figure 3. As shown in Figure 3, the damping factor defines how sinusoidal
the current waveform is, where, if fully sinusoidal waveforms are required, it is necessary
to use high damping factors to prevent the current from decaying significantly, and, where
using a damping factor of “df = 0.9” is equivalent to an almost sinusoidal waveform.
Figure 3 also shows the exponential factor (e−αt), which is the factor that defines the decay
of the current up to half of the switching period (T/2). The following is to determine the
value of the constant “k” as a function of the circuit parameters:

t = ton; ton = kτ; ton = DTs; τ
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2
; 2 ; ; 0.5swo o

R
L

n f a Dα ω π ω α= = = =  

Considering the above equations, substituting and simplifying into Equation (12): 

2

2
osw

D D D n
k k k k n

a a

n

f
α α α π π

ω α
π
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(13)

Considering Equation (11), the constant “k” can obtain values that depend on the 
damping factor as shown below: 

( )0.1 0.9 lnk
fde k− = − → = −   (14)

Equation (13) obtains the equation that defines the value of the constant “a”. Substi-
tuting (14) into (13) and solving for “a”: 

ln( )f

n n
a

k d

π π
=

−
=   (15)

where n represents the number of times to multiply the resonant frequency “fo” in the 
resonant tank. The constant “a” is directly related to the quality factor of the resonant tank. 
Since a higher level of underdamping increases the quality factor “Q”, the quality factor 
for this analysis of the series RLC circuit is considered as follows: 

jjjj

jjjj

Series2

Series4

𝑑i with = 0.1

Am
pe

re
s 

(A
)

𝑻𝟐 𝒕𝒐𝒏

𝑑i with = 0.9e 𝑑with = 0.1e 𝑑with = 0.9

Figure 3. Influence of the damping factor “df“ in the instantaneous current waveform (i(t)) in the
resonant tank: current with less sinusoidal waveform (orange), current with sinusoidal waveform (blue).
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Considering the above equations, substituting into Equation (10), and solving for “k”:

D
fsw

= kτ → k =
D

fswτ
→ k =

DRL
2L fsw

(12)

Expressing the constant “k” in terms of the constant “a”, which defines the level of
underdamping, and the multiplier “n”:

α =
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Since a higher level of underdamping increases the quality factor “Q”, the quality factor 
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jjjj

jjjj

Series2

Series4

𝑑i with = 0.1
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s 
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)

𝑻𝟐 𝒕𝒐𝒏

𝑑i with = 0.9e 𝑑with = 0.1e 𝑑with = 0.9

; ωo =2nπ fsw; ωo = aα; D = 0.5

Considering the above equations, substituting and simplifying into Equation (12):

k =
Dα

fsw
→ k =

Dα
ωo

2πn
→ k =

Dα2πn
aα

→ k =
π

a
n (13)

Considering Equation (11), the constant “k” can obtain values that depend on the
damping factor as shown below:

e−k = 0.1− 0.9→ k = − ln
(

d f

)
(14)

Equation (13) obtains the equation that defines the value of the constant “a”. Substitut-
ing (14) into (13) and solving for “a”:

a =
πn
k

=
πn

− ln(d f )
(15)

where n represents the number of times to multiply the resonant frequency “fo” in the
resonant tank. The constant “a” is directly related to the quality factor of the resonant tank.
Since a higher level of underdamping increases the quality factor “Q”, the quality factor for
this analysis of the series RLC circuit is considered as follows:

Q =
Es f0

PR
=

XL
R

(16)

where Es represents the maximum stored energy in the inductor, PR the energy dissipated
in the resistor, and XL the inductive reactance at the frequency fo. The mathematical
demonstration which relates the quality factor “Q” to the constant “a” is shown below:

1
α = 2L

R ; ωo = aα

Q = XL
R = ωo L

R →
2ωo L

2R
Q = 2ωo L

2R → Q = ωo
2α → Q = aα

2α → Q = a
2

(17)

Figure 4 shows the variation of the quality factor by increasing the multiplier “n” for
even and odd values with the fixed damping factor “df”.

As shown in Figure 4, increasing the multiplier “n” increases the quality factor “Q”,
where the higher the damping factor “df” also generates higher values in the quality factor.
From Equation (12), it is possible to determine the value of the time constant “τ” as a
function of the duty cycle “D”, the switching frequency “fsw”, and the constant “k” as
shown below:

τ =
2L
R

=
D

k fsw
(18)

Figure 5 shows the value of the normalized time constant “τn” for different values
of the damping factor “df”, where the equation defining the value of the normalized time
constant is shown below:

τn =
τ

τ′
(19)
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where in the constant “τ” is being considering the minimum value of the damping factor
(df = 0.1).
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where Imax represents the maximum value of the current, XC the capacitive reactance at the 
resonant frequency fo, and n the number of times to multiply the resonant frequency in the 
resonant tank. 

Solving Equation (20): 

max 2 2

sin( ) cos( )

C

o o
o o o

c
o

n n

V

e e n n
I X

απ απ
ω ωω ω α π ω π

α ω

−  
  

   =  
 
 
  

− −

+
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Figure 5. Value of the normalized tau constant “τn” for different damping factors.

As shown in Figure 5, the value of the normalized tau constant increases as the
damping factor increases, indicating that the inductance value “L” only depends on the
damping factor “df” and not on the multiplier “n”, since, as shown in Equation (18), the
switching frequency “fsw”, the duty cycle “D”, and the load “R” are predefined values that
do not change. Figure 5 also shows the number of times the inductance value increases;
when using a damping factor of “df = 0.9”, the inductance value increases almost forty-five
times compared to using a damping factor of “df = 0.1”. Therefore, high values of the
inductance “L” are necessary to obtain sinusoidal current waveforms, where a higher “n”
frequency multiplier will not affect the inductance value.



Energies 2022, 15, 9334 8 of 18

2.3. Determination of the Maximum Current in the Resonant Tank for Even and Odd Values of “n”
with the Determination of Constant “c”

As shown in Equation (8), which defines the behavior of the currents i1(t) and i2(t) in
the resonant tank, it is necessary to find the value of the constant “c” which defines the
maximum value of the current. This constant is found by determining the voltage in the
capacitor by integrating the circulating current in the circuit (i1(t), i2(t)) as shown below:

Vc =
1
C

t∫
0

i(t)dt = ImaxXC

θ=nπ∫
0

e−
αθ
ωo sin(θ)dθ (20)

where Imax represents the maximum value of the current, XC the capacitive reactance at the
resonant frequency fo, and n the number of times to multiply the resonant frequency in the
resonant tank.

Solving Equation (20):

VC = ImaxXc

ωoe−
απn
ωo

(
ωoe

απn
ωo − α sin(πn)−ωo cos(πn)

)
α2 + ω2

o

 (21)

In Equation (21), if the value of “n” is an odd or even number, there will be two
equations defining the capacitor voltage. Simplifying and considering that “n” is an
EVEN number:

VCeven = ImaxXC

(
1− e−

π
a n
)

(22)

Simplifying and considering that “n” is an ODD number:

VCodd = ImaxXC

(
1 + e−

π
a n
)

(23)

As shown in Equation (8), the maximum current in the resonant tank is defined as:

Imax =
VDC(1 + c)

ωoL
(24)

Expressing Equation (24) in known terms:

Imax =
VDC(1 + c)

DRLa
(25)

To determine the constant “c”, it is necessary to separate it from Equations (22) and (23).
Since there are two equations of the voltage in the capacitor, there will be two equations that
will define the value of the constant “c”. Substituting Equation (25) into (22) and solving
for ceven:

ceven =
XC

(
1− e

−π
a n
)

2DRa− XC

(
1− e

−π
a n
) (26)

Substituting Equation (25) into (23) and solving for codd:

codd =
XC

(
1 + e

−π
a n
)

2DRa− XC

(
1 + e

−π
a n
) (27)
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2.4. Determination of the Circuit Operating Parameters

The power at the load is one of the most important parameters to be determined in
this circuit, and is defined as follows:

PLoad = I2
RMSR (28)

As shown in Equation (28), it is necessary to determine the RMS current in the resonant
tank, which is defined as:

I2
RMS =

1
T

T∫
0

i2(t)dt =
1

nπ

nπ∫
0

(
Imaxe

−αθ
ωo sin(θ)

)2

dθ (29)

Solving Equation (29):

I2
RMS = I2

max

ωoe
−2nπα

ωo

(
−α2 + α2 cos(2nπ) + ω2

o

(
e

2nπα
ωo − 1

)
− αωo sin(2nπ)

)
4nπα(α2 + ω2

o)

 (30)

In Equation (30), whether “n” is an odd or even number, the equation in simplified
form is as follows:

I2
RMS = I2

max

 a
[
1−
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where b represents the expression in square brackets. Substituting (31) into (28), the equa-
tion of the power in the load is as follows: 

2

maxLoad IP bR=   (32)

The supply voltage can be determined by substituting Equation (25) into (32) and 
solving for VDC: 

2 2

2(1 )
DC

PRD a

c b
V =

+
  (33)

By manipulating Equation (33), it is possible to determine the gain of the circuit “M” 
as follows: 

(1 )c b
M

Da

+
=   (34)

where constant “c” can be for even values “ceven” or odd values “codd”. As shown in Equa-
tion (34), the gain of the circuit can vary as a function of the values of the constants “a”, 
“b”, “c”, and the duty cycle. However, the variation of the duty cycle would affect the 
current waveform and its symmetry, thus, a fixed value of D = 50% was considered in the 
circuit analysis. Since two equations define the value of the constant “c”, it is possible to 
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]
4nπ

 = I2
maxb (31)

where b represents the expression in square brackets. Substituting (31) into (28), the
equation of the power in the load is as follows:

PLoad = I2
maxbR (32)

The supply voltage can be determined by substituting Equation (25) into (32) and
solving for VDC:

VDC =

√
PRD2a2

(1 + c)2b
(33)

By manipulating Equation (33), it is possible to determine the gain of the circuit “M”
as follows:

M =
(1 + c)

√
b

Da
(34)

where constant “c” can be for even values “ceven” or odd values “codd”. As shown in
Equation (34), the gain of the circuit can vary as a function of the values of the constants
“a”, “b”, “c”, and the duty cycle. However, the variation of the duty cycle would affect
the current waveform and its symmetry, thus, a fixed value of D = 50% was considered in
the circuit analysis. Since two equations define the value of the constant “c”, it is possible
to plot the gain of the circuit with odd and even values of “n” for different values of the
damping factor “df”. Figure 6 shows the gain of the circuit “M” with even values of “n”
and a fixed damping factor. Figure 7 shows the gain of the circuit “M” with odd values of
“n” and a fixed damping factor. As shown in Figures 6 and 7, the circuit gain for both cases
using even and odd values of “n” tends to decrease as the multiplier increases. As shown
in Figure 7, when using odd values of “n”, the circuit gain does not vary significantly when
using different values of the damping factor “df”, when compared to using even values of
“n” as shown in Figure 6. This difference in gain behavior when using even or odd values
of “n” shows that it is convenient to use odd values of “n” since, if a sinusoidal current is
required in the resonant tank, a damping factor of “df ≥ 0.9” must be used. Using even
values of “n” is less convenient because the gain is very small, as shown in Figure 6.
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3. Design Methodology and Simulation
3.1. Design Methodology

To validate the above equations, a design methodology was proposed to test the
performance of the series RLC resonant circuit operating in the transient stage with an
underdamped response. Table 1 shows the operating parameters of the circuit and Table 2
presents the proposed design methodology for the proposed odd value of “n”.

Table 1. Circuit design parameters.

Parameter Description Value

Po Average output power 30 Watts
Vout RMS voltage at the load resistor 25 Volts
fsw Inverter switching frequency 500 kHz
D Duty cycle 50%
n Frequency multiplier 15
df Damping factor 0.9
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Table 2. Design methodology.

Parameter Description Equation Value

RL Load. V2
out
Po

21 Ω
fo Frequency of current in the resonant tank. fswn 7.5 MHz
ωo Angular frequency in the resonant tank. 2π fo 4.71 × 107

L Inductor in the resonant tank. DRL
2k fsw

99.66 µH
C Capacitor in the resonant tank. 1

ω2
o L

4.52 pF

a Constant which defines the level of underdamping of the current in the
resonant tank.

π
k n 447.26

Q Quality factor. a
2 224

XC Capacitive reactance. 1
ωoC 4696 Ω

Codd Constant that determines the voltage level in the resonant tank capacitor. XC

(
1+e−
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3.2. Simulation of the Circuit

To validate the design methodology, the series RLC resonant circuit shown in Figure 8
was simulated in the software OrCAD PSpice using the values shown in Table 2.
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The simulation time was 400 µs, which ensures the stability of the circuit operation.
The simulation results are shown in Figures 9–14.
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Energies 2022, 15, x FOR PEER REVIEW 13 of 20 
 

 

The simulation time was 400 µs, which ensures the stability of the circuit operation. 
The simulation results are shown in Figures 9–14. 

 
Figure 9. RMS output voltage (Vout) at the load resistor. 

 
Figure 10. Average output power (Po) at the load resistor. 

 
Figure 11. Current in the resonant tank. 

Time
0s 50us 100us 150us 200us 250us 300us 350us 400us

RMS(V(RL:2,RL:1))

0V

10V

20V

30V

25 V

Time
0s 50us 100us 150us 200us 250us 300us 350us 400us

AVG(W(RL))

0W

10W

20W

30W

30 W

Time

399.48us 399.52us 399.56us 399.60us 399.64us 399.68us 399.72us 399.76us 399.80us 399.84us
I(L)

−2.0A

−1.0A

0A

1.0A

2.0A
1.72 A

7.5 MHz

Figure 11. Current in the resonant tank.

Energies 2022, 15, x FOR PEER REVIEW 14 of 20 
 

 

 
Figure 12. Voltage level on the resonant capacitor in the middle of the switching period (VC = 
cVDC). 

 
Figure 13. Current in the resonant tank (sinusoidal waveform) with “n” complete cycles in one 
cycle of the bipolar voltage source (square waveform). 

 
(a) 

Time
383.70us 383.80us 383.90us 384.00us 384.10us 384.20us 384.30us 384.40us383.64us

V(C:1,C:2) V(V1:+,V1:−)

−10kV

0V

10kV

−400V

0V

400V

−600V

600V

𝑽𝑪 𝟕. 𝟔𝟕𝒌𝑽

Time

386.0us 386.2us 386.4us 386.6us 386.8us 387.0us 387.2us 387.4us 387.6us 387.8us 388.0us
I(L) V(V1:+,V1:−)

−2.0A

−1.0A

0A

1.0A

2.0A

−250V

0V

250V

−461V

481V

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Number of complete 
cycles

396.0us 396.2us 396.4us 396.6us 396.8us 397.0us 397.2us 397.4us 397.6us 397.8us 398.0us
I(L)

−1.00A

0A

1.00A

−1.81A

1.87A

−100V

0V

100V

−160V

160V

V(V1:+,V1:−)

1 2 3 4 5

ZCS

Number of complete 
cycles

Figure 12. Voltage level on the resonant capacitor in the middle of the switching period (VC = cVDC).
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of the bipolar voltage source (square waveform).
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Figure 14. Current in the resonant tank (sinusoidal waveform) with different values of “n”.
(a) Current in the resonant tank with an odd value of “n = 5” and ZCS. (b) Current in the reso-
nant tank with an even value of “n = 6”.

As shown in Figures 9 and 10, the values of the RMS voltage and the average power
obtained in the simulation are the same as the proposed values in Table 1 (Vout = 25 V,



Energies 2022, 15, 9334 14 of 18

Po = 30 W). Figure 11 shows the current in the resonant tank oscillating at the proposed
frequency of 7.5 MHz (fo = fswn) with the calculated peak current value of 1.72 A. Figure 12
shows the voltage level in the resonant capacitor in the middle of the switching period, which
is equal to the DC voltage multiplied by the value of the constant “codd” (VC = coddVDC).
Figure 13 shows the current in the resonant tank (sinusoidal waveform) and the voltage
applied at the input of the circuit (square waveform). As can be seen in Figure 13, the fre-
quency of the current in the resonant tank is multiplied fifteen times “n = 15” the switching
frequency of the square bipolar voltage source. Furthermore, the current waveform shows
that the maximum value of the current is decaying with a damping factor of “df = 0.9”
(almost sinusoidal) as defined in Table 1. The results shown in Figures 9–14 demonstrate
that the methodology for operating the RLC circuit in a transient state, acting as a frequency
multiplier, was correctly designed since they are very close to the theoretical values shown
in Tables 1 and 2.

More simulations were performed with even and odd values of “n”, following the
design methodology proposed in Table 2, with the same output power (Po = 30 W) to show
the difference in the current waveform. Figure 14a shows the resonant current with n = 5
(odd value); this figure shows the continuity of the current throughout the square voltage
switching period, while Figure 14b shows the resonant current with n = 6 (even value). In
this case, a discontinuity is observed in the middle of the square voltage switching period
(D = 50%). Figure 14a also demonstrates that even though the series RLC resonant circuit
was designed in a transient state, it is presenting zero current switching (ZCS), similar to
the resonant circuits designed in a steady state. This characteristic allows the possibility of
using this design methodology for the design of high-frequency resonant converters. The
difference between using even or odd values of “n” is very important in the operation of
the circuit since, as can be seen in both figures, when using even values of “n”, the input
supply voltage (VDC = 3.1 kV) required is much higher than the required voltage when
using odd values of “n” (VDC = 140 V). Figure 15 shows graphically the difference between
the input supply voltages (VDC) for each case using the same output power (Po = 30 W)
and the same square voltage source switching frequency (500 kHz). With even values of
“n”, the necessary input voltage reaches voltages of almost 10 kV; with odd values of “n”,
the necessary input voltage is lower than 600 V. The difference in the supply voltage level
is due to the value of the constants ceven or codd. When using even values of the multiplier
“n”, small values of the constant ceven are obtained; therefore, a large supply voltage level is
necessary because the voltage stored in the capacitor is not sufficient to obtain the frequency
multiplication and underdamping. The opposite is true when using odd values in the
multiplier “n”, where the value of the constant codd is higher and a very large supply voltage
is not necessary. The effect of the value of the constants ceven or codd can also be observed in
the gain of the circuit, as shown in Figures 6 and 7. Due to the higher increase of the input
supply voltage by increasing the multiplier “n”, there are increases in the instantaneous
input power that the power supply must be able to supply. To compare the electrical power
demanded from the power supply using odd or even values in the multiplier “n”, a term
called power demand rate “Pd” is introduced, which is calculated as follows:

Pd =
Pmax

Pavg
(35)

where Pmax represents the maximum peak power demanded from the power source and
Pavg represents the average output power at the load resistor.

To appreciate the effect that the multiplier “n” has on the power demand of the circuit,
Figure 16 shows the rate of power demanded when varying the multiplier “n” in odd and
even values, with the output power of 30 watts for both cases. As shown in Figure 16a,
there is a lower power demand rate to the power supply when using odd values of “n
compared to using even values of “n”, where the power demand is multiplied up to almost
ten times, as shown in Figure 16b. Although lower power levels are demanded when
using odd values of “n”, the power level is much higher than those demanded by resonant
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circuits designed in a steady state. This should be considered in the design of transient
state resonant circuits for certain applications.
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Figure 15. Input supply voltage (VDC) required for different values of the frequency multiplier “n”
with the same output power (Po = 30 W).

As shown in Figures 9–14, it was possible to obtain a frequency multiplication in
the tank up to fifteen times. This transient state design methodology achieves resonant
frequency multiplication by manipulating the values of the passive components in the
resonant tank to operate the circuit in an underdamped mode. The reported papers where
the VFX frequency multiplication technique had been used only achieved a frequency
multiplication of the double, which was established in their design by manipulating the
frequency of the inverter/rectifier stage using control methods [22–25]. Furthermore, those
reported in [20,21], where class E/DE amplifiers had been used without using control
methods in the inverter stage, achieved a frequency multiplication of up to three times.

The analysis shown in this paper, including the design of resonant circuits in a transient
state with underdamped response, theoretically allows a frequency multiplication much
higher than those reported in the literature and does not require sophisticated electronic
devices or complex control methods. However, applying this design methodology has
some disadvantages, since, as shown in Figure 4, to achieve a high-frequency multiplication
(n > 15), it is necessary to have high levels of quality factor in the resonant tank. Therefore,
the practical implementation with n > 15 might cause important losses in the passive
elements and in the parasitic of the switches used in the inverter. Figure 16a shows that
for n < 10, the power demand rate is under 30 (Pd < 30) for odd values of n. Therefore, the
practical implementation in this range will be more feasible. These considerations should
be considered when applying this design methodology in experimental tests, where no
special electronic components are required. As shown in Figure 1, the bipolar voltage
source at the input of the circuit can be replaced by the output voltage of a full-bridge
inverter, allowing the possibility of implementing this transient analysis in the design of
resonant converters for applications where very high operating frequencies are required.
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Figure 16. Power demand rate (Pd) from the power supply for different values of the frequency
multiplier “n”, same output power (Po = 30 W), and fixed damping factor “df”. (a) Power demand
rate (Pd) for odd values of “n”. (b) Power demand rate (Pd) for even values of “n”.

4. Conclusions

This paper presented the transient state analysis and design methodology of a series
RLC circuit which multiplied the oscillation frequency of the current in the resonant tank
“n” number of times the switching frequency of the square bipolar voltage source “fsw”.
The design methodology proposed in Table 2 was verified by simulations in OrCAD PSpice,
where the design parameters of the circuit shown in Table 1 could be achieved since it was
possible to multiply the oscillation frequency of the current “n = 15” times in the resonant
tank and deliver the required power level to the load (Po = 30 W). It was determined that the
gain of the series RLC circuit with underdamped response changes depending on whether
the values of “n” are even or odd and depending on the damping factor “df”, where the gain
using odd values of “n” does not present large variations when using different values of
the damping factor “df”, as shown in Figure 7. Another disadvantage of using even values
of the multiplier “n” is that the current presents a discontinuity in the middle of the square
voltage switching period, as shown in Figure 14b. In addition, another difference is the
voltage level required and the maximum instantaneous power demanded from the power
supply since, as shown in Figure 15, using even values of “n” meant higher supply voltage
levels were needed to transmit the same power level to the load. Furthermore, as shown in
Figure 16b, almost ten times more maximum power level was demanded from the power
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supply when using even values of “n”. These results show that using odd values of “n” is
more convenient since lower instantaneous power peaks are demanded from the source,
lower voltage levels are necessary, the gain presents minor variations when using different
damping factors “df”, and the current waveform is sinusoidal without discontinuities. The
design methodology and analysis shown in this paper demonstrates that it is possible to
multiply the frequency without using complex control methods, such as VFX, which only
varies the frequency of the inverter/rectifier to obtain certain gains. In this method, the
switching frequency remains constant, and it is the resonance frequency that is multiplied,
allowing the design of very high-frequency resonant converters with low-level inverter
switching frequencies.
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