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Featured Application: Constitutive model for non-linear finite element analysis of concrete struc-
tures subjected to cyclic loading and sustained loading.

Abstract: A thermodynamic constitutive damage model for plain concrete, and other quasi-brittle
aging materials, under creep relaxation is developed. The model accounts for the anisotropic damage
induced through a second-order tensor damage variable. The aging viscoelasticity of the material
is considered through the theory of solidification for aging solidifying materials. The material is
considered a viscoelastic-damageable material. The Helmholtz free energy, utilized in the formulation,
is treated based on the representation theorem of coupled damage strain tensors and Volterra integral
equations. The model can analyze time-dependent damage (tertiary creep) under constant loading
and can account for damage due to cyclic creep. Theoretical case studies are considered to illustrate
the applicability of the model. The determination of the functions and constants, representing the
material behavior, as well as any experimental companion is proposed for further research.

Keywords: concrete relaxation creep; constitutive damage model; aging viscoelasticity; tertiary creep

1. Introduction

Concrete is one of the most important construction materials in use all over the world.
It is an attractive material due to its versatility, easy fabrication, and low cost. Accordingly,
concrete has been used in the construction of different types of structures, such as bridges,
buildings, and dams, among others. However, due to its composite nature and quasi-
brittle behavior, its mechanical behavior is difficult to predict under different loading
conditions [1].

Particularly, in the case of bridges, which are subjected to a combined cyclic and
sustained loading, recent studies [2,3] have shown that the current state of the art on models
that account for purely sustained loading (creep) underestimate the long-term deflection,
especially in long-span bridges. This underestimation has been attributed to the combined
effect of sustained cyclic loading, known as cyclic creep. To account for such a phenomenon,
a theory of cyclic creep based on linear elastic fracture mechanics was developed in [4]. It
was found that cyclic creep has a negative impact on the long-term deflection of medium-
span bridges (bridges with spans between 40 and 80 m). However, the theory has not
been developed under the assumptions of the thermodynamic framework; moreover,
concrete is assumed as a linear elastic material, which is an inaccurate representation of
material behavior.
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As an alternative to linear elastic fracture mechanics, Continuum Damage Mechanics
(CDM) theory has been shown to have potential for the characterization of concrete me-
chanical behavior. Numerous studies in CDM theory for concrete under diverse conditions
have been developed. For instance, damage models for brittle materials under monotonic,
quasi-static, cyclic, and dynamic loading behavior were developed in [5–7]. In [8], a model
based on mixture theory (separating the mortar and aggregate) and CDM was developed;
the unilateral effect of cracks is primarily considered in this model. Some experiments
and models related to the unilateral effect of cracks in concrete were conducted in [9,10].
CDM-bounding surface models for concrete under cyclic and monotonic loading were
developed in [11,12]. Damage models coupled with plasticity were proposed in [13–23];
some of the features of these models were slip-type strain, multiaxial cyclic and monotonic
loading behavior, isotropic and anisotropic damage, and the inclusion of damage tensor
variables to account for compressive, tensile, and shear damage. Chaboche et al. [24]
reformulated the theory of CDM for brittle materials by treating them as elastic damage-
able materials. Following this line of thought, a model for an elastic–brittle material with
anisotropic damage was developed [25]; in this model, a representation theorem was first
introduced to define the thermodynamic potential. The relationship between fracture and
damage was studied in [26,27]. Damage models for concrete under hysteretic and fatigue
behavior were developed in [28–31]. A damage model based on CDM was presented
in [32]; in this model, the effects of initial damage are treated. Subsequently, a method to
correctly determine the damage functions in quasi-brittle materials was obtained in [33].
The separation of hydrostatic and deviatoric components of damage were treated and
discussed in [34]. In [35], a model for cyclic loading based on an isotropic damage variable
was developed; stiffness recovery, inelastic strains, and frictional sliding were some of its
features. Reviews of CDM and plasticity applied to concrete can be found in [36–38], and
more recently in [39], where multiscale modeling, phase-field modeling, rate-dependent
models, and fatigue were discussed.

One of the main challenges with the creep characterization of concrete is the change
in the mechanical viscoelastic properties as concrete ages—a concept known as aging.
Bažant was one of the first to recognize the aging of concrete and developed some early
models [40,41]. Afterward, concrete aging was assumed to be related to the process of
solidification of hydrated matter (cement gel) [42], and through this assumption, a theory
for aging creep on concrete was formulated, i.e., the theory of solidification [42–45]. Un-
fortunately, the long-term estimations, obtained through [42], showed divergence in their
graphical representation. This divergence was attributed to the utilization of the mean
distance between capillary pores used in the creep function. Hence, the use of a different
rheological model that considers a viscous flow strain component in the total strain was
proposed in [43]. This viscous flow component in the strain is due to the migration of
calcium silicate hydrate (CSH) particles inside the matrix [46]. This migration is the product
of the sustained loading or drying of concrete. The solidification theory in [43,44] provides
the theoretical framework for the derivation of the ACI B3 model [47]. The theory of solidi-
fication proposed in [43,44] accounted for the non-linear regime, i.e., for stresses larger than
half the strength of concrete, where irreversible viscoplastic strain prevails. However, the
non-linear theory was based only on curve fitting instead of a solid theoretical framework.
The thermoviscoelasticity of the solidification theory was presented in [45]. A nonlinear
model based on CDM and Bažant’s theory of solidification was developed in [48]; in the
model, an isotropic damage variable and a rate-type constitutive equation were used. One
of the shortcomings was the function utilized for accounting damage in the viscoelastic
part of the strain at high levels of stress based on empirical observations. Subsequently,
a constitutive relation for brittle materials (concrete and masonry) based on rheological
models and CDM was developed in [49]; the aging of concrete was absent in this constitu-
tive relation. More recently, a new type of creep damage model has been developed in [50]
to establish the relationship between creep parameters and time under different stresses.
In a recent study [51], viscoelastic materials were mathematically modeled considering



Appl. Sci. 2024, 14, 4270 3 of 28

molecular chain-network configurations and the temperature effects on the mechanical
properties were characterized based on the equivalent relationship between temperature
and frequency. Moreover, in [52], the mechanical behavior of a viscoelastic damper under
monotonic and cyclic loading, focusing on the cyclic stability of mechanical properties,
was explored.

In related research, and in the lead author’s doctoral dissertation [53], a non-linear
constitutive model for plain concrete under creep and relaxation was developed, and is
presented in this paper. The model is based on thermodynamic constitutive theory, and it
can account for creep under high levels of stress. In addition, the model has the potential to
be utilized to account for cyclic creep and tertiary creep, since the damage is driven by a
loading–unloading condition. The model is based on the Bažant solidification theory [43,45]
and the CDM theory. The model is developed from the strain-based tensor formulation,
meaning that the material functions that characterize the model are relaxation functions.
Anisotropic damage is considered by using a second-order damage tensor variable, whose
principal directions coincide with those of the strain tensor. The Helmholtz free energy is
utilized as a measure of energy storage and thermodynamic potential. The Helmholtz free
energy is defined based on the analogy of the representation theorem used by Murakami
and Kamiya [25]. Finally, it has been assumed that the formulations used for brittle–elastic
damageable materials [24] can also be applied to viscoelastic materials. Hence, the material
is treated as viscoelastic damageable material. The model developed in the present article
intends to provide a set of equations, with straightforward numerical implementation
and thermodynamical consistency, that make it possible to obtain the behavior of bridges
or other structures subjected to sustained and cyclic loading by means of finite element
analysis. Although this research does not address the numerical implementation of the
model, this can be attained through the numerical solution of the Volterra integral equations
proposed. The determination of the functions and constants, representing the material
behavior, as well as any experimental companion, is also proposed for further research.
Section 2 addresses the theoretical formulation of the creep relaxation damage model. In
Section 3, two case studies for the application of the model are presented. Conclusions
on the theoretical model, along with the recommendations for further research, are listed
in Section 4.

2. Theoretical Formulation

The model presented in this paper is developed under the consideration of the tensorial
notation, where the indices i, j, . . . , N range from 1 to 3 indicate the three-dimensional space.
In addition, Einstein’s summation convention is implied when repeated indices appear.

Although the tensorial notation is utilized in most of this article, the direct notation
(bolded characters) may also appear in some mathematical expressions, where the authors
consider it suitable. Thus, bold symbols in this article represent vector and tensor fields.

Furthermore, the variables to be introduced in this formulation depend upon the
position vector x and the current time variable t, unless otherwise specified. In addition, an
auxiliary variable τ must be introduced to account for the loading time, and the loading
duration is represented by the difference between these time variables, i.e., (t− τ).

2.1. Components of Strain and Thermodynamic Processes
2.1.1. Components of Strain

To formulate the Helmholtz free energy that accounts for the storage of energy in the
plain concrete in the proposed formulation, let us first enlist the processes that take place in
the concrete and the components of strain to be considered.

Firstly, to account for the aging process, a state variable v(t) known as solidifica-
tion [43,45] is considered in the formulation. Under high levels of stress (i.e., stress higher
than 0.45 f ′c− 0.50 f ′c under compression), concrete develops microcracks that cause irre-
versible strain. Furthermore, under sustained load, the concrete undergoes time-dependent
creep strain. Thus, under the former considerations and assuming the small strain regime,
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where the state of the strain at a point is given by ε = ε(x, t), the state of the strain may be
split into

ε = εep + εc (1)

where εep accounts for the elastoplastic strain and εc represents the creep strain, both repre-
senting the strain for any level (low or high) of stress. It should be mentioned that εep and
εc can remain coupled if necessary (as it will be assumed for the case studies in Section 3),
depending on the definition of the state of the strain, i.e., if the strain tensor contains the
immediate and the temporal strain, respectively [54]. However, it is advantageous if the
strain remains uncoupled, to measure them independently as well as their corresponding
cracking (damage).

Secondly, since it has been well established in [43], creep strain for concrete has a
short-term and a long-term component, where the latter is irreversible. Then, the creep
strain may be further split into

εc = εv + ε f (2)

where εv is the strain related to the short-term creep and ε f is the viscous flow strain
associated with long-term creep due to the migration of CSH particles. It shall also be noted
that the short-term creep εv will represent the viscoelastic strain εve, viscoplastic strain εvp,
and visco-damage strain εvd components. In other words,

εv = εv (εve, εvp, εvd ) (3)

These latter strain components will remain coupled in the constitutive equation,
as implied by Equation (3). The remaining subsections of this article will address the
constitutive model related to the creep strain component εc, and the remaining strains
are proposed for further research. Figure 1 shows an approximated rheological chain
model proposed for the complete set of strain components for the split state of the strain
at any point, including current and future research models, where the springs represent
conservative processes and the dashpots are dissipative.
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creep strain, εve viscoelastic strain, εvp viscoplastic strain, εvd visco-damage strain, and ε f viscous
flow strain (long-term creep).

2.1.2. Thermodynamic Processes

To formulate the constitutive equations that describe the behavior of plain concrete
under cyclic creep, it is necessary to understand the different thermodynamic processes
that take place in concrete upon loading. Energy due to these processes can be stored
or dissipated, depending on whether the process is reversible or irreversible. In the case
of concrete subjected to cyclic creep, and assuming that the material is also subjected
to a uniform temperature and an isothermal process, these processes are the state of
solidification, the state of strain and its magnitude, and hardening (which depends on both
strain and solidification degree).

The state of solidification of the concrete is known to be associated with the heat of
hydration, which is a result of the chemical reaction between water and cement, which leads
to the solidification of the cement gel [42,43]. Although the concrete reaches the desired
strength at 28 days, the process of solidification continues due to the new hydration of
cement particles trapped inside the matrix or the solidification of new layers of cement gel
inside the capillary pores. Therefore, this process aids the concrete to harden, by increasing
the amount of volume of solidified matter in time [42,43].

Concrete is considered a viscoelastic aging material. Under the application of stress
(strain), the material stores strain energy while the material is subjected to stress less than
half of its strength. However, if the concrete is subjected to a stress higher than half its
strength, the material develops microcracks that create an irreversible state of viscoplastic
strain [43]. In CDM, these microcracks are known as damage. For the damage to develop,
the material must store and dissipate energy [55]. Therefore, a process to account for
damage growth must be taken into consideration. In addition, as the damage develops
inside the material, strain hardening or softening occurs. Hence, a process known as
damage strengthening must be considered.

Likewise, during casting, concrete behaves as a non-Newtonian fluid; and as previ-
ously mentioned, the solidification of concrete is a process that continues for some time.
Therefore, it is reasonable to assume that particles of this non-Newtonian fluid remain
trapped inside the matrix, such that, after sustained loading is applied, these particles
start to flow. This is consistent with experimental data [46], where it has been shown that
CSH particles, inside the matrix, migrate when the application of sustained loading occurs.
These CSH particles do not return to their starting point once unloading takes place. This
migration creates a permanent strain that cannot be recovered. Therefore, in [43], a viscous
flow strain was considered to account for such microscopic behavior. Figure 2 summarizes
the thermodynamic processes taking place in the concrete.
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2.2. Instantaneous Helmholtz Free Energy
2.2.1. Components of Helmholtz Free Energy

Based on the aforementioned discussions, the instantaneous Helmholtz free energy at
any point can be written as follows:

ρΨ = ρΨ(x, t) = σ : εc + βB + D : Y + vV (4)
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where ρ is the mass density, Ψ is the instantaneous Helmholtz free energy per unit mass,
ρΨ is the instantaneous Helmholtz free energy per unit volume, σ : εc is strain energy
associated with the creep strain component, βB is the energy associated with the damage
strengthening (hardening and softening), D : Y is the energy associated with the degree of
cracking (damage), and vV is the energy associated with the solidification of the concrete.
Hence, the state variables are as described below:

1. σ is the state of stress at the point;
2. εc is the state of creep strain;
3. β is the damage strengthening;
4. B is the thermodynamic conjugate of the damage strengthening;
5. D is the second-order damage tensor variable;
6. Y is the energy release rate associated to the damage;
7. v is the degree of solidification;
8. V is the thermodynamic conjugate of the degree of solidification.

It is important to indicate that all the state variables mentioned above, and their
corresponding thermodynamic conjugates, not only depend on the position vector x, but
also on the time variable t. For instance, the state of stress is represented by σ = σ(x, t).
The only exceptions are v and V, where position independence will be assumed, to simplify
the formulation and to be consistent with the theory proposed in [45], i.e., v = v(t)
and V = V(t). Also, from this point forward, the authors will also be referring to the
instantaneous Helmholtz free energy as thermodynamic potential; and its position and
time dependency will be implied but not stated in further equations, i.e., ρΨ(x, t) = ρΨ,
for simplification.

As stated above, the creep strain is split into two components, i.e., Equation (2). Hence,
by substituting into Equation (4),

ρΨ = σ : εv + σ : ε f + βB + D : Y + vV (5)

Since the authors are considering Helmholtz free energy as thermodynamic potential,
the independent state variables in the thermodynamic potential are the state of strain εv

and ε f , the damage variable D, the damage strengthening variable β, and the solidification
variable v. The remaining variables σ, Y, B, and V are the dependent state variables, or
thermodynamic conjugates to be found from the thermodynamic potential, i.e.,

ρΨ = ρΨ (εv, ε f , β, D, v ) (6)

The damage is considered to develop as the state of strain reaches a certain magnitude,
which indicates the dependence of damage and strain. Also, although the strength to
sustain damage (i.e., damage strengthening) depends on the amount of damage itself in
the material, for the time being, it is assumed that the strength is uncoupled from the
damage in the thermodynamic potential. However, these two entities (i.e., strength and
damage) will be coupled later in the formulation when a dissipation potential is established.
Furthermore, the viscous flow strain, although associated with stress, can be assumed to be
independent of damage, because it is a process that appears at any level of strain. Finally, it
is stipulated that the volume of solidified matter of concrete hardens the material, thereby
making the material less susceptible to deformation. Therefore, the change in volume must
be coupled to the strain, with both viscous flow strain and short-term creep strain. Hence,
Equation (6) becomes

ρΨ = ρΨvε + ρΨ f + ρΨD (7)

where ρΨvε = ρΨvε(εv, D, v) is the strain energy associated with the short-term creep strain,
damage, and volume of solidification, ρΨ f = ρΨ f (ε f , v ) is the strain energy associated
with the viscous flow strain (long-term creep strain) and volume of solidification, and
ρΨD = ρΨD(β) is the energy associated with the damage strengthening. Equation (7) pro-
vides the components of the thermodynamic potential to be determined in this formulation.
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2.2.2. Helmholtz Free Energy for a Short-Term Linear Viscoelastic Aging Material

Based on [45], the first term of the Helmholtz free energy stated in Equation (7),
ρΨvε, is obtained. The proof given in [45] addresses the thermodynamic potential for
a unidimensional viscoelastic material. Nevertheless, the herein formulation leads to a
further generalization of the equations, by extending the concepts to a three-dimensional
case, assuming isotropy in the material, and the non-linear behavior by considering the
development of the damage due to higher levels of stress. Accordingly, the material
is assumed to be viscoelastic damageable material. In other words, the material is a
viscoelastic recoverable material until the point where damage due to microcracking begins
to develop, similar to that in [24].

Hence, assuming one solidification process to be sufficient for concrete [45], the
thermodynamic potential for short-term viscoelastic aging material is obtained, which is
expressed in its convolution Stieltjes integral form, i.e.,

ρΨvε = ρ
∫ t

θ=0
ψ(t, θ)dv(θ) =

1
2

∫ t

θ=0

∫ t

τ′=θ

∫ t

τ=θ
Gijkl

(
2t− τ − τ′

)
dεv

ij(τ)dεv
kl
(
τ′
)
dv(θ) (8)

where Gijkl is the age-independent relaxation tensor; θ is the time variable from which the
time is zero, meaning that no-aging changes in the mechanical properties have occurred,
up to the current time t; and τ′ is an auxiliary variable that represents the loading time,
similarly as τ.

If the most general form of an isotropic fourth-order tensor is considered,

Gijkl =
1
3
(G2 − G1)δijδkl +

1
2

G1 (δikδjl + δilδjk ) (9)

where G1 and G2 are isotropic age-independent relaxation functions related to the deviatoric
and dilatational strain, respectively, and δij is the Kronecker delta. Furthermore, if the
strain is split into dilatational and deviatoric, i.e.,

εv
ij =

1
3

εv
kkδij + ev

ij (10)

where the first term in Equation (10) represents the dilatational part of strain, and the second
is the deviatoric part. Then, by the substitution Equation (9) into Equation (8), performing
the changes in limit and order of integration represented in Figure 3, from Figure 3a–e,
to discard the integration with respect to v(θ), and by substituting Equation (10) and
considering the symmetry of the strain tensor, one finds

ρΨvε =
∫ t

τ′=0

∫ t

τ=τ′

1
3

Ĝ2
(
2t− τ, τ′

)
dεv

ii(τ)dεv
jj
(
τ′
)
+
∫ t

τ′=0

∫ t

τ=τ′
Ĝ1
(
2t− τ, τ′

)
dev

ij(τ)dev
ij
(
τ′
)

(11)

where Ĝ1 and Ĝ2 are isotropic age-dependent (aging) relaxation functions related to the
deviatoric and dilatational strain, given by Equation (12). It is important to note that, from
this point forward, the circumflex accent ∗̂ will represent aging functions that depend on
the variable v(t). Hence, Ĝ1 and Ĝ2 are written as

Ĝ1(2t− τ, τ′) = v(τ′)G1(2t− τ − τ′)

Ĝ2(2t− τ, τ′) = v(τ′)G2(2t− τ − τ′)
(12)

Equation (11) gives the energy stored in the isotropic linear viscoelastic aging material
due to the application of a three-dimensional state of strain with dilatational and deviatoric
components for a non-symmetric temporal region of integration. This equation can be
rewritten in a more familiar form if the isotropic relaxation aging functions, Ĝ1 and Ĝ2,
which are related to Lamé relaxation aging functions [54], i.e.,

λ̂(2t− τ, τ′) = 1
3
[
Ĝ2(2t− τ, τ′)− Ĝ1(2t− τ, τ′)

]
µ̂(2t− τ, τ′) = 1

2 Ĝ1(2t− τ, τ′)
(13)
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with Equation (13) into Equation (9) and following the previous steps, Equation (11)
becomes the Helmholtz free energy for an isotropic linear viscoelastic aging material
defined for a non-symmetric temporal region of integration, Equation (14), which provides
the amount of energy stored in the material due to a state of short-term creep strain before
damage has occurred, i.e.,

ρΨvε =
∫ t

τ′=0

∫ t

τ=τ′
λ̂
(
2t− τ, τ′

)
dεv

ii(τ)dεv
jj
(
τ′
)
+ 2

∫ t

τ′=0

∫ t

τ=τ′
µ̂
(
2t− τ, τ′

)
dεv

ij(τ)dεv
ij
(
τ′
)

(14)
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The symmetry in the temporal region of integration can be attained if the change in
limits and order of integration represented in Figure 3, from Figure 3f–h, are carried out in
Equation (14), and then, by expressing the equation as a semi sum of its terms,

ρΨvε = 1
2

∫ t
τ′=0[

∫ t
τ=τ′ λ̂(2t− τ, τ′)dεv

ii(τ) +
∫ τ′

τ=0 λ̂(2t− τ′, τ)dεv
ii(τ)

]
dεv

jj(τ
′)

+
∫ t

τ′=0

[∫ t
τ=τ′ µ̂(2t− τ, τ′)dεv

ij(τ) +
∫ τ′

τ=0 µ̂(2t− τ′, τ)dεv
ij(τ)

]
dεv

ij(τ
′)

(15)
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As a final step, we couple Equation (15) with the Lamé relaxation aging functions. Fur-
thermore, we use a Heaviside temporal function, Ht(∗), which is defined as 1 when the
term inside the parenthesis, i.e., (∗), is positive, 1

2 when (∗) is zero, and zero when (∗) is
negative. It is important to mention that, from this point forward, the tilde ∗̃ will represent
relaxation aging functions with a temporal Heaviside function defined inside. Hence, the
Lamé relaxation aging functions are rewritten as

λ̃(t, τ, τ′) = Ht(τ − τ′)λ̂(2t− τ, τ′) + Ht(τ′ − τ)λ̂(2t− τ′, τ)

µ̃(t, τ, τ′) = Ht(τ − τ′)µ̂(2t− τ, τ′) + Ht(τ′ − τ)µ̂(2t− τ′, τ)
(16)

and thus, the symmetry in the integration region is attained in Equation (17). Figure 4
represents the regions of integration for both λ̃ and µ̃.

ρΨvε =
1
2

∫ t

τ′=0

∫ t

τ=0
λ̃
(
t, τ, τ′

)
dεv

ii(τ)dεv
jj
(
τ′
)
+
∫ t

τ′=0

∫ t

τ=0
µ̃
(
t, τ, τ′

)
dεv

ij(τ)dεv
ij
(
τ′
)

(17)

Appl. Sci. 2024, 14, x FOR PEER REVIEW 10 of 30 
 

𝜆(𝑡, 𝜏, 𝜏′) = 𝐻 (𝜏 − 𝜏′)𝜆(2𝑡 − 𝜏, 𝜏′) + 𝐻 (𝜏 − 𝜏)𝜆(2𝑡 − 𝜏′, 𝜏) 𝜇(𝑡, 𝜏, 𝜏′) = 𝐻 (𝜏 − 𝜏′)�̂�(2𝑡 − 𝜏, 𝜏′) + 𝐻 (𝜏 − 𝜏)�̂�(2𝑡 − 𝜏′, 𝜏) (16)

and thus, the symmetry in the integration region is attained in Equation (17). Figure 4 
represents the regions of integration for both 𝜆 and 𝜇. 𝜌𝛹 = 12 𝜆(𝑡, 𝜏, 𝜏′)𝑑𝜀 (𝜏)𝑑𝜀 (𝜏 ) + 𝜇(𝑡, 𝜏, 𝜏′)𝑑𝜀 (𝜏)𝑑𝜀 (𝜏 ) (17)

 
Figure 4. Symmetric region of integration for the Lamé aging relaxation functions defined for ther-
modynamic potential. 

Equation (17) is the thermodynamic potential from which a constitutive relation be-
tween stress and strain can be obtained for an isotropic linear viscoelastic aging material. 
Equation (17) can be further simplified to express the stress–strain relation for a uniaxial 
material, as later discussed in Section 3.2 of this paper. In addition, and similar to Equa-
tions (11) and (14), the thermodynamic potential in Equation (17) provides the energy 
stored in the material for a symmetric temporal region of integration, from which the in-
tegration can be attained in a straightforward manner. Equation (17) is analogous to the 
Helmholtz free energy for a linear elastic isotropic material, Equation (18), where 𝑡𝑟(∗) is 
the trace of the tensor inside the parenthesis, and 𝜆 and 𝜇 are Lamé constants. 𝜌𝜓 = 12 𝜆 𝑡𝑟(𝜺) + 𝜇 𝑡𝑟(𝜺𝟐) = 12 𝜆𝜀 𝜀 + 𝜇𝜀 𝜀  (18)

Equation (18) is represented in two forms. The first form is represented by a quadratic 
scalar-valued tensor function in its general form based on the invariants of the strain ten-
sor field [55], i.e., the traces 𝑡𝑟(𝜺), 𝑡𝑟(𝜺 ), and 𝑡𝑟(𝜺 ), where only quadratic terms are con-
sidered to obtain a linear relation between stress–strain. The second form is the compo-
nent form, or tensorial notation, from which it is easier to notice the similarity between 
Equations (17) and (18). In addition, from both forms of Equation (18), it is possible to 
obtain the stress–strain relation for a linear elastic isotropic material, by the differentiation 
of Equation (18) with respect to the strain tensor components 𝜀 . 

2.2.3. Helmholtz Free Energy for a Short-Term Non-Linear Viscoelastic Aging Material 
with Unilateral Effect of Damage 

As stated before, a symmetric second-order damage tensor variable is considered, 
written in terms of its spectral decomposition, i.e., 

𝑫 = 𝐷 𝒏( ) ⊗ 𝒏( )  (19)

Figure 4. Symmetric region of integration for the Lamé aging relaxation functions defined for
thermodynamic potential.

Equation (17) is the thermodynamic potential from which a constitutive relation be-
tween stress and strain can be obtained for an isotropic linear viscoelastic aging material.
Equation (17) can be further simplified to express the stress–strain relation for a uniax-
ial material, as later discussed in Section 3.2 of this paper. In addition, and similar to
Equations (11) and (14), the thermodynamic potential in Equation (17) provides the energy
stored in the material for a symmetric temporal region of integration, from which the
integration can be attained in a straightforward manner. Equation (17) is analogous to the
Helmholtz free energy for a linear elastic isotropic material, Equation (18), where tr(∗) is
the trace of the tensor inside the parenthesis, and λ and µ are Lamé constants.

ρψ =
1
2

λ[tr(ε)]2 + µ [tr (ε2 ) ] =
1
2

λεiiεjj + µεijεij (18)

Equation (18) is represented in two forms. The first form is represented by a quadratic
scalar-valued tensor function in its general form based on the invariants of the strain tensor
field [55], i.e., the traces tr(ε), tr

(
ε2), and tr

(
ε3), where only quadratic terms are considered

to obtain a linear relation between stress–strain. The second form is the component form,
or tensorial notation, from which it is easier to notice the similarity between Equations
(17) and (18). In addition, from both forms of Equation (18), it is possible to obtain the
stress–strain relation for a linear elastic isotropic material, by the differentiation of Equation
(18) with respect to the strain tensor components εij.



Appl. Sci. 2024, 14, 4270 10 of 28

2.2.3. Helmholtz Free Energy for a Short-Term Non-Linear Viscoelastic Aging Material
with Unilateral Effect of Damage

As stated before, a symmetric second-order damage tensor variable is considered,
written in terms of its spectral decomposition, i.e.,

D =
3

∑
i=1

Din(i)D ⊗ n(i)D (19)

where Di are the eigenvalues of the damage tensor, and n(i)D are the eigenvectors of the
damage tensor. In addition, if the principal directions of the damage tensor are assumed to
coincide with those of the strain tensor, i.e., n(i)D = n(i)ε, where n(i)ε are the eigenvectors
of the strain tensor. Hence, the thermodynamic potential presented in Equation (18) can
be further expanded to express the Helmholtz free energy as a function of the ten general
invariants of strain and damage [55]. For an elastic material, the ten invariants are tr(ε),
tr
(
ε2), tr

(
ε3), tr(D), tr

(
D2), tr

(
D3), tr(εD), tr

(
εD2), tr

(
ε2D

)
, and tr

(
ε2D2). Therefore, for

a linear relation between strain and stress, only terms with quadratic strain are used; and
those terms with lower or higher order than quadratic are neglected. In the same manner,
it is assumed that the damage affects the strain–stress relation linearly. Thus, the quadratic
and other higher-order terms for the damage variable are neglected. Therefore, in direct
notation and component form, respectively,

ρψ = ρψ(ε, D) = 1
2 λ[tr(ε)][tr(ε)] + µ(ε : ε) + χ1[tr(D)][tr(ε)][tr(ε)] + χ2[tr(D)](ε : ε) + χ3[tr(ε)](ε : D)
+ χ4[ε : (εD)]

(20)

ρψ =
1
2

λεiiεjj + µεijεij + χ1Diiεjjεkk + χ2Dkkεijεij + χ3εkkεijDij + χ4εijεikDkj (21)

With Equations (17) and (21), the Helmholtz free energy can be expressed to account
for the damage. If the rate of change in the damage variable (evolution equation) was
assumed to be small in magnitude, the rate of change in the evolution of the damage would
be even smaller, so that it could be neglected. Thus, the terms related to the rate of change
in the damage variable in the energy equation can also be neglected, since they depend on
the rate of evolution. Therefore, the Helmholtz free energy of a viscoelastic aging isotropic
material coupled with anisotropic damage, Equation (22), can be written as

ρΨvε = 1
2

∫ t
τ′=0

∫ t
τ=0 λ̃(t, τ, τ′)dεv

ii(τ)dεv
jj(τ
′) +

∫ t
τ′=0

∫ t
τ=0 µ̃(t, τ, τ′)dεv

ij(τ)dεv
ij(τ
′)

+
∫ t

τ′=0

∫ t
τ=0 χ̃1(t, τ, τ′)Diidεv

jj(τ)dεv
kk(τ

′)

+
∫ t

τ′=0

∫ t
τ=0 χ̃2(t, τ, τ′)Dkkdεv

ij(τ)dεv
ij(τ
′) +

∫ t
τ′=0

∫ t
τ=0 χ̃3(t, τ, τ′)Dijdεv

kk(τ)dεv
ij(τ
′)

+
∫ t

τ′=0

∫ t
τ=0 χ̃4(t, τ, τ′)Djkdεv

ij(τ)dεv
ik(τ

′)

(22)

where the relaxation material functions χ̃I(t, τ, τ′) (with I = 1, 2, 3, 4) must be determined
from experimental data; and they are assumed to be dependent on the degree of solidifica-
tion in the material, that is,

χ̃I
(
t, τ, τ′

)
= Ht

(
τ − τ′

)
χ̂I
(
2t− τ, τ′

)
+ Ht

(
τ′ − τ

)
χ̂I
(
2t− τ′, τ

)
(23)

where χ̂I is the aging relaxation function containing the solidification parameter, i.e.,

χ̂I
(
2t− τ, τ′

)
= v

(
τ′
)
χI
(
2t− τ − τ′

)
(24)

It is well established in the literature that cracks in concrete grow depending on the
sign of stress [6–39]. For instance, if the concrete is subjected to a tensile stress, microcracks
grow perpendicular to the direction of the stress. Meanwhile, if it undergoes compressive
stress (splitting stress), the microcracks grow parallel to the direction of the stress. In other
words, in both cases, microcracks grow in the direction of the positive strain. Figure 5
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shows how microcracks develop inside the material due to the different signs of stress. To
account for this behavior, the positive part of the strain tensor must be assumed as [25]

εv+ = Pε+ : εv (25)

where Pε+ is a fourth-order tensor known as the positive orthogonal projection of the
strain [56], defined as

Pε+ = Qε+ ⊗Qε+ (26)

where Qε+ is the positive strain rotation tensor given by the multiplication of the tensor
product of the eigenvectors of the strain tensor n(i)ε acting on itself, and a Heaviside
function defined in the principal strain space, Hε

(
εv

i
)
, where εv

i are the eigenvalues of the
short-term creep strain tensor, i.e.,

Qε+ =
3

∑
i=1

Hε(ε
v
i )n

(i)ε ⊗ n(i)ε (27)

where Hε is defined as 1 if εv
i is positive, and 0 when εv

i is either negative or zero. Thus, if
the spectral decomposition of εv is considered, similar to Equation (19), it is easily proven
that Equation (25) is

εv+ =
3

∑
i=1

Hε(ε
v
i )ε

v
i n(i)ε ⊗ n(i)ε (28)
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Therefore, upon replacing εv by εv+ in the terms with D in Equation (22), the Helmholtz
free energy of a viscoelastic aging isotropic material coupled with anisotropic damage with
unilateral effect is found as Equation (29)

ρΨvε = 1
2

∫ t
τ′=0

∫ t
τ=0 λ̃(t, τ, τ′)dεv

ii(τ)dεv
jj(τ
′) +

∫ t
τ′=0

∫ t
τ=0 µ̃(t, τ, τ′)dεv

ij(τ)dεv
ij(τ
′)

+
∫ t

τ′=0

∫ t
τ=0 χ̃1(t, τ, τ′)Diidεv+

jj (τ)dεv+
kk (τ

′)

+
∫ t

τ′=0

∫ t
τ=0 χ̃2(t, τ, τ′)Dkkdεv+

ij (τ)dεv+
ij (τ′) +

∫ t
τ′=0

∫ t
τ=0 χ̃3(t, τ, τ′)Dijdεv+

kk (τ)dεv+
ij (τ′)

+
∫ t

τ′=0

∫ t
τ=0 χ̃4(t, τ, τ′)Djkdεv+

ij (τ)dεv+
ik (τ′)

(29)

where εv+
ij and εv+

ii are given by the double contraction of the positive orthogonal projection

components Pε+
ijkl and the short-term creep strain components εv

ij, defined in Equation (25); hence,

εv+
ij = Pε+

ijklε
v
klε

v+
ii = Pε+

iiklε
v
kl (30)
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Equation (29) provides the first term on the right-hand side of the thermodynamic
potential expressed in Equation (7). Hence, it is important to determine the remaining
terms in this equation, i.e., ρΨ f and ρΨD. It should be noted that the development followed
to determine ρΨvε, Equation (29), has been difficult to handle. However, the remaining
terms in Equation (7) are determined in a straightforward manner.

2.2.4. Helmholtz Free Energy for Viscous Flow Strain and Damage Strengthening

For the second term in the right-hand side of Equation (7), let us split the stress into
hydrostatic and deviatoric parts, i.e., σ = −pI + s, where p is the hydrostatic pressure
given by p = − 1

3 tr(σ), I is the identity tensor, and s is the deviatoric stress tensor. By taking
the hydrostatic and deviatoric parts of the stress, and substituting them into the second
term in the right-hand side of Equation (5), i.e., σ : ε f , and assuming a linear relationship,
we obtain second term in the right-hand side of Equation (7),

ρΨ f = −1
2

p (I : ε f ) +
1
2

s : ε f (31)

From this equation, it is easily recognized that the term s : ε f is zero since a viscous
flow is a process entirely dissipative when subjected to shear stress [57]. Furthermore, it is
also easily noted that I : ε f = tr (ε f ). Subsequently, from an analogy with linear elasticity,

ρΨ f = −1
2

p (I : ε f ) =
1
2

k̂ f [tr (ε f ) ]2 (32)

where the relationship p = −k̂ f tr (ε f ) was assumed, in which k̂ f = k̂ f (t) is the long-term
creep bulk aging function, related to the long-term creep Lamé aging functions λ̂ f and µ̂ f

through k̂ f = λ̂ f +
2
3 µ̂ f . Aging functions are considered since they may depend on the

variable v(t) [43,45]. In addition, Equation (32) can also be written in component form,

ρΨ f =
1
2

k̂ f ε
f
iiε

f
jj (33)

Equation (33) is the Helmholtz free energy that accounts for the energy stored in
the material due to the long-term creep state of the strain. It is relevant to note that the
long-term creep Lamé aging functions λ̂ f and µ̂ f , related to k̂ f , do not necessarily coincide
with those relaxation functions defined in Equation (16).

Finally, the third term in Equation (7) is assumed to be given by

ρΨD =
1
2

k̂Dβ2 (34)

defined similarly as in [25], and where, k̂D = k̂D(t) is an experimental aging hardening
function associated with hardening and the age of the quasi-brittle material.

2.2.5. Thermodynamic Potential

We now combine Equations (7), (29), (33), and (34), to obtain the thermodynamic
potential, i.e.,

ρΨ = 1
2

∫ t
τ′=0

∫ t
τ=0 λ̃(t, τ, τ′)dεv

ii(τ)dεv
jj(τ
′) +

∫ t
τ′=0

∫ t
τ=0 µ̃(t, τ, τ′)dεv

ij(τ)dεv
ij(τ
′)

+
∫ t

τ′=0

∫ t
τ=0 χ̃1(t, τ, τ′)Diidεv+

jj (τ)dεv+
kk (τ

′)

+
∫ t

τ′=0

∫ t
τ=0 χ̃2(t, τ, τ′)Dkkdεv+

ij (τ)dεv+
ij (τ′) +

∫ t
τ′=0

∫ t
τ=0 χ̃3(t, τ, τ′)Dijdεv+

kk (τ)dεv+
ij (τ′)

+
∫ t

τ′=0

∫ t
τ=0 χ̃4(t, τ, τ′)Djkdεv+

ij (τ)dεv+
ik (τ′) + 1

2 k̂ f ε
f
iiε

f
jj +

1
2 k̂Dβ2

(35)

Equation (35) is the thermodynamic potential from which all the constitutive and
evolution equations of the dissipative processes are determined. Equation (35) also provides
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the complete form of the instantaneous Helmholtz free energy, which accounts for the
energy storage in the material.

2.3. Constitutive Equations
2.3.1. Creep Strain–Stress Relation

The strain stress relation is given by the sum of the partial derivative of the ther-
modynamic potential with respect to the creep strain components, i.e., σij = ρ ∂Ψ

∂εv
ij
+ ρ ∂Ψ

∂ε
f
ij

.

Then, by using Equation (35), the Leibniz rule, and changing τ and τ′ equal to t, such that
Ht(τ′ − t) = 0, when τ = t, and Ht(τ − t) = 0, when τ′ = t. Finally, by setting τ = τ′,
treating the positive orthogonal projection Pε+

ijkl as constant, and assuming the symmetry of
the damage tensor, one finds

σij = ρ ∂Ψ
∂εv

ij
+ ρ ∂Ψ

∂ε
f
ij

=
∫ t

τ=0 λ̂(t, τ)dεv
kk(τ)δij + 2

∫ t
τ=0 µ̂(t, τ)dεv

ij(τ) + 2
∫ t

τ=0 χ̂1(t, τ)DkkPε+
mmijdεv+

ll (τ)

+2
∫ t

τ=0 χ̂2(t, τ)DmmPε+
klijdεv+

kl (τ) +
∫ t

τ=0 χ̂3(t, τ)Dkl Pε+
mmijdεv+

kl (τ)

+
∫ t

τ=0 χ̂3(t, τ)Dkl Pε+
klijdεv+

mm(τ) + 2
∫ t

τ=0 χ̂4(t, τ)DlmPε+
kmijdεv+

kl (τ) + k̂ f ε
f
kkδij

(36)

where the relaxation functions are dependent on the aging term v(t) at loading time τ, i.e.,
v(τ), and the non-aging relaxation functions evaluated at loading duration (t− τ). In mathe-
matical terms: λ̂(t, τ) = v(τ)λ(t− τ), µ̂(t, τ) = v(τ)µ(t− τ), and χ̂I(t, τ) = v(τ)χI(t− τ)
(with I = 1, 2, 3, 4).

2.3.2. Energy Released Rate

The energy release rate is given by the negative partial derivative of the thermody-
namic potential with respect to the damage strain components, i.e., Yij = −ρ ∂Ψ

∂Dij
. With

Equation (35), the Leibniz rule, and by performing some mathematical operations, the
amount of energy released due to the damage growth is obtained:

Yij = −ρ ∂Ψ
∂Dij

= −
∫ t

τ′=0

∫ t
τ=0 χ̃1(t, τ, τ′)dεv+

kk (τ)dεv+
ll (τ′)δij −

∫ t
τ′=0

∫ t
τ=0 χ̃2(t, τ, τ′)dεv+

kl (τ)dεv+
kl (τ

′)δij

−
∫ t

τ′=0

∫ t
τ=0 χ̃3(t, τ, τ′)dεv+

kk (τ)dεv+
ij (τ′)−

∫ t
τ′=0

∫ t
τ=0 χ̃4(t, τ, τ′)dεv+

ki (τ)dεv+
kj (τ

′)
(37)

2.3.3. Thermodynamic Conjugate of Damage Strengthening

The thermodynamic conjugate associated with the damage strengthening is deter-
mined through the differentiation of the instantaneous Helmholtz free energy with respect
to β. Hence,

B = −ρ
∂Ψ
∂β

= −k̂Dβ (38)

Equation (38) represents the associate conjugate to the strength to sustain damage,
which is the state variable that controls the hardening or softening in the material due
to the application of cyclic or sustained loading. The variables β and B control the resis-
tance of the material to endure damage. Thus, D, Y, β, and B are coupled through the
evolution equations.

2.3.4. Thermodynamic Conjugate of the Solidification Variable

Since Equation (35) is a function of the volume of solidified matter at the time where
the load was applied, v(τ), it is straightforward to recognize that V(t) = ρ ∂Ψvε

∂v(t) = 0. This
indicates that the process of solidification has already stopped, such that the process vV is
no longer active in the material at current time t. However, it is also interesting to determine
the conjugate associated with v(t) when the current time t approaches the loading time τ.
This can be attained by computing the limit of V(t) with respect to v(t) when t→ τ (and
t→ τ′ ), i.e., limV(t)t→(τ,τ′) = ρ ∂Ψ

∂v(τ) + ρ ∂Ψ
∂v(τ′) , resulting in
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V(τ) = ρ ∂Ψ
∂v(τ) + ρ ∂Ψ

∂v(τ′)

= 1
2

∫ t
τ′=0

∫ t
τ=0 λ(2t− τ − τ′)dεv

ii(τ)dεv
jj(τ
′) +

∫ t
τ′=0

∫ t
τ=0 µ(2t− τ − τ′)dεv

ij(τ)dεv
ij(τ
′)

+
∫ t

τ′=0

∫ t
τ=0 χ1(2t− τ − τ′)Diidεv+

jj (τ)dεv+
kk (τ

′)

+
∫ t

τ′=0

∫ t
τ=0 χ2(2t− τ − τ′)Dkkdεv+

ij (τ)dεv+
ij (τ′)

+
∫ t

τ′=0

∫ t
τ=0 χ3(2t− τ − τ′)Dijdεv+

kk (τ)dεv+
ij (τ′)

+
∫ t

τ′=0

∫ t
τ=0 χ4(2t− τ − τ′)Djkdεv+

ij (τ)dεv+
ik (τ′) + 1

2 ε
f
iiε

f
jj

∂k̂ f (τ)

∂v(τ) + 1
2 β2 ∂k̂D(τ)

∂v(τ)

(39)

Equation (39) represents the energy stored due to the process of solidification at the moment
in which the load is applied. However, according to Equation (39), it should be noted that,
before loading occurs, the state of strain is considered to be equal to zero, and so is the
damage strengthening, leading to V(τ) = 0. This is because the process of solidification is
chemical in nature rather than mechanical [45], and it does not depend on the state of strain
as Equation (39) suggests. This generates inconsistency in the solidification theory; and
therefore, a better assumption of the process of solidification must be studied in further
research. However, it is noted that the definition of chemical energy due to the process of
solidification is out of the scope of this paper.

2.4. Dissipative Processes
2.4.1. Dissipation Inequality

Let us substitute Equations (2) and (35) into the Clausius–Duhem inequality for
uniform temperature and isothermal processes, i.e.,

σij
.
ε

c
ij − ρ

.
Ψ ≥ 0 (40)

where
.
ε

c
ij is the rate of creep strain and ρ

.
Ψ is the rate of the thermodynamic potential,

Equation (35). Hence, with the Leibniz rule, by considering the symmetry of the damage
tensor, by incorporating Equations (16) and (23), and taking τ = τ′ in the terms with

.
ε

v
ij,

and with Equations (36)–(40), this becomes

Yij
.

Dij + sij
.
ε

f
ij + B

.
β + Λ ≥ 0 (41)

where
.

Dij are the components of the evolution of the damage tensor, sij are the components

of the deviatoric stress,
.
ε

f
ij is the rate of long-term creep strain,

.
β is the evolution of damage

strengthening, and Λ is the rate of dissipation energy given by

Λ = − 1
2

∫ t
τ′=0

∫ t
τ=0

.
λ̃(t, τ, τ′)dεv

ii(τ)dεv
jj(τ
′)−

∫ t
τ′=0

∫ t
τ=0

.
µ̃(t, τ, τ′)dεv

ij(τ)dεv
ij(τ
′)

−
∫ t

τ′=0

∫ t
τ=0

.
χ̃1(t, τ, τ′)Diidεv+

jj (τ)dεv+
kk (τ

′)

−
∫ t

τ′=0

∫ t
τ=0

.
χ̃3(t, τ, τ′)Dijdεv+

kk (τ)dεv+
ij (τ′)

−
∫ t

τ′=0

∫ t
τ=0

.
χ̃4(t, τ, τ′)Djkdεv+

ij (τ)dεv+
ik (τ′)− 1

2

.
k̂ f ε

f
iiε

f
jj −

1
2

.
k̂Dβ2

(42)

where
.
λ̃ and

.
µ̃ are the rate of the first and second Lamé aging relaxation functions λ̃ and

µ̃, Equation (16), respectively;
.
χ̃I (with I = 1, 2, · · · , 4) are the rate of the aging relaxation

functions χ̃I , Equation (23);
.
k̂ f is the rate of the bulk aging function k̂ f ; and

.
k̂D is the rate of

the aging hardening function k̂D.

2.4.2. Restrictions Imposed by the First and Second Laws of Thermodynamics

It is necessary for the energy stored in the material to be semi-positive definite, in the
case of viscoelastic materials [54], i.e., ρΨ ≥ 0. In addition, the rate of energy dissipation
must also be semi-positive definite, i.e., Λ ≥ 0, according to Equation (41). From these two
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restrictions, by considering the damage variable as a semi-positive definite tensor, and by
stating that each term of Equations (35) and (42) must meet these inequalities, one finds

λ̃(t, τ, τ′) ≥ 0

µ̃(t, τ, τ′) ≥ 0

χ̃I(t, τ, τ′) ≥ 0 (with I = 1, 2, · · · , 4)

k̂ f ≥ 0

k̂D ≥ 0

(43)

and .
λ̃(t, τ, τ′) ≤ 0
.
µ̃(t, τ, τ′) ≤ 0

.
χ̃I(t, τ, τ′) ≤ 0 (with I = 1, 2, · · · , 4)

.
k̂ f ≤ 0
.
k̂D ≤ 0

(44)

Hence, Equations (43) and (44) are the thermodynamic restrictions imposed by the first
and second laws of thermodynamics to the aging relaxation functions and the functions
k̂ f and k̂D. These restrictions must be met in the time domain t ≥ 0. Furthermore, in
the case of k̂ f and k̂D, the restrictions show that they do not only depend on the solidi-
fication process v(t); and in fact, the material keeps hardening as time advances [43,45].
This is because v(t) is a positive function with a positive change rate. The same im-
plication applies to the relaxation functions λ̃, µ̃, and χ̃I , which was already stated in
Equations (12), (13), (16), (23), and (24).

2.4.3. Evolution Equations

To determine the evolution equations, the relationship between thermodynamic fluxes
and forces using a dissipation potential [58,59] is considered, i.e., J =

.
ξ ∂Ω

∂X , where J are the
thermodynamic fluxes, X are the thermodynamic forces, Ω is the dissipation potential, and
.
ξ is a multiplier that needs to be determined from the consistency condition. Hence, from
the first three terms in Equation (41), the thermodynamic forces are Yij, B, and sij, while the

thermodynamic fluxes are
.

Dij,
.
β, and

.
ε

f
ij. If two dissipation inequalities are considered, one

related to the damage process and the other related to the viscous flow, i.e.,

ΦD + Φ f ≥ 0 (45)

where ΦD = Yij
.

Dij + B
.
β, and Φ f = sij

.
ε

f
ij, then each term in Equation (45) must satisfy

the inequality, i.e., ΦD ≥ 0 and Φ f ≥ 0. This is valid since the viscous flow occurs
at any level of stress (or strain), without damage. In addition, the strength to sustain
damage (i.e., hardening) must be coupled with the damage experienced by the material, as
previously stated.

To account for the long-term creep strain of the uniaxial model and the viscous flow,
σ = η̂(t)

.
ε

f is implemented in [43], where η̂(t) is the aging viscosity function given by
η̂(t) = η0v(t), with η0 known as the effective viscosity of the solidified matter. Following
the same line of thought [57],

sij = η̂(t)
.
ε

f
ij (46)

Equation (46) provides the evolution equation that relates the thermodynamic force sij

and the thermodynamic flux
.
ε

f
ij, through the multiplier η̂. Furthermore, if Equation (46) is

substituted into Φ f = sij
.
ε

f
ij, the inequality Φ f ≥ 0 is satisfied. Furthermore, the restriction
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of the second law of thermodynamics is imposed to the viscosity as η̂(t) ≥ 0, which implies
that v(t) ≥ 0, and by differentiating both sides with respect to t, one finds

.
v(t) ≥ 0. This

is consistent with the positive nature of both v(t) and its rate of change, as described
earlier [43].

For the damage and damage strengthening evolution,

.
Dij =

.
ξ

D
∂ΩD

∂Yij
.
β =

.
ξ

D
∂ΩD

∂B

(47)

where ΩD is the dissipation potential and
.
ξ

D
is a multiplier defined through the consistency

condition. ΩD and
.
ξ

D
must be considered in both equations, Equation (47), to couple

damage and the strength to sustain damage. In general, the dissipation potential ΩD has
been defined as a loading surface f D, which in turn is defined as a function of Yij and
B [25,29]. Hence, the loading surface,

ΩD = f D = YEQ − (B + Bo) ≤ 0 (48)

where YEQ is the equivalent energy release rate, defined as YEQ =
[

1
2 YijYij

] 1
2 , B is the

damage strengthening, and Bo is a constant that defines the threshold value for cracks to
start growing inside the material. This former assumption is valid since the onset of cracks
occurs when a certain value of the stress is attained. For instance, in specimens subjected
to compression, the onset occurs when the stress reaches about 45 to 50 percent of the
compressive strength, i.e., 0.45 f ′c− 0.50 f ′c. It is important to note that Equation (48) was
defined through an analogy to plasticity theory [25,29,60]. Hence, through the substitution
of Equation (48) into Equation (47), one obtains

.
Dij =

.
ξ

D

2YEQ
Yij

.
β = −

.
ξ

D
(49)

Furthermore, as mentioned above, the multiplier
.
ξ

D
is defined through the consistency

condition
.
f

D(
Yij, B

)
= 0. Then, with the chain rule,

.
f

D
=

1
2YEQ

Yij
.

Yij −
.
B = 0 (50)

This is provided that the rate of change in Equation (38) is obtained and that the
second equation in Equation (49) is integrated with respect to time t. Then, if both these
conditions are incorporated into Equation (50), and through some manipulations, one finds

k̂D
.
ξ

D
+

.
k̂DξD =

1
2YEQ

Yij
.

Yij + Co k̂D (51)

where Co is a constant of integration, which is obtained from the integration of the second
term of Equation (49); and it is defined from experimental measurements of the strength
to sustain damage (hardening or softening) at a given time to. It is easy to recognize that
the left-hand side of Equation (51) is the product rule of differentiation, i.e., u

.
v + v

.
u = f .

Hence, through some manipulations, ξD and its rate
.
ξ

D
are obtained, respectively,

ξD = 1
k̂D

∫ 1
2YEQ

Yij
.

Yijdt + C1
1

k̂D
+ Co

.
ξ

D
= 1

2k̂DYEQ
Yij

.
Yij −

.
k̂D
k̂2

D

{∫ 1
2YEQ

Yij
.

Yijdt + C1

} (52)



Appl. Sci. 2024, 14, 4270 17 of 28

where C1 is also a constant of integration, which is defined from experimental measure-
ments of the strength to sustain damage (hardening or softening) at a given time t1. It

should be noted that, if k̂D is a positive constant, i.e., k̂D = kdo, the multiplier
.
ξ

D
, second

equation in Equation (52), is simplified as
.
ξ

D
= 1

2kdoYEQ
Yij

.
Yij. This situation is plausible

since, as stated above, the onset of cracks is considered for a specific value of stress, without
assuming hardening due to the solidification process. Therefore, it can be further assumed
that, even if the material hardens with time, the hardening attained due to the solidifi-
cation process v(t) does not vary substantially with respect to those values obtained at
28 days specifically for the strengthening process βB, and thus, the process of solidifica-
tion associated to k̂D becomes stationary. By assuming k̂D as a positive constant kdo, the
thermodynamic restrictions in Equations (43) and (44) are also satisfied. Nevertheless, the
second term of Equation (52) provides the complete solution from which the constitutive
equations and their respective evolution equations are satisfied. Let us finally assume a
loading–unloading condition, in accordance with [29], with the aim of obtaining damage
due to cyclic loading; hence,

.
ξ

D
= 0 when ∂ f D

∂Ykl

.
Ykl ≤ 0 (unloading)

.
ξ

D
= 1

2k̂DYEQ
Yij

.
Yij −

.
k̂D
k̂2

D

{∫ 1
2YEQ

Yij
.

Yijdt + C1

}
when ∂ f D

∂Ykl

.
Ykl > 0 (loading)

(53)

Equation (53) provides the means of analyzing reversible loading. The first equation
represents the unloading, which means that the stress is decreasing or has reached its
peak value. On the other hand, the second equation represents the loading, i.e., increasing
stress value.

Both equations in Equation (49), with Equation (53), are the evolution equation that relates
the thermodynamic forces Yij and B, to the thermodynamic fluxes

.
Dij and

.
β, respectively.

The constitutive equations, from Equations (36) to (38), along with the evolu-
tion equations, Equations (46) and (49) with Equation (53), the relaxation functions
in Equations (16) and (23), and thermodynamic restrictions in Equations (43) and (44),
provide the complete set of equations of the non-linear creep relaxation model with
anisotropic damage developed.

2.5. Form of the Non-Aging Relaxation Functions

Finally, the form of the non-aging relaxation functions is discussed. The mathemat-
ical form of the basic (non-aging) relaxation function can be obtained using functional
equations. The form of the relaxation functions is determined through the second Cauchy
equation. It is worth mentioning that other forms of equations can be used (such as the
first Cauchy equation). However, those equations do not satisfy the thermodynamic re-
strictions expressed in Equations (43) and (44). If one recalls that v(t) ≥ 0 and

.
v(t) ≥ 0,

the relaxation functions in Section 2.3.1 must also meet the thermodynamic restrictions in
Equations (43) and (44), i.e.,

λ(t− τ) ≥ 0

µ(t− τ) ≥ 0

χI(t− τ) ≥ 0 (with I = 1, 2, · · · , 4 )

(54)

and .
λ(t− τ) ≤ 0
.
µ(t− τ) ≤ 0

.
χI(t− τ) ≤ 0 (with I = 1, 2, · · · , 4 )

(55)

From the first statement of the proof of the second Cauchy equation, i.e., f (t + τ) =
f (t) f (τ), for all t, τ that belongs to the real numbers, and where f (t) is a function of real
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numbers that maps to the real numbers, the similarity with Equations (54) and (55) is
recognized. Hence, it is easy to prove [61] that f (t) = at or f (t) = et, and thus, through the
thermodynamic restrictions,

λ(t) =
n
∑

i=1
Cλie−kλ

i t

µ(t) =
n
∑

i=1
Cµie−kµ

i t

χI(t) =
n
∑

i=1
CχIi e

−kχI
i t (with I = 1, 2, · · · , 4)

(56)

The summation was considered for a general solution to represent the Maxwell
chain [41,44,59], where e is Euler’s number; kλ

i , kµ
i , and kχI

i are a set of positive exper-
imental constants associated with the non-aging relaxation function λ, µ, and χI with
I = 1, 2, · · · , 4, respectively; while Cλi, Cµi, and CχIi are experimental coefficients associ-
ated to their corresponding relaxation function, added to shift the relaxation functions.
Equation (56) is consistent with the Dirichlet series used in [41,44]. The graphical representa-
tion of Equation (56) is consistent with recent experimental data obtained [62]. It should be
mentioned that the variable t is replaced by the loading duration (t− τ) when the relaxation
functions are substituted into the constitutive model, as shown in Equations (54) and (55).

3. Application of the Constitutive Model and Discussion of Results

To determine the applicability of the constitutive model developed, two theoretical
examples are presented in this section. The first is a constant uniaxial state of strain to prove
the relaxation capabilities of the model. The second is associated with tertiary creep, to
prove the temporal nature of the damage in the model. It is important to mention that both
examples only quantify the short-term creep strain. This is mainly because the long-term
creep strain is consistent with [43], where its applicability has already been established.
Furthermore, k̂D = kdo is assumed in both cases to simplify the solution of the equations.

3.1. Relaxation Case Study

A particle subjected to a constant uniaxial strain, as shown in Figure 6, is given by
εv

11 = ε0Ht (and εv
ij = 0, otherwise) through the Heaviside function Ht, and the immediate

strain can be considered. It is easily proven that the positive orthogonal projection compo-
nents are Pε+

1111 = 1 and Pε+
ijkl = 0, otherwise. Thus, the positive strain tensor is equal to the

strain tensor, i.e., εv+
ij = εv

ij. Then, by substitution into the constitutive model equations,
Equations (36)–(38), (46), (49), and (53), and the relaxation functions in Equation (56), the
field equations that describe the relaxation case study are determined by assuming the fol-
lowing constant values for simplification: v(0) = 1, εv

0 = 1, kdo = 20, Cλi = Cµi = CχIi = 1,

kλ
i = kµ

i = kχI
i = k0 = 1

8 , 1
4 , 1

2 , 1. The graphical behavior of the state variables is shown
in Figures 7 and 8. It is worth mentioning that the first equation in Equation (53) was not
considered to show the time-dependent (rate-type) capabilities of the model.

Figure 7a,b shows the relaxation of the state of stress, and the behavior is typical
of a viscoelastic material. The parameter σ11 represents the stress due to the application
of the short-term creep strain εv

11, while the stresses σ22 and σ33 are developed due to
the confinement of the specimen, as shown in Figure 6. On the other hand, Figure 7c,d
shows the active damage variables in the material. As shown in Figure 7c, the maximum
damage occurs in the direction where the strain is applied, which is consistent with the
type of boundary conditions specified. Figure 7d shows that damage also occurs in the
perpendicular directions of the strain. This is because the constitutive equations consider a
coupling in damage in other directions. Although the micro-cracks open and grow driven
by the tensile strains, in general, the micro-cracks are not perfectly planar in nature. This
feature was considered first by Ortiz [8]. Nonetheless, the developed model considers
this feature as a natural consequence of the representation theorem utilized to define the
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thermodynamic potential, Equation (35). It is worth noting that a healing mechanism
develops inside the material as time advances, as shown in Figure 7c,d. This behavior
is due to the fact that the unloading process is being analyzed. Although this should be
omitted in the calculations, the obtained results are relevant, since they agree with the
definition of damage in viscoelastic materials, in which the damage is time-dependent [43].
Furthermore, from Figure 8e, the loading–unloading condition takes a positive value only
when t = 0, and negative or zero when t > 0, and thus, damage only grows when the
loading–unloading condition is positive definite. Figure 8a–d are consistent with the
damage and stress behavior shown.
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3.2. Creep Case Study

In a similar manner, a particle subjected to a constant uniaxial stress is considered, as
shown in Figure 9. However, in this case, to avoid solving the non-linear Volterra integral
equations that define the constitutive model, a growing function of strain is considered,
aiming to obtain a similar behavior as the one shown in Figure 9. Hence, if σ11 > 0,
it is expected that the strains are εv

11 > 0, εv
22 < 0, εv

33 = εv
22, and εv

ij = 0, otherwise.
This consideration results in Pε+

1111 = 1 and Pε+
ijkl = 0, otherwise. Thus, εv+

11 = εv
11, and

εv+
ij = 0, otherwise.
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(c) Short-term creep strain experienced in the material.

If stresses and strains are substituted into the constitutive equations of the model,
by some simplifications through the Laplace transform, the stress–strain relation in its
Riemann–Stieltjes form is obtained as follows:

σ11 =
∫ t

τ=0 Ê(t, τ)
∂εv

11
∂τ dτ + 2

∫ t
τ=0 χ̂1(t, τ)Dkk

∂εv
11

∂τ dτ + 2
∫ t

τ=0 χ̂2(t, τ)Dmm
∂εv

11
∂τ dτ + 2

∫ t
τ=0 χ̂3(t, τ)D11

∂εv
11

∂τ dτ

+2
∫ t

τ=0 χ̂4(t, τ)D11
∂εv

11
∂τ dτ

(57)

where Ê(t, τ) is the uniaxial aging relaxation function defined in [4,5] as Ê(t, τ) = v(τ)E(t− τ).
This uniaxial aging relaxation function was obtained by considering the relation between
the aging Lamé relaxation functions λ̂ and µ̂, with Ê through the Laplace transform, in a
similar manner as in [54]. Furthermore, it is important to state that, if the damage variable
is equal to zero, Equation (57) reduces to the linear aging viscoelastic stress–strain relation
under uniaxial stress, given in [43]. In addition, the relationship between the strain εv

11 and
εv

22 is given through the Laplace transform,

ε̂
v
22 = −sνε̂

v
11 (58)

where ε̂
v
22 is the Laplace transform of the aging strain ε̂v

22 defined as ε̂v
22 = v(τ) ∂εv

22(τ)
∂τ .For

manipulation of the Laplace transform of the convolution integral equation, ε̂
v
11 is the

Laplace transform of the aging strain ε̂v
11, defined similarly as ε̂v

11 = v(τ) ∂εv
11(τ)
∂τ ; ν is the

Laplace transform of Poisson relaxation function; and s is the Laplace parameter. It is worth
mentioning that the aging Poisson relaxation function ν̂ was obtained through the relation
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between Lamé relaxation functions λ̂ and µ̂, with ν̂, similarly as for Ê. The remaining state
variables are obtained by substitution as in the relaxation case study.

For simplification, we assume the strain εv
11 = ε0Ht(t) [1− 1

3 e−3k0t ], and also assume
v(τ) = v(τ′) = 1, ε0

σ0
= 1

3 , kdo = 1, Cλi = Cµi = CχIi = 1, kλ
i = kµ

i = kχI
i = k0 = 1

10 .
The graphical behavior of some of the state variables is shown in Figure 10. It is worth
mentioning that the first equation in Equation (53) was not considered to show the time-
dependent (rate-type) capabilities of the model.
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From Figure 10d,f, it can be concluded that the damage continues to grow as long as
the loading–unloading condition remains positive. This effect is consistent with what is
expected in tertiary creep, in which the micro-cracks continue growing as time advances.
Figure 10f proves that the model developed is suitable for analyzing tertiary creep, as
discussed earlier. On the other hand, in regard to the stress behavior, from Figure 10e,
it can be concluded that the strain response is not the exact solution of the non-linear
Volterra integral equation, Equation (57), under constant sustained stress, i.e., σ11 = σ0Ht(t).
As observed in Figure 10e, the response of the stress obtained is close to the straight
line expected, which implies that the strain is not the exact solution to Equation (57).
Nevertheless, the behavior is not changing substantially as time advances, leading to a fair
approximation. From this behavior, we can infer that, if the creep response is provided, the
material will respond as expected for a viscoelastic damageable material. Moreover, it is
important to recall that the analysis performed shall be stopped at the moment that the
loading–unloading condition reaches the value of zero since no further damage develops.
If this analysis is not stopped when that occurs, the material will be enduring the healing
mechanism already described.

4. Conclusions

A thermodynamic constitutive model has been formulated based on the Bažant theory
of solidification and the theory of continuum damage mechanics. The model is strain-based
and can predict the anisotropy of the material due to the microcracks growth and the
time-dependent damage (known as tertiary creep). To develop the formulation, several
steps and considerations were adopted. These steps and considerations, along with their
advantages and shortcomings, are listed next. These also serve to point out the main
conclusion of this research.

1. A second-order tensor damage variable was considered to account for the anisotropy
induced. The principal directions of the damage variable are assumed to coincide with
those of the viscoelastic strain tensor. No initial damage was considered. Therefore,
the formulation herein is not suitable for damage presented before strain occurs, which
is the case of cracking due to drying shrinkage, poor curing, thermal, and others.

2. The solidification is assumed to be independent of the position vector x. This is
consistent with the theory of solidification of basic creep proposed by Bažant. The
solidification process is dependent on the position. The conjugate of the solidification
process was found to be zero when no strain had been applied. This is because the
solidification process is chemical in nature.

3. The creep strain was separated into two main components, viscoelastic strain and
viscous flow strain, consistently with the Bažant rheological model. The immediate
strain is not considered. However, depending on the definition of the input strain, the
immediate strain can be considered.

4. The thermodynamics functions of aging viscoelasticity were extended to a three-
dimensional case coupled with anisotropic damage, by assuming the material as
viscoelastic damageable material (which is analogous to the theory for brittle elastic
materials in continuum damage mechanics) and the aid of a representation theorem.

5. The relationship between the strength to sustain damage and its conjugate variable
was considered linear, which is consistent with the assumption of the damage. How-
ever, experimental results are needed to define whether the proportionality function
k̂D can be assumed as a constant kdo.

6. The constitutive equations were determined from the thermodynamic potential for-
mulas. The dissipation inequality was found from the Clausius–Duhem inequality
along with the thermodynamic potential. The dissipation inequality found shows
three dissipating processes: damage state, damage strengthening, and viscous flow.
The damage and damage strengthening were considered as coupled, while the viscous
flow is assumed as independent since it occurs at any level of strain.
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7. The determination of the evolution equations was based on the loading surface as a
dissipation potential assumption. The potential for the damage dissipative process
was assumed to be similar to the “potential theory” in the theory of plasticity, which
has been proven suitable for concrete. A loading–unloading condition was considered,
which leads to the possibility of analyzing tertiary creep.

8. The thermodynamic restrictions on the relaxation function were obtained based on the
positive energy assumption and the Clausius–Duhem inequality. The former governs
the semi-positive definite form of the relaxation functions, while the latter leads to the
negative (decreasing behavior) rate of change of the relaxation functions.

9. The second Cauchy equation of functional equations is suitable for the thermodynamic
restrictions obtained. In addition, the second Cauchy equation is equivalent to the
Dirichlet series utilized in the development of the relaxation functions.

10. To determine the applicability of the formulation, two practical case studies were
carried out. From the graphical representation, we can conclude that the formulation
developed can account for time-dependent (rate-type) damage as long as the loading–
unloading condition remains positive.
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Nomenclature

B Thermodynamic conjugate of the damage strengthening;
.
B Rate of the thermodynamic conjugate of the damage strengthening;
Bo Threshold value for cracks to start growing inside the material;
Co Constant of integration defined from experiments on strength damage;
C1 Constant of integration defined from experiments on strength damage;
Cλi Experimental coefficients associated with λ non-aging function;
Cµi Experimental coefficients associated with µ non-aging function;
CχIi Experimental coefficients associated with χI non-aging function;
Di Eigenvalues of the damage tensor;
Dij Damage tensor components;
.

Dij Rate of the damage tensor components;
D Damage tensor;
ev

ij Components of deviatoric part of short-term creep strain;
f D Loading surface for damage;
.
f

D
Consistency condition for damage;

G1 Isotropic age-independent relaxation function related to the deviatoric strain;
G2 Isotropic age-independent relaxation function related to the dilatational strain;
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Ĝ1 Isotropic age-dependent relaxation function related to the deviatoric strain;
Ĝ2 Isotropic age-dependent relaxation function related to the dilatational strain;
Gijkl Components of age-independent relaxation tensor;
Ht Temporal Heaviside function;
Hε Heaviside function defined in the principal strain space;
I Identity tensor;
J Thermodynamic fluxes;
k0 Experimental exponent to replace kλ

i , kµ
i and kχI

i for simplification;
kdo Constant replacing the function k̂D for simplification;
kλ

i Experimental exponents of the λ non-aging function;
kµ

i Experimental exponents of the µ non-aging function;
kχI

i Experimental exponents of the χI non-aging function;
k̂D Experimental aging hardening function;
.
k̂D Rate of change in experimental aging hardening function;
k̂ f Long-term creep bulk aging function;
.
k̂ f Rate of change in long-term creep bulk aging function;
n(i)D Eigenvectors of the damage tensor;
n(i)ε Eigenvectors of the strain tensor;
p Hydrostatic pressure;
Pε+ Positive orthogonal projection of the strain;
Qε+ Positive strain rotation tensor;
sij Deviatoric stress tensor components;
s Deviatoric stress tensor;
t Current time variable;
v Degree of solidification;
V Thermodynamic conjugate of the degree of solidification;
x Position vector;
X Thermodynamic forces;
YEQ Equivalent energy release rate;
Yij Energy release rate components;
Y Energy release rate associated to the damage;
β Damage strengthening;
.
β Rate of the damage strengthening;
δij Kronecker delta;
εij Strain tensor components;
ε State of strain at any point;
εep Elastoplastic strain;
.
ε

c
ij Creep strain components;

εc Creep strain;
εv

i Eigenvalues of the short-term creep strain tensor;
εv

ij Short-term creep strain components;
εv Short-term creep strain;
εv+

ij Components of positive part of short-term creep strain;
εv+ Positive part of short-term creep strain;
ε

f
ij Long-term creep strain components;

.
ε

f
ij Rate of long-term creep strain components;

ε f Long-term creep strain;
εve Viscoelastic creep strain;
εvp Viscoplastic creep strain;
εvd Viscodamage creep strain;
ε0 Shrinkage and thermal strain;
η̂ Aging viscosity function;
η0 Effective viscosity of the solidified matter;
θ Time variable for changes in mechanical properties;
λ First Lamé elastic constant and First Lamé non-aging relaxation function;
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λ̂ First Lamé aging relaxation function;
λ̂ f First long-term creep Lamé aging function;
λ̃ First Lamé symmetric aging relaxation function for energy;
.
λ̃ Rate of change in first Lamé symmetric aging relaxation function for energy;
Λ Rate of dissipation energy;
µ Second Lamé elastic constant and Second Lamé non-aging relaxation function;
µ̂ Second Lamé aging relaxation function;
µ̂ f Second long-term creep Lamé aging function;
µ̃ Second Lamé symmetric aging relaxation function for energy;
.
µ̃ Rate of change in second Lamé symmetric aging relaxation function for energy;
.
ξ Rate multiplier defined through the consistency condition;
ξD Multiplier associated to damage evolution;
.
ξ

D
Rate multiplier defined through the consistency associated to damage;

ρ Mass density;
σij Stress tensor components;
σ State of stress at the point;
τ Auxiliary time variable for loading time;
τ′ Auxiliary time variable for loading time;
ΦD Dissipation inequality for damage;
Φ f Dissipation inequality for viscous flow;
χI Material constant and relaxation non-aging material functions;
χ̂I Aging relaxation material function;
χ̃I Symmetric aging relaxation material function for energy;
.
χ̃I Rate of change of symmetric aging relaxation material function for energy;
ψ Helmholtz free energy per unit mas of solidified layer of concrete;
ρΨ Instantaneous Helmholtz free energy per unit volume;
ρΨvε Strain energy associated to short-term creep strain, damage, and solidification;
ρΨ f Strain energy associated to viscous flow strain and volume of solidification;
ρΨD Energy associated with the damage strengthening;
Ψ Instantaneous Helmholtz free energy per unit mass;
Ω Dissipation potential;
ΩD Dissipation potential for damage.

References
1. Keerthana, K.; Chandra Kishen, J.M. An experimental and analytical study on fatigue damage in concrete under variable

amplitude loading. Int. J. Fatigue 2018, 111, 278–288. [CrossRef]
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