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Abstract: Liquid crystal elastomers (LCEs) are responsive materials that can undergo large reversible
deformations upon exposure to external stimuli, such as electrical and thermal fields. Controlling the
alignment of their liquid crystals mesogens to achieve desired shape changes unlocks a new design
paradigm that is unavailable when using traditional materials. While experimental measurements
can provide valuable insights into their behavior, computational analysis is essential to exploit
their full potential. Accurate simulation is not, however, the end goal; rather, it is the means to
achieve their optimal design. Such design optimization problems are best solved with algorithms
that require gradients, i.e., sensitivities, of the cost and constraint functions with respect to the
design parameters, to efficiently traverse the design space. In this work, a nonlinear LCE model
and adjoint sensitivity analysis are implemented in a scalable and flexible finite element-based open
source framework and integrated into a gradient-based design optimization tool. To display the
versatility of the computational framework, LCE design problems that optimize both the material, i.e.,
liquid crystal orientation, and structural shape to reach a target actuated shapes or maximize energy
absorption are solved. Multiple parameterizations, customized to address fabrication limitations, are
investigated in both 2D and 3D. The case studies are followed by a discussion on the simulation and
design optimization hurdles, as well as potential avenues for improving the robustness of similar
computational frameworks for applications of interest.

Keywords: liquid crystal elastomer; design optimization; finite element analysis; active material;
responsive material; smart material; soft actuation

1. Introduction

Liquid crystal elastomers (LCEs) are a class of stimuli-responsive polymers that can
perform large reversible deformations due to environmental changes (e.g., temperature) or
local stimuli (e.g., focused UV/IR light) by programming the orientation of the liquid crys-
tals [1]. This behavior has benefited several application domains, such as soft actuators [2],
directional leaping [1,3], and origami design [4], among others. Optimizing the placement
and orientation of the liquid crystals (LCs) mesogens within a structure can open the door
to additional innovative functionalities [5–7]. Moreover, these optimized structures can be
fabricated via surface patterning or additive manufacturing, facilitating the exploration
of complex geometries and, consequently, expanding the design space. This work lever-
ages such design freedoms and introduces a computational approach to systematically
optimize the liquid crystal placement and orientation, and the structure shape to achieve
remarkable performances.

The systematic design optimization with responsive materials, often referred to as
active or smart materials, sits at the forefront of both material science and engineering. A
broad spectrum of design tools including data-driven artificial intelligence (AI) techniques
and gradient-based optimization have been developed for this purpose [8–11]. How-
ever, AI methods require abundant data, which is lacking for these responsive structures.
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Moreover, the existing AI literature related to this field focuses primarily on structural
mechanics [12–14]. On the other hand, gradient-based optimization approaches have been
successfully applied to design responsive structures comprised of, for example, shape
memory polymers [15,16], piezoelectric materials [10,17], and LCEs [18,19].

The cornerstone of gradient-based design optimization is sensitivity analysis (SA), i.e.,
the computation of the derivatives of the optimization cost and constraint functions with
respect to its material, geometric, and load parameters [20–23]. These gradients also play a
pivotal role in, for example, perturbation analysis, mesh adaptivity, and uncertainty quan-
tification, to name a few [24–26]. Despite their extensive benefit, SA is rarely performed due
to cumbersome formulations, especially for the nonlinear response that characterizes LCE
structures; see [27–29]. Fortunately, these challenges can be circumvented via automatic
differentiation (AD) tools [30,31]. Notably, the time and effort required to implement AD
has been significantly reduced in the past decade, and nowadays, an extensive catalog of
open source AD libraries for SA is readily available [32–35].

Multiple strategies have been proposed to effectively simulate the stimuli response,
i.e., motion, of active structures [36–39]. It is widely recognized that these simulations
involve the solution of coupled nonlinear partial differential equations (PDEs), which
require specialized strategies to address both numerical and physical instabilities. LCEs are
no different in this regard, as stimuli response predictions must capture the behavior of the
LC mesogens in the material’s architecture (i.e., the LCE anisotropy) [4,40–43]. To model
this phenomena, LCE continuum material models use a scalar- or tensor-order parameter
to quantify the alignment of the LCE mesogens. Such models have been validated for both
small- and large-strain deformations resulting from a variety of loadings, e.g., thermal and
light [44–47].

In this work, we adopt the hyperelastic material model described in [48] to model the
response of LCE materials. We leverage an in-house next generation finite element analysis
code, i.e., Serac , to facilitate the material model implementation effort and benefit from its
high-performance computing (HPC) and AD capabilities. This stands in stark contrast to
commercial analysis software alternatives, where considerable effort would be needed to
accommodate new physics models, let alone the SA [49–53].

To the best of the authors’ knowledge, neither shape optimization nor combined shape
and LC orientation optimization have been investigated for LCEs. Related work relies
on simplified material models that may not adequately capture the intricate response
exhibited by LCE materials [18,19], or explores only two-dimensional LC orientation
optimization [47]. Thus, the primary contributions of this manuscript are the combined
LC orientation and shape optimization of LCE structures in a computational framework
that is amenable to multiple printing technologies (e.g., direct ink write and digital light
processing) employed. Design problems for relevant applications are explored, including
achieving target actuated shapes and maximizing energy absorption. Additionally, we
provide a summary of the current challenges encountered and future work needed to
unleash the full potential of LCE structures.

The remainder of this manuscript is organized as follows. Section 2 describes the non-
linear finite strain LCE model and the finite element analysis for the quasi-static boundary
value problem. The formulations for the LC orientation and shape sensitivity analyses
are summarized in Section 3. The solved orientation and shape optimization problems
of Section 4 demonstrate the versatility of the proposed framework to design 2D and 3D
LCE structures. Section 5 provides remarks regarding current challenges and directions for
future work. Finally, a summary is provided in Section 6.

2. Problem Description

We consider a body B in the undeformed configuration Ω ⊂ Rnd for nd = [2, 3] spatial
dimensions with external boundary Γ ⊂ Rd−1. Complementary boundaries of Γ that are
subjected to prescribed Dirichlet (essential) and Neumann (natural) boundary conditions
are denoted by ΓD and ΓN , respectively, as seen in Figure 1.
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S(t) = S0

Figure 1. Design domain with boundary conditions (left) and a zoomed in region that shows the
orientation of the LC in the unactuated/nematic (center) and actuated/isotropic (right) states.

Without loss of generality, we adopt the experimentally validated LCE material model
used in [48]. The strain energy density for the LCE hyperelastic material is

ψ(F) =
λ

2
(tr(E))2 + µ(E · E)− 1

2
β(S0 − S(t))

(
3nTn − I

)
· E (1)

where λ and µ are the first and second Lamé coefficients. These coefficients can be calculated
from Young’s modulus E and the Poisson ratio ν via λ = Eν

(1+ν)(1−2ν)
and µ = E

2(1+ν)
,

respectively [54] . The Green–Lagrange strain tensor E = 1
2
(

FF⊤ − I
)

is a function of the
deformation gradient F = I + ∂u

∂X , where I is the identity tensor, u is the displacement
vector, and X ∈ Ω is the location of a material particle in the undeformed configuration.
The first and second terms on the right-hand side of Equation (1) model an isotropic Saint
Venant material, while the third term models the anisotropic nematic order effect. The
parameter β defines the degree of anisotropy, while S0 and S(t) define the initial and
instantaneous scalar-order parameters, and t is the pseudo time as described in Section 2.3.
The unit vector n indicates the alignment of the LCs embedded in the elastomer, i.e., the LC
orientation, cf. Figure 1.

The initial order parameter S0 ≥ 0 indicates the highest possible level of ordering,
while S(t) ∈ [0, S0] models the transition from the unactuated/nematic state S(t) = 0 to
the actuated/isotropic state S(t) = S0, cf. Figure 1. Normally, S is controlled by an external
actuation mechanism, e.g., thermal, cf. [36,46]. Without loss of generality, we have omitted
such dependence, i.e., S evolves by a prescribed update strategy.

Under our hyperelastic material assumption, the First Piola stress is defined as

P = F
∂ψ

∂E
= F

[
λtr(E)I + 2µE − 1

2
β(S0 − S(t))

(
3nTn − I

)]
, (2)

and the symmetric Cauchy stress σ as

σ = J−1PFT , (3)

where J = det(F).
In our examples, we consider two stress-free configurations. Our interpretation of the

energy ψ differs from [48]. It is our view that the stress-free LCE structure is pre-strained
when manufactured and, as a response to a stimulus, the material transitions to the strain-
free state when reaching the isotropic configuration. Hence, the isotropic, i.e., the actuated,
configuration should be used as the underformed reference configuration instead of the
nematic, i.e., unactuated, configuration. In the fully nematic configuration, S(t) = 0, and
in the fully isotropic configuration, S(t) = S0. In the latter, zero stress, i.e., P = 0, implies

E = 0. In the former, zero stress implies that we have a nonzero strain E = βS0

2µ

(
3nTn − I

)
.

Notably, as the stress-free nematic configuration transitions to the stress-free isotropic

configuration, it axially contracts − βS0

µ in the n direction, and expands βS0

2µ in the directions
perpendicular to n. It neither shears nor changes volume.
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2.1. Design Parameterization

In the optimization problems considered here, the LCE structure design is param-
eterized by a finite element mesh over the domain Ω via the np design parameters
p = [p1, p2, . . . , pnp ]

⊤ that describe the orientation of the LC mesogens n and/or the
shape via perturbations of the mesh node coordinates ∆X. The layer-by-layer additive
manufacturing of the LCE structure is such that the mesogen orientation in each element
is restricted to the X − Y principal plane. This simplification means that the orientation
is defined by the element inclination angle α, i.e., n = (cos(α), sin(α), 0), cf. Figure 1.
Furthermore, the shape optimization method parameterizes the topology, preserving shape
changes as described in [55]. Note that despite this manuscript focusing on LC phases, the
design parameterization can be formulated such that it appropriately simulates cholesteric
(i.e., chiral nematic) or blue (double twist cylinders packed in cubic lattices) phases.

To formulate a well-posed optimization problem, the design fields are filtered to
prevent highly oscillatory orientations and complex shapes [55,56]. Thus, we optimize the
parameters p, but we model the structure using the filtered parameters p̃ that define the
filtered orientation ñ and shape perturbations ∆̃X.

2.2. Filter Analysis

We implement an energy f ilter which defines the filtered design field p̃ as the solution
of a PDE defined on Ω [57]. The weak form of this governing equation seeks p̃ ∈ W
such that

REF(p̃) =
∫

Ω

(
∇v · r2 ∂ζ(∇p̃)

∂∇p̃
+ v · (p̃ − p)

)
dΩ,= 0. (4)

where the parameter r implicitly defines the smoothness of p̃ relative to p, with larger
values providing more smoothness. The “energy” ζ is defined differently for LC orientation
and shape parameters. For LC orientation, ζ = ∇α̃ · ∇α̃, and for the shape perturbations,
ζ = tr(∇∆̃X)/(det(∇∆̃X))1/nd . For LC orientation parameters, v ∈ W = H1, while for
shape parameters

v ∈ W = {p̃ ∈ H1(Ω) : p̃(X) = ∆̃X(X) = 0 f or X ∈ Γ∆X
D }. (5)

Here , Γ∆X
D represents the surface where the Dirichlet conditions are applied for the shape

parameters. For shape optimization, ∆̃X is interpolated from the nodal values via the
usual Lagrangian finite element basis functions [55]. For LC orientation, α and α̃ are
parameterized to be piecewise uniform over the elements, i.e., α, α̃ ∈ L2. However, W
requires α and α̃ to be smooth to compute their spatial gradients, i.e., α, α̃ ∈ H1. To resolve
this inconsistency, α is projected to H1 to solve Equation (4) for the filtered design field
α̃ ∈ H1, which is subsequently projected back to L2.

2.3. LCE Forward Analysis

In the LCE simulations, we evaluate the displacement u ∈ H that solves

RLCE(u) =
∫

Ω
∇w : P(∇u) dΩ = 0, (6)

for all w ∈ H, where

H = {u ∈ H1(Ω) : u(X) = 0 f or X ∈ ΓD}. (7)

Without loss of generality, we assume homogeneous Dirichlet boundary conditions on
ΓD and null applied body and surface traction. Note that the boundary regions where
the Dirichlet conditions are applied for the filter and LCE analyses generally differ. The
material response is obtained as the order parameter S(t) linearly decreases such that
S(t) = S0

(
1 − t

tmax

)
, where tmax is the total simulation time, i.e., the pseudo time t ∈ [0, tmax].
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The nonlinear Equation (6) is solved using the iterative Newton–Raphson method.
In this method, if the residual of the current solution guess u is not converged, i.e., if
|RLCE(u)| ≥ ϵR for a small tolerance ϵR, then the next guess becomes u = u+∆u, where ∆u
solves the linear equation

∂RLCE(u)
∂u

∆u = −RLCE(u) (8)

in which ∂RLCE

∂u is the tangent stiffness matrix that is computed via AD. This procedure is
performed for all pseudo time steps. Sufficiently small time steps are used such that the
Newton algorithm converges in just a few iterations.

3. Optimization Framework

Upon solving Equation (6) to the terminal time tmax, we can evaluate any num-
ber of the performance metrics (e.g., total energy absorbed, maximum stress) via the
response functional

F = G(u, p̃) =
∫

Ω
Π(u,∇u, p̃)dΩ, (9)

where Π is the general integrand function. Such metrics are used to define the optimization
cost and constraint functions.

A graph that describes the forward analysis needed to compute the filtered design
parameters, displacement, and performance metrics is illustrated in Figure 2. The block on
the right encapsulates the transient Newton solver. The design parameters p are used to
solve the filter equation REF(p̃, p) = 0 and obtain their smoothed versions p̃, which are
then used to define the LC orientation and/or geometry of the domain in the LCE analysis
RLCE(u, p) = 0 to compute u. Subsequently, we calculate the cost and constraint functions
F = G(u, p̃).

<latexit sha1_base64="ZdUVmSv3ZcrmnRrh8zMyUBcTPkQ=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIaJcFNy4r2Ae0Y8lkMm1oJhmSjFKG/ocbF4q49V/c+Tdm2llo64GQwzn3kpMTJJxp47rfTmltfWNzq7xd2dnd2z+oHh51tEwVoW0iuVS9AGvKmaBtwwynvURRHAecdoPJTe53H6nSTIp7M02oH+ORYBEj2FjpYRBIHuppbK8smQ2rNbfuzoFWiVeQGhRoDatfg1CSNKbCEI617ntuYvwMK8MIp7PKINU0wWSCR7RvqcAx1X42Tz1DZ1YJUSSVPcKgufp7I8OxzqPZyRibsV72cvE/r5+aqOFnTCSpoYIsHopSjoxEeQUoZIoSw6eWYKKYzYrIGCtMjC2qYkvwlr+8SjoXde+q7t1d1pqNoo4ynMApnIMH19CEW2hBGwgoeIZXeHOenBfn3flYjJacYucY/sD5/AFGGpL9</latexit>p

<latexit sha1_base64="pTnRlyy2tni8hz5+riMRb3J9TqM=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEVyUR0S4LblxWsA9oQplMJu3QySTMTIQSu/BX3LhQxK2/4c6/cdJmoa0Hhjmccy9z5gQpZ0o7zre1srq2vrFZ2apu7+zu7dsHhx2VZJLQNkl4InsBVpQzQduaaU57qaQ4DjjtBuObwu8+UKlYIu71JKV+jIeCRYxgbaSBfewFCQ/VJDZX7mnGQ5qn0+nArjl1Zwa0TNyS1KBEa2B/eWFCspgKTThWqu86qfZzLDUjnE6rXqZoiskYD2nfUIFjqvx8ln+KzowSoiiR5giNZurvjRzHqohoJmOsR2rRK8T/vH6mo4afM5FmmgoyfyjKONIJKspAIZOUaD4xBBPJTFZERlhiok1lVVOCu/jlZdK5qLtXdffustZslHVU4ARO4RxcuIYm3EIL2kDgEZ7hFd6sJ+vFerc+5qMrVrlzBH9gff4ASGqW5A==</latexit>

p̃

<latexit sha1_base64="urFMUu1GkHgBnelLqxj2DzDdud0=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqeyKaC9iwYvHCvYD2mXJptk2NskuyaxYlv4NLx4U8eqf8ea/MW33oK0PBh7vzTAzL0wEN+C6305hZXVtfaO4Wdra3tndK+8ftEycasqaNBax7oTEMMEVawIHwTqJZkSGgrXD0c3Ubz8ybXis7mGcMF+SgeIRpwSs1IPg4QqCTJKnyXVQrrhVdwa8TLycVFCORlD+6vVjmkqmgApiTNdzE/AzooFTwSalXmpYQuiIDFjXUkUkM342u3mCT6zSx1GsbSnAM/X3REakMWMZ2k5JYGgWvan4n9dNIar5GVdJCkzR+aIoFRhiPA0A97lmFMTYEkI1t7diOiSaULAxlWwI3uLLy6R1VvUuqt7deaVey+MooiN0jE6Rhy5RHd2iBmoiihL0jF7Rm5M6L8678zFvLTj5zCH6A+fzByKdkbg=</latexit>

tj = tmax?
<latexit sha1_base64="EekzeKe9nIR0d1PILQ5XV+YQDfw=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lEtMeCF48V7Ae2oWy2k3bpZhN2J2IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxjfzPz2I2gjYnWPkwT8iA2VCAVnaKWHHsITZhMw03654lbdOegq8XJSITka/fJXbxDzNAKFXDJjup6boJ8xjYJLmJZ6qYGE8TEbQtdSxSIwfja/eErPrDKgYaxtKaRz9fdExiJjJlFgOyOGI7PszcT/vG6KYc3PhEpSBMUXi8JUUozp7H06EBo4yokljGthb6V8xDTjaEMq2RC85ZdXSeui6l1VvbvLSr2Wx1EkJ+SUnBOPXJM6uSUN0iScKPJMXsmbY5wX5935WLQWnHzmmPyB8/kDQAKRRA==</latexit>yes <latexit sha1_base64="Nr+DFStMkAvSHNewBhTxNF2rO38=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKaI4BLx4jmIckS5idzCZD5rHM9IphyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFieAWfP/bK6ytb2xuFbdLO7t7+wflw6OW1amhrEm10KYTEcsEV6wJHATrJIYRGQnWjsY3M7/9yIzlWt3DJGGhJEPFY04JOOmhB+wJMqWn/XLFr/pz4FUS5KSCcjT65a/eQNNUMgVUEGu7gZ9AmBEDnAo2LfVSyxJCx2TIuo4qIpkNs/nBU3zmlAGOtXGlAM/V3xMZkdZOZOQ6JYGRXfZm4n9eN4W4FmZcJSkwRReL4lRg0Hj2PR5wwyiIiSOEGu5uxXREDKHgMiq5EILll1dJ66IaXFWDu8tKvZbHUUQn6BSdowBdozq6RQ3URBRJ9Ixe0ZtnvBfv3ftYtBa8fOYY/YH3+QNnNpDG</latexit>no

<latexit sha1_base64="QJosVn2tFOHUTYNTpKf6lLQUhN4=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIaJcFNy4r2Ae0Y8lkMm1oJhmSjFKG/ocbF4q49V/c+Tdm2llo64GQwzn3kpMTJJxp47rfTmltfWNzq7xd2dnd2z+oHh51tEwVoW0iuVS9AGvKmaBtwwynvURRHAecdoPJTe53H6nSTIp7M02oH+ORYBEj2FjpYRBIHuppbK8snQ2rNbfuzoFWiVeQGhRoDatfg1CSNKbCEI617ntuYvwMK8MIp7PKINU0wWSCR7RvqcAx1X42Tz1DZ1YJUSSVPcKgufp7I8OxzqPZyRibsV72cvE/r5+aqOFnTCSpoYIsHopSjoxEeQUoZIoSw6eWYKKYzYrIGCtMjC2qYkvwlr+8SjoXde+q7t1d1pqNoo4ynMApnIMH19CEW2hBGwgoeIZXeHOenBfn3flYjJacYucY/sD5/AFNs5MC</latexit>u

<latexit sha1_base64="Nr+DFStMkAvSHNewBhTxNF2rO38=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKaI4BLx4jmIckS5idzCZD5rHM9IphyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFieAWfP/bK6ytb2xuFbdLO7t7+wflw6OW1amhrEm10KYTEcsEV6wJHATrJIYRGQnWjsY3M7/9yIzlWt3DJGGhJEPFY04JOOmhB+wJMqWn/XLFr/pz4FUS5KSCcjT65a/eQNNUMgVUEGu7gZ9AmBEDnAo2LfVSyxJCx2TIuo4qIpkNs/nBU3zmlAGOtXGlAM/V3xMZkdZOZOQ6JYGRXfZm4n9eN4W4FmZcJSkwRReL4lRg0Hj2PR5wwyiIiSOEGu5uxXREDKHgMiq5EILll1dJ66IaXFWDu8tKvZbHUUQn6BSdowBdozq6RQ3URBRJ9Ixe0ZtnvBfv3ftYtBa8fOYY/YH3+QNnNpDG</latexit>no

<latexit sha1_base64="EekzeKe9nIR0d1PILQ5XV+YQDfw=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lEtMeCF48V7Ae2oWy2k3bpZhN2J2IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxjfzPz2I2gjYnWPkwT8iA2VCAVnaKWHHsITZhMw03654lbdOegq8XJSITka/fJXbxDzNAKFXDJjup6boJ8xjYJLmJZ6qYGE8TEbQtdSxSIwfja/eErPrDKgYaxtKaRz9fdExiJjJlFgOyOGI7PszcT/vG6KYc3PhEpSBMUXi8JUUozp7H06EBo4yokljGthb6V8xDTjaEMq2RC85ZdXSeui6l1VvbvLSr2Wx1EkJ+SUnBOPXJM6uSUN0iScKPJMXsmbY5wX5935WLQWnHzmmPyB8/kDQAKRRA==</latexit>yes
<latexit sha1_base64="FaqBW+ylHWRDA3crJbAQzMlkkZY=">AAACDnicbVDLSsNAFJ34rPVVdekmWAquSiKiXRbcuKxoH9CUMpnctEMnD2ZuiiXEH3Djr7hxoYhb1+78GydtF9p6YZjDOfdyzz1uLLhCy/o2VlbX1jc2C1vF7Z3dvf3SwWFLRYlk0GSRiGTHpQoED6GJHAV0Ygk0cAW03dFVrrfHIBWPwjucxNAL6CDkPmcUNdUvVRyEe0xv6Riyh9RxI+GpSaC/1AkoDjmmSZZl/VLZqlrTMpeBPQdlMq9Gv/TleBFLAgiRCapU17Zi7KVUImcCsqKTKIgpG9EBdDUMaQCql07PycyKZjzTj6R+IZpT9vdESgOVm9SduUe1qOXkf1o3Qb/WS3kYJwghmy3yE2FiZObZmB6XwFBMNKBMcu3VZEMqKUOdYFGHYC+evAxaZ1X7omrfnJfrtXkcBXJMTsgpscklqZNr0iBNwsgjeSav5M14Ml6Md+Nj1rpizGeOyJ8yPn8AMPmeEg==</latexit>

Save u

<latexit sha1_base64="wxLbNdnLxif7GAHFyCFhk73Ys4M=">AAACPHicdVDLSsNAFJ3UV62vqEs3g0UQhJKIaDdCQRcuK9oHNKFMptN26OTBzI1QQj7MjR/hzpUbF4q4de2kzUJbe2GYwzn3cO89XiS4Ast6MQpLyyura8X10sbm1vaOubvXVGEsKWvQUISy7RHFBA9YAzgI1o4kI74nWMsbXWV664FJxcPgHsYRc30yCHifUwKa6pp3ieOFoqfGvv4Sxycw5JDEaZpeLhDwCXaumQCy0Nk1y1bFmhSeB3YOyiivetd8dnohjX0WABVEqY5tReAmRAKngqUlJ1YsInREBqyjYUB8ptxkcnyKjzTTw/1Q6hcAnrC/HQnxVbak7sx2VLNaRv6ndWLoV92EB1EMLKDTQf1YYAhxliTucckoiLEGhEqud8V0SCShoPMu6RDs2ZPnQfO0Yp9X7Nuzcq2ax1FEB+gQHSMbXaAaukF11EAUPaJX9I4+jCfjzfg0vqatBSP37KM/ZXz/AFF2slQ=</latexit>

u = u + �u

<latexit sha1_base64="NIEVMsb0dj+uTGwGJ+xNICwwq8o=">AAAB83icbVBNS8NAEN34WetX1aOXxSIIQklEtBehoAePFewHNKFstpN26WYTdidCKf0bXjwo4tU/481/47bNQVsfDDzem2FmXphKYdB1v52V1bX1jc3CVnF7Z3dvv3Rw2DRJpjk0eCIT3Q6ZASkUNFCghHaqgcWhhFY4vJ36rSfQRiTqEUcpBDHrKxEJztBKPt7guX8HEhnFbqnsVtwZ6DLxclImOerd0pffS3gWg0IumTEdz00xGDONgkuYFP3MQMr4kPWhY6liMZhgPLt5Qk+t0qNRom0ppDP198SYxcaM4tB2xgwHZtGbiv95nQyjajAWKs0QFJ8vijJJMaHTAGhPaOAoR5YwroW9lfIB04yjjaloQ/AWX14mzYuKd1XxHi7LtWoeR4EckxNyRjxyTWrkntRJg3CSkmfySt6czHlx3p2PeeuKk88ckT9wPn8ALHaRGA==</latexit>

t = t + �t

<latexit sha1_base64="Y54MWNQTn9LyAgpVEwk0ef0QLYg=">AAAB8XicbVBNS8NAEN34WetX1aOXxSJ4KomI9lgQwWMF+4FtKJvNtF262YTdiVhC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ2V1bX1js7BV3N7Z3dsvHRw2TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYyup37rEbQRsbrHcQJ+xAZK9AVnaKWHLsITZjcqnPRKZbfizkCXiZeTMslR75W+umHM0wgUcsmM6Xhugn7GNAouYVLspgYSxkdsAB1LFYvA+Nns4gk9tUpI+7G2pZDO1N8TGYuMGUeB7YwYDs2iNxX/8zop9qt+JlSSIig+X9RPJcWYTt+nodDAUY4tYVwLeyvlQ6YZRxtS0YbgLb68TJrnFe+y4t1dlGvVPI4COSYn5Ix45IrUyC2pkwbhRJFn8kreHOO8OO/Ox7x1xclnjsgfOJ8/53KRCg==</latexit>

End

<latexit sha1_base64="2h5hBrCMOs4iUiO2qTnohn7cN+Q=">AAAB/XicbVDLSgMxFM34tr7Gx85NsAiuyoyIdim4cSUVbRXaoWTS2xrMJENyR61D8VfcuFDErf/hzr8xrbPQ6oHA4ZxzuTcnTqWwGASf3sTk1PTM7Nx8aWFxaXnFX11rWJ0ZDnWupTaXMbMghYI6CpRwmRpgSSzhIr4+GvoXN2Cs0Ooc+ylECesp0RWcoZPa/kYL4Q7zE7hFreiZli48aPvloBKMQP+SsCBlUqDW9j9aHc2zBBRyyaxthkGKUc4MCi5hUGplFlLGr1kPmo4qloCN8tH1A7rtlA7tauOeQjpSf07kLLG2n8QumTC8suPeUPzPa2bYrUa5UGmGoPj3om4mKWo6rIJ2hAGOsu8I40a4Wym/YoZxdIWVXAnh+Jf/ksZuJdyvhKd75cNqUccc2SRbZIeE5IAckmNSI3XCyT15JM/kxXvwnrxX7+07OuEVM+vkF7z3Lxu9lZ4=</latexit>

Newton Solver

<latexit sha1_base64="0qqJXjNTWN+Kd/bSO2MMiUhOUI0=">AAACJnicbVDLSsNAFJ3UV62vqEs3g0WoICUR0W4KBVFcVrEPaGKZTCbt0MmDmYlQQr7Gjb/ixkVFxJ2f4qTNorYeGOZwzr3ce48TMSqkYXxrhZXVtfWN4mZpa3tnd0/fP2iLMOaYtHDIQt51kCCMBqQlqWSkG3GCfIeRjjO6zvzOM+GChsGjHEfE9tEgoB7FSCqpr9ctH8khRix5SJ+Sm9sUViwnZK4Y++pLLEmZS5IoTc/m5Sg9hbAOjb5eNqrGFHCZmDkpgxzNvj6x3BDHPgkkZkiInmlE0k4QlxQzkpasWJAI4REakJ6iAfKJsJPpmSk8UYoLvZCrF0g4Vec7EuSLbEFVmR0lFr1M/M/rxdKr2QkNoliSAM8GeTGDMoRZZtClnGDJxoogzKnaFeIh4ghLlWxJhWAunrxM2udV87Jq3l+UG7U8jiI4AsegAkxwBRrgDjRBC2DwAt7ABHxor9q79ql9zUoLWt5zCP5A+/kFSYCmMA==</latexit>

REF (p̃, p) = 0

<latexit sha1_base64="qPOyv7eZ6d89J1MSDVFA5gVIKoA="></latexit>F = G(u , p̃)

<latexit sha1_base64="FRrqckv+CpONWSNsA4d5yry3Hg0="></latexit>

RLCE(u , p̃) = 0

<latexit sha1_base64="FRrqckv+CpONWSNsA4d5yry3Hg0="></latexit>

RLCE(u , p̃) = 0

<latexit sha1_base64="crea5Lt7ocbv+Qq75VtOn/Sj6KY=">AAACEnicbVC7SgNBFJ31GeNr1dJmMAjahF2RmDIQBAuLGMwDsmuYndwkQ2YfzswKYbPfYOOv2FgoYmtl5984eRSaeGGYwznncu89XsSZVJb1bSwtr6yurWc2sptb2zu75t5+XYaxoFCjIQ9F0yMSOAugppji0IwEEN/j0PAG5bHeeAAhWRjcqmEErk96AesySpSm2ubpKHG8kHfk0NdfUk3vkuvyZZqOHA73OHEgkoxrYzVtmzkrb00KLwJ7BnJoVpW2+eV0Qhr7ECjKiZQt24qUmxChGOWQZp1YQkTogPSgpWFAfJBuMjkpxcea6eBuKPQLFJ6wvzsS4svxztrpE9WX89qY/E9rxapbdBMWRLGCgE4HdWOOVYjH+eAOE0AVH2pAqGB6V0z7RBCqdIpZHYI9f/IiqJ/l7UK+cHOeKxVncWTQITpCJ8hGF6iErlAF1RBFj+gZvaI348l4Md6Nj6l1yZj1HKA/ZXz+ABqAnvo=</latexit>

|RLCE |  ✏R

<latexit sha1_base64="EPHH6vcn/AaMPKTAi2Z0Z2jzDgM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEai9CwYvHitYW2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hbX1jc6u4XdrZ3ds/KB8ePZo41Yy3WCxj3Qmo4VIo3kKBkncSzWkUSN4Oxjczv/3EtRGxesBJwv2IDpUIBaNopXu8dvvlilt15yCrxMtJBXI0++Wv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYlj3M6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV8njRdWrVWt3l5VGPY+jCCdwCufgwRU04Baa0AIGQ3iGV3hzpPPivDsfi9aCk88cwx84nz/Q6416</latexit>

t = 0

Figure 2. Graph for the forward analysis including the Newton solver block to compute the LCE
structure’s cost and constraint functions.

We traverse the graph in Figure 2 backwards to compute the gradients needed for
optimization via the adjoint method, cf. Figure 3. The adjoint method is used due to its
computational efficiency for the design problems considered here since the number of
response functions is far less than the number of design parameters; for details, the reader
is referred to [21,22,58].

In the optimization problem derivations, we reintroduce the cost or constraint response
function as

F = G(u(p̃), p̃), (10)
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to denote the displacement’s u dependencies on the filtered design, p̃. We derive the
sensitivities with respect to the filtered design parameters

dF
dp̃i

=
∂G
∂ p̃i

+
∂G
∂u

∂u
∂ p̃i

. (11)

To resolve the unknown derivative ∂u
∂p̃i

, we include all dependencies and express Equation (6) as

RLCE(u(p̃), p̃) = 0. (12)

Differentiating Equation (12), we obtain

∂RLCE

∂pi
+

∂RLCE

∂p̃
∂p̃
∂pi

= 0. (13)

Multiplying this by the adjoint vector λLCE, adding it to Equation (11) and rearranging yields

dF
dpi

=

(
∂G
∂u

+ λLCE
⊤ ∂RLCE

∂u

)
∂u
∂ p̃i

+
∂G
∂ p̃i

+ λLCE
⊤ ∂RLCE

∂ p̃i
. (14)

The unknown derivative ∂u
∂ p̃i

is annihilated from the above by solving the following adjoint
problem for the heretofore arbitrary λLCE:

(
∂RLCE

∂u

)⊤
λLCE = −

(
∂G
∂u

)⊤
. (15)

As such, the sensitivity (Equation (11)) reduces to

dF
dp̃i

=
∂G
∂ p̃i

+ λ⊤
LCE

∂RLCE

∂ p̃i
. (16)

Note that the ∂
∂p̃ derivatives imply either LC orientation (i.e., ∂G

∂n ) or shape (i.e., ∂G
∂X )

derivatives. Material (i.e., LC orientation) derivatives are relatively easy to compute
as opposed to shape derivatives. However, this difference is moot, as we compute the
derivatives ∂G

∂u , ∂G
∂p̃ , and ∂RLCE

∂p̃ using AD.
Next, we derive the sensitivities with respect to the unfiltered design field p, i.e.,

dF
dpi

=
�
�
�7

0
∂F
∂pi

+
∂F
∂p̃

∂p̃
∂pi

. (17)

The explicit dependency ∂F
∂pi

is eliminated by construction since the performance metrics
are only described by p̃. Following the above steps, we express the filter residual in
Equation (4) as

REF(p̃(p), p) = 0, (18)

to denote the filtered design’s p̃ dependence on the parameters p. Differentiating the filter
Equation (18) reveals

∂REF

∂pi
+

∂REF

∂p̃
∂p̃
∂pi

= 0. (19)

Multiplying this by the adjoint vector λEF, adding it to Equation (17) and rearranging
results in

dF
dpi

=

(
∂F
∂p̃

+ λ⊤
EF

∂REF

∂p̃

)
∂p̃
∂pi

+ λ⊤
EF

∂REF

∂pi
. (20)
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In this case, the unknown derivative ∂p̃
∂pi

is annihilated from the above by solving a second
adjoint problem for the hereto arbitrary λEF

(
∂REF

∂pi

)⊤
λEF = −

(
∂F
∂ p̃i

)⊤
, (21)

whereupon the design sensitivity reads

dF
dpi

= λ⊤
EF

∂REF

∂pi
. (22)

Here, the derivatives ∂F
∂p̃ and ∂REF

∂p are computed via AD.

<latexit sha1_base64="r9MFWJHWodThSmTNMoEN1r0eYYo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKaI4BLx4jmgckS5idTJIhszPLTK8QlnyCFw+KePWLvPk3TpI9aLSgoajqprsrSqSw6PtfXmFtfWNzq7hd2tnd2z8oHx61rE4N402mpTadiFouheJNFCh5JzGcxpHk7WhyM/fbj9xYodUDThMexnSkxFAwik6676Hulyt+1V+A/CVBTiqQo9Evf/YGmqUxV8gktbYb+AmGGTUomOSzUi+1PKFsQke866iiMbdhtjh1Rs6cMiBDbVwpJAv150RGY2unceQ6Y4pju+rNxf+8borDWpgJlaTIFVsuGqaSoCbzv8lAGM5QTh2hzAh3K2FjaihDl07JhRCsvvyXtC6qwVU1uLus1Gt5HEU4gVM4hwCuoQ630IAmMBjBE7zAqye9Z+/Ne1+2Frx85hh+wfv4Bl3fjdM=</latexit>!

<latexit sha1_base64="r9MFWJHWodThSmTNMoEN1r0eYYo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKaI4BLx4jmgckS5idTJIhszPLTK8QlnyCFw+KePWLvPk3TpI9aLSgoajqprsrSqSw6PtfXmFtfWNzq7hd2tnd2z8oHx61rE4N402mpTadiFouheJNFCh5JzGcxpHk7WhyM/fbj9xYodUDThMexnSkxFAwik6676Hulyt+1V+A/CVBTiqQo9Evf/YGmqUxV8gktbYb+AmGGTUomOSzUi+1PKFsQke866iiMbdhtjh1Rs6cMiBDbVwpJAv150RGY2unceQ6Y4pju+rNxf+8borDWpgJlaTIFVsuGqaSoCbzv8lAGM5QTh2hzAh3K2FjaihDl07JhRCsvvyXtC6qwVU1uLus1Gt5HEU4gVM4hwCuoQ630IAmMBjBE7zAqye9Z+/Ne1+2Frx85hh+wfv4Bl3fjdM=</latexit>!
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Figure 3. Graph for the adjoint sensitivity analysis.

4. Case Studies

We now optimize LC orientation and shape to design LCE structures to achieve
the desired deformations and maximal energy absorption, and showcase the proposed
methodology’s versatility and robustness across applications. For the sake of consistency
with the literature, we henceforth refer to the isotropic state as the actuated configuration,
and the nematic state as the unactuated configuration.

The initial designs and their applied boundary conditions for all cases are specified
below. Relevant material and analysis parameters for all examples are noted in Table 1.
These material properties and parameters were derived from experimental data.

The forward and adjoint analyses are solved by the 3D implicit nonlinear multi-physics
finite element code Serac ([35]) that heavily leverages a C++ library for Modular Finite
Element Methods, MFEM (Version 4.6 [34]). Conformal 2D meshes are composed of
either four-node quadrilateral or three-node triangular elements, and 3D meshes of eight-
node hexahedra elements. We interpolate the unknowns at any material point X using
Lagrangian interpolation functions. The direct linear solver Strumpack [59] is used to solve
the Newton update and adjoint problems. Serac exploits AD to compute the necessary
derivatives mentioned above. Hence, our lean implementation requires only defining the
stress tensor in Equation (3), and the integrands in Equations (4), (6) and (9).
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Table 1. Material properties and other parameters for LCE analysis.

Parameter Value

Nematic–isotropic coupling parameter, β 5.75 × 105 [N/m2]
Elastic modulus, E 9.34 × 106 [N/m2]
Poisson’s ratio, ν 0.48

Initial order parameter, S0 0.40
Total actuation time, tmax 1.0

Newton tolerance, ϵR 1.0 × 10−6

The orientation field α is piecewise uniform over the finite elements and the element
angle orientations αi are the design parameters subject to the limits αmin = −90◦ and
αmax = 90◦. This design field is filtered according to Equation (4) using only homogeneous
Neumann boundary conditions to obtain α̃, which is also piecewise uniform over the mesh
(after performing the appropriate projections discussed above). Hence, each element has its
own orientation α̃i. Similarly, the shape parameters ∆X are filtered by solving Equation (4)
with its corresponding energy function to obtain ∆̃X. Lower and upper limits ∆Xmin and
∆Xmax for the shape parameters ∆X and the boundary Γ∆X

D (see Equation (5)) are provided
below per case study.

The nonlinear programming Method of Moving Asymptotes (MMA, [60]) algorithm
is used to solve the optimization problems. In the optimization, convergence is achieved
when the change in value of the cost function for three consecutive iterations is less than
1 × 10−3. The Livermore Design Optimization code LiDO (Version 0.2.0, [61]) is used to
define the design parameterizations, access the optimization solvers, and automatically
traverse the graphs of Figures 2 and 3.

4.1. Lc Orientation Optimization of Soft Gripper

In this first example, we optimize the LC orientation of an LCE soft gripper to obtain a
desired shape change when actuated, cf. the unactuated and actuated configurations in
Figure 4. Using domain symmetry, we assign Ω to the rectangular unactuated configuration
of size L = 50 [mm] by H = 5 [mm], which is clamped over the middle fifth of the left edge.
The order parameter is then decreased to zero to obtain the target actuated configuration
such that the displacement of the bottom edge is u∗

Y(X) = −0.50 X2
1/L · e2.
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Figure 4. Soft gripper LC orientation design: (left ) LCE gripper in both the initially unactuated
(nematic) and actuated (isotropic) states; and (right) design domain and desired deformation.

To obtain this target displacement, we minimize the root mean square discrepancy
between the actuated LCE gripper displacement u along the bottom edge Γτ and the target
displacement u∗

Y over Γτ , i.e.,

min
α

τ =
∫

Γτ

|u − u∗
Y|2dΓ

α1, α2, ..., αnelems ∈ [αmin, αmax],
(23)

Figure 5 shows the evolution of the design, i.e., LC orientation and their unactuated
and actuated configurations at optimization iterations Dit = [1, 5, 15, 30, 50]. As the opti-
mization progresses, the orientation of the LCs changes from an uniform constant field
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of α = 0.0 to a spatially varying field characterized by a positive angle over most of the
upper region, which is approximately reflected over the lower region. Clearly, the opti-
mization produces the desired shape. The optimization converges after 50 iterations, and
the discrepancy τ reduces from its initial normalized value of 1.0 to 0.0015.
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Figure 5. Designs corresponding to optimization iterates Dit = [1, 5, 15, 30, 50] showing LC orientation
(colored horizontal strip), unactuated (light grey) and actuated (dark gray) configurations.

4.2. Shape Optimization of a Leaping LCE Strip

In the second problem, we design a leaping structure via shape optimization, rather
than LC orientation optimization. It uses the same design domain and boundary condi-
tions as the previous example. However, here, the domain contains regions wherein the
LCs orientation is either 90◦ or 0◦, cf. Figure 6, and we seek a bell-curve displacement
u∗

Y(X) = 20.0/(1.0 + e(X1−L/2)2/20.0)) · e2 over Γτ . The initial design assigns h1 = 1.5,
h2 = 2.0, l1 = 5.0, and l2 = 4.5. In the optimization, the shapes of the material interfaces
are optimized; the outer boundary is fixed, i.e., Γ∆X

D = ∂Ω. Additionally, the amount of
material of each phase is also fixed. The optimization problem reads:

min
∆X

τ =
∫

Γτ

|u − u∗
Y|2dΓ

such that g1 =
V⊥
V0
⊥
− 1.0 ≤ 0

∆X1, ∆X2, ..., ∆X2nnodes ∈ [∆Xmin, ∆Xmax].

(24)

The constraint g1 ensures that the volume of the material regions with angles at 90◦, V⊥,
remains the same through the optimization, i.e., V⊥ = V0

⊥, where V0
⊥ is the initial volume of

this region. The lower and upper limits are defined as ∆Xmin = −2.0 and ∆Xmax = +2.0.

(bottom edge)
(target displacement)
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Figure 6. Initial design of leaping structure with two distinct LC orientation regions and its desired
deformation.
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Snapshots of the design at iterates Dit on the left side of Figure 7 show noticeable
shape variations that favor more LC mesogens oriented at 0.0◦ near the center of the
bottom edge, i.e., the bottom region thickens in a nonuniform manner. The shapes of the
top rectangles change independently to further optimize actuation performance, i.e., they
grow near the inflection points of Γτ to aid in generating the desired deformation. The
undeformed and actuated LCE strip configurations for the initial and shape optimized
designs shown on the right side of Figure 7 clearly illustrate that controlled shape changes
of the material interface can generate considerable actuation response. This example
also demonstrates how the optimization can accommodate fabrication constraints, like
restricted LC orientation choices, while still leveraging the design freedom offered by 3D
printing technologies.
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Actuation evolution

Figure 7. (Left) Snapshots of the evolution of leaping structure colored by angle alignment as
described in Figure 6; and (right) their unactuated and actuated configurations in light gray and dark
gray, respectively.

4.3. LC Orientation and Shape Optimization for Energy Absorbing Lattice Structures

In this example, we design an LCE lattice structure, optimizing both its LC orientation
and shape. Unlike the previous example where the domain geometry Ω was fixed and
only the material interfaces were shape optimized, here, the boundary of the lattice morphs
concurrently with the orientation angle throughout the optimization.

We consider the two-dimensional representation of the log pile lattice structure illus-
trated in Figure 8. Only a quarter of the 3 × 3 cell domain with length l = 15 [mm] and
thickness t = 2.0 [mm] is simulated. Rollers along the left and bottom boundaries are ap-
plied to enforce domain symmetry in the analysis; and rollers along all external boundaries
are applied to the shape filter (i.e., ΓX

D in Equation (5)) to limit the shape changes within
a confined subregion in the optimization. The LC orientation and shape optimization
maximizes the energy absorbed by the lattice in the actuated state while maintaining a
constant volume, i.e.,

max
α,∆X

Ψ = min
α,∆X

−Ψ = −
∫

Ω(X)
ψdΩ

such that g1 =
V
V0 − 1.0 ≤ 0

α1, α2, ..., αnelems ∈ [αmin, αmax],

∆X1, ∆X2, ..., ∆X2nnodes ∈ [∆Xmin, ∆Xmax].

(25)
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The strain energy density ψ is defined in Equation (1), V is the volume of the evolving
design, and V0 is the volume of the initial design. Both the LC orientation and shape
design parameters are filtered as explained above. The lower and upper limits of the shape
parameters are ∆Xmin = −1.125, and ∆Xmax = +1.125, respectively.
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Figure 8. A quarter of the 3 × 3 LCE lattice design domain (left) is simulated. The onsets at the center
and right depict the boundary conditions for the analysis for u and shape perturbation for ∆̃X.

We provide designs of selected optimization iterates Dit in Figure 9 to show the con-
current evolution of the LC orientation and domain shape. A relatively uniform connector
thickness is preserved despite not being a restriction of the shape parameterization, and
curved connectors replace the initially straight ones. The LC orientation varies from its
lower to the upper limits across some of the connectors.
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Figure 9. Evolution of lattice structure design. The LC orientation and domain shape are optimized
concurrently.

Figure 10 displays the initial and optimized structures in their unactuated and actuated
states. Note that restricting shape changes to the provided upper and lower limits was
necessary to prevent self contact between the connectors. Certainly, this class of applications
would benefit from including contact in the analysis as discussed in more detail in Section 5.
Nonetheless, this optimization provides an optimal design that can absorb two orders of
magnitude more energy (i.e., Ψ|Dit=100 = 117.1 Ψ|Dit=1) compared to the initial design.
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Unactuated

Actuated

Initial design LC orientation and shape optimized design

Figure 10. Initial (left) and optimized (right) lattice structures in the unactuated and actuated states.

4.4. Actuation-Driven Compliant Mechanism Design Optimization

Designing compliant mechanisms that invert displacement/force with LCE structures
can offer advantages in terms of adaptability, energy absorption, and customization, among
others. In this final example, we optimize the LC orientation and shape of the three-
dimensional structure depicted in Figure 11. A quarter of the design domain is simulated
due to domain symmetry. This geometry is described by l = 15.0 [mm], t = 1.5 [mm],
θ = 55.0◦, and an out-of-plane thickness of 3.0 [mm]. The design problem minimizes the
distance between the surfaces Γs1 and Γs2 (cf. bottom left of Figure 11) while maintaining a
constant volume, i.e.,

min
α,∆X

τ =
∫

Γτs1

|u(X)− u(X + le1)|2dΓ

such that g1 =

( V
V0 − 1.0

)2
≤ 0

α1, α2, ..., αnelems ∈ [αmin, αmax],

∆X1, ∆X2, ..., ∆X3nnodes ∈ [∆Xmin, ∆Xmax].

(26)

The lower and upper limits for the shape changes are ∆Xmin = −1.725, and ∆Xmax = 1.725.
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Figure 11. Compliant mechanism design problem: planes of symmetry in 3D domain (top left),
cross-section (bottom left), and onsets detailing the boundary conditions for the analysis for u (top
right) and shape perturbation for ∆̃X (bottom right).
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A smooth evolution of the design is observed in the plot of Figure 12, which illustrates
iterates in their unactuated states and their LC orientations. The initial and optimized
designs are presented at the bottom of Figure 12. In the optimized design, the top and
bottom legs curve in the Z-direction, while the inclined legs near Γs1 curve in the XY-plane.
In addition, the horizontal leg at the center is tapered inwards. Modest shape changes
are observed in the remaining sections. The LC orientation field aids in the actuation by
defining adjacent regions with drastically different alignments.
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<latexit sha1_base64="lbi0tXGryPZN2LxCa38vgDBpu8U=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0mkqMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB8/tlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6tMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhjZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdV76rq3dcq9bM8jiKcwClcgAfXUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AeFkjNc=</latexit>

10
<latexit sha1_base64="njoYN1AeHHyT/z57IaqyB7qDprM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0mKqMeCF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0UHP75Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5NwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwxs+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtGpV76rq3V9W6md5HEU4gVO4AA+uoQ530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A+LpjNg=</latexit>

20
<latexit sha1_base64="QcU+sEI/kD3Lw8il6/mhqAH3rOs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lU1GPBi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw4XbK1fcqjsDWSZeTiqQo94rf3X7MUsjrpBJakzHcxP0M6pRMMknpW5qeELZiA54x1JFI278bHbphJxapU/CWNtSSGbq74mMRsaMo8B2RhSHZtGbiv95nRTDGz8TKkmRKzZfFKaSYEymb5O+0JyhHFtCmRb2VsKGVFOGNpySDcFbfHmZNM+r3lXVu7+s1E7yOIpwBMdwBh5cQw3uoA4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB+RujNk=</latexit>

30
<latexit sha1_base64="+Q2dbvfZL2c/DHwj/RCVyDRbeZs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0mkqMeCF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0UHP75Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5NwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwxs+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6r3lXVu69V6md5HEU4gVO4AA+uoQ530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A+XzjNo=</latexit>

40
<latexit sha1_base64="MM6CrRRq9hEXh1sfk5+R0HaLEpM=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBqPgKeyKr2PAi8co5gHJEmYns8mQ2dllplcIS/7AiwdFvPpH3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw6XbK1fcqjsDWSZeTiqQo94rf3X7MUsjrpBJakzHcxP0M6pRMMknpW5qeELZiA54x1JFI278bHbphJxapU/CWNtSSGbq74mMRsaMo8B2RhSHZtGbiv95nRTDGz8TKkmRKzZfFKaSYEymb5O+0JyhHFtCmRb2VsKGVFOGNpySDcFbfHmZNM+r3lXVu7+o1E7yOIpwBMdwBh5cQw3uoA4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB+d4jNs=</latexit>

50
<latexit sha1_base64="Ni+7xrZ56f7sODMbbZ416QRYGiY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lEqseCF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0UHP75Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5NwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwxs+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6rXq3q3V9V6md5HEU4gVO4AA+uoQ530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A+j9jNw=</latexit>

60
<latexit sha1_base64="H+VNSDaU7NM1wP/tsJN552j9PGU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lErMeCF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0UHP75Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5NwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwxs+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6r3nXVu7+q1M/yOIpwAqdwAR7UoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A+qCjN0=</latexit>

70
<latexit sha1_base64="o2mldAO8HcVITiyVS0t9j9agqMc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lEtMeCF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0UHP75Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5NwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5qw5mdcJqlByRaLwlQQE5PZ22TAFTIjJpZQpri9lbARVZQZG07JhuAtv7xKWpdV77rq3V9V6md5HEU4gVO4AA9uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A+wHjN4=</latexit>

80

<latexit sha1_base64="a1ifoESjl1UEHYZKy/wJHFencFg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBqPgKeyKr2PAi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSg1u97JUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4Y2fCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJrnVe+q6t1fVGoneRxFOIJjOAMPrqEGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AFSfo0T</latexit>

0.5

<latexit sha1_base64="gVRN7CkDoavfXvhe3kUpGZgCEQY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LFbBU0hE1GPBi8eK1hbaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLK6tr6RnmzsrW9s7tX3T941EmmGDZZIhLVDqlGwSU2DTcC26lCGocCW+HoZuq3nlBpnsgHM04xiOlA8ogzaqx077ter1rzXG8Gskz8gtSgQKNX/er2E5bFKA0TVOuO76UmyKkynAmcVLqZxpSyER1gx1JJY9RBPjt1Qk6t0idRomxJQ2bq74mcxlqP49B2xtQM9aI3Ff/zOpmJroOcyzQzKNl8UZQJYhIy/Zv0uUJmxNgSyhS3txI2pIoyY9Op2BD8xZeXyeO561+6/t1FrX5SxFGGIziGM/DhCupwCw1oAoMBPMMrvDnCeXHenY95a8kpZg7hD5zPH0xwjQ8=</latexit>

1.0

<latexit sha1_base64="JkOz+J2Fm9SjnxWDuPq3KjTWKzo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBqPgKeyKr2PAi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSg1e97JUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4Y2fCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJrnVe+q6t1fVGoneRxFOIJjOAMPrqEGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AFUBI0U</latexit>

1.5

<latexit sha1_base64="uXffzTKJ1CUU/94jvDPMVjKIEZ0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LFbBU0iKqMeCF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz0UHW9Xrniud4cZJX4OalAjnqv/NXtJyyLURomqNYd30tNMKHKcCZwWupmGlPKRnSAHUsljVEHk/mpU3JulT6JEmVLGjJXf09MaKz1OA5tZ0zNUC97M/E/r5OZ6CaYcJlmBiVbLIoyQUxCZn+TPlfIjBhbQpni9lbChlRRZmw6JRuCv/zyKmlWXf/K9e8vK7WzPI4inMApXIAP11CDO6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBN9o0Q</latexit>

2.0

<latexit sha1_base64="gOWcwbXTB5jVKp6BS/go9uBLp/c=">AAACFnicdVDLSgMxFM3UV62vUZdugkWooGVGpLa7ghuXFewDOqXcyaRtaOZBkhHKMF/hxl9x40IRt+LOvzFtR2hFD4QczrmXe+9xI86ksqwvI7eyura+kd8sbG3v7O6Z+wctGcaC0CYJeSg6LkjKWUCbiilOO5Gg4Luctt3x9dRv31MhWRjcqUlEez4MAzZgBJSW+ua5oyAuOW7IPTnx9Zc4wKMRpGd4SSQjlp7ivlm0ytYMeIHUalW7UsV2phRRhkbf/HS8kMQ+DRThIGXXtiLVS0AoRjhNC04saQRkDEPa1TQAn8peMjsrxSda8fAgFPoFCs/UxY4EfDndT1f6oEbytzcV//K6sRpUewkLoljRgMwHDWKOVYinGWGPCUoUn2gCRDC9KyYjEECUTrKgQ/i5FP9PWhdlu1K2by+L9VIWRx4doWNUQja6QnV0gxqoiQh6QE/oBb0aj8az8Wa8z0tzRtZziJZgfHwDLBqf7Q==</latexit>

⌧(↵,�)

<latexit sha1_base64="fvueWucHd8UTa6rYdCtXEzK5mkI=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0XoqiQi6rKgC5cV7APaECbTSTt0MgkzN4US8iduXCji1j9x5984abPQ1gMDh3Pu5Z45QSK4Bsf5tiobm1vbO9Xd2t7+weGRfXzS1XGqKOvQWMSqHxDNBJesAxwE6yeKkSgQrBdM7wq/N2NK81g+wTxhXkTGkoecEjCSb9vDiMCEEpHd537GIfftutN0FsDrxC1JHZVo+/bXcBTTNGISqCBaD1wnAS8jCjgVLK8NU80SQqdkzAaGShIx7WWL5Dm+MMoIh7EyTwJeqL83MhJpPY8CM1nk1KteIf7nDVIIb72MyyQFJunyUJgKDDEuasAjrhgFMTeEUMVNVkwnRBEKpqyaKcFd/fI66V423eum+3hVbzXKOqroDJ2jBnLRDWqhB9RGHUTRDD2jV/RmZdaL9W59LEcrVrlziv7A+vwBEUuT3Q==</latexit>Dit

<latexit sha1_base64="+6Z0O/xpbBwdIbcbULY4OxDmUZE=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoCGWmiLosuHFZwT6gM5RMJm1DM8mQZIQyzEe48VfcuFDErQt3/o2Zdha19UDI4Zx7ufeeIGZUacf5sUpr6xubW+Xtys7u3v6BfXjUUSKRmLSxYEL2AqQIo5y0NdWM9GJJUBQw0g0mt7nffSRSUcEf9DQmfoRGnA4pRtpIA/vCCwQL1TQyX+ppykKSeojFY5RltUWvl50P7KpTd2aAq8QtSBUUaA3sby8UOIkI15ghpfquE2s/RVJTzEhW8RJFYoQnaET6hnIUEeWns6MyeGaUEA6FNI9rOFMXO1IUqXw3UxkhPVbLXi7+5/UTPbzxU8rjRBOO54OGCYNawDwhGFJJsGZTQxCW1OwK8RhJhLXJsWJCcJdPXiWdRt29qrv3l9Vmo4ijDE7AKagBF1yDJrgDLdAGGDyBF/AG3q1n69X6sD7npSWr6DkGf2B9/QLD6Z/W</latexit>

↵̃(X)

<latexit sha1_base64="D8/xWaQivMpjTXoztPzOc1F/t3g=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSJ4cdkt1XosePFYwX5Au5Zsmm1Ds8mSZIWy9Gd48aCIV3+NN/+NabsHbX0w8Hhvhpl5YcKZNp737aytb2xubRd2irt7+weHpaPjlpapIrRJJJeqE2JNORO0aZjhtJMoiuOQ03Y4vp357SeqNJPiwUwSGsR4KFjECDZW6l7Wqu7VY48wRfqlsud6c6BV4uekDDka/dJXbyBJGlNhCMdad30vMUGGlWGE02mxl2qaYDLGQ9q1VOCY6iCbnzxF51YZoEgqW8Kgufp7IsOx1pM4tJ0xNiO97M3E/7xuaqKbIGMiSQ0VZLEoSjkyEs3+RwOmKDF8YgkmitlbERlhhYmxKRVtCP7yy6ukVXH9a9e/r5brlTyOApzCGVyADzWowx00oAkEJDzDK7w5xnlx3p2PReuak8+cwB84nz+6+ZA0</latexit>�74.5�

<latexit sha1_base64="GVk8nWEz5zNhRSgvS2p05D2sSbE=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbB07JbpXosePFYwX5gu5Zsmm1Ds8mSZIWy9F948aCIV/+NN/+NabsHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc38z89hNVmklxbyYJDWI8FCxiBBsrPdQuXP+xR5gi/XLFc7050Crxc1KBHI1++as3kCSNqTCEY627vpeYIMPKMMLptNRLNU0wGeMh7VoqcEx1kM0vnqIzqwxQJJUtYdBc/T2R4VjrSRzazhibkV72ZuJ/Xjc10XWQMZGkhgqyWBSlHBmJZu+jAVOUGD6xBBPF7K2IjLDCxNiQSjYEf/nlVdKqun7N9e8uK/VqHkcRTuAUzsGHK6jDLTSgCQQEPMMrvDnaeXHenY9Fa8HJZ47hD5zPH0bMj/c=</latexit>

63.1�

<latexit sha1_base64="HzyGOTh7ilDDAU1Zrla54EF+gHU=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx48ZiAeUiyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LejBP0IzqQPOSMGivVH3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVeWyflGuunkcBTiGEzgDD66hCndQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDtROM1Q==</latexit>

Y
<latexit sha1_base64="+HxUyTIg/+uk51uQhGzueFSj0LQ=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU6PTLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGtn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS96+pV47JSc/M4inACp3AOHtxADe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDs4+M1A==</latexit>

X
<latexit sha1_base64="RkA97UQ2YXE+FScu6r3J8Y12U/w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6V1WvcVmpuXkcRTiBUzgHD66hBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBtU+M0g==</latexit>

Z
LC orientation and 

shape optimized designInitial design

<latexit sha1_base64="PxcFT4uiJUe4caXC3BLnmROp3ho=">AAACGnicdVDJSgNBEO2JW4xb1KOXxiBEkDAjEpNbQA8eI5gFMiHUdDpJk56F7hohDPkOL/6KFw+KeBMv/o2dRUhEHzT9eK+KqnpeJIVG2/6yUiura+sb6c3M1vbO7l52/6Cuw1gxXmOhDFXTA82lCHgNBUrejBQH35O84Q2vJn7jnistwuAORxFv+9APRE8wQCN1so6LEOddL5RdPfLNl7ggowGMz+iSeM0lAm2OT2knm7ML9hR0gZTLJadYos5cyZE5qp3sh9sNWezzAJkErVuOHWE7AYWCST7OuLHmEbAh9HnL0AB8rtvJ9LQxPTFKl/ZCZV6AdKoudiTg68mOptIHHOjf3kT8y2vF2Cu1ExFEMfKAzQb1YkkxpJOcaFcozlCODAGmhNmVsgEoYGjSzJgQfi6l/5P6ecEpFoq3F7lKfh5HmhyRY5InDrkkFXJDqqRGGHkgT+SFvFqP1rP1Zr3PSlPWvOeQLMH6/AbUoaFI</latexit>
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Figure 12. Evolution of the objective and constraint for the compliant mechanism design problem.

The actuated design configurations of Figure 13 clearly demonstrate the enhanced
performance of the LC orientation and shape optimized design. Note that this is also
the case when compared to an LC orientation-only optimized design, i.e., without shape
optimization. The normalized distance measure of the LC orientation-only design is
τ = 0.486; it reduces to τ = 0.381 for the combined LC orientation and shape design. This
final example underscores the superior performance by expanding the design space to
include both LC orientation and shape (∼22% reduction in distance between the surfaces
Γs1 and Γs2) instead of only optimizing the LC orientation (∼10% reduction). Furthermore,
it highlights our optimization framework’s capacity to effectively solve such problems.
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Figure 13. Unactuated and actuated states for initial (left), LC orientation and shape optimal (center),
and LC orientation only optimal (right) designs.
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5. Discussion and Future Work

The gradient-based optimization for active LCE (and similar active material) struc-
tures is a multidisciplinary challenge. Indeed, the case studies presented above cover
a range of representative applications but represent only a fraction of them. To effec-
tively solve computational design optimization problems with more complex geometries,
more pronounced actuations, and more intricate optimization formulations, the following
should be considered regarding the material model, simulation, sensitivity analysis, and
optimization methodology.

• The constitutive model selection can be a difficult task for the simulation of LCEs,
and responsive materials in general. Advanced applications such as controlled loco-
motion [1,3] require intricate material models (e.g., mutiscale modeling [52,62,63]) to
accurately predict the LCE motion. These may require heat transfer simulations to
design thermally actuated LCEs, for example. Furthermore, given the diverse stim-
uli that LCEs respond to, the constitutive model employed must accurately capture
their multi-stimuli response in optimization scenarios where designs are influenced
by more than one stimulus. Other physical phenomena such as rate effects may
also need to be considered, e.g., high strain rate compression/impact. Fortunately,
emerging AI-based trends can ease some of this burden. For example, machine
learning can help characterize LCE materials and provide more accurate constitutive
models [64]. Progress has been made in physics-informed neural networks (PINNs)
for hyperelastic materials [65,66], and strategies to generate models that obey the
laws of physics are being explored under the umbrella of constitutive artificial neural
networks (CANNs, [67,68]). Once open questions regarding data quality and diversity
for multi-physics responses are resolved, future developments could integrate classical
physics-based methods with the mentioned emerging machine learning methods to
more accurately simulate these complex materials.

• Simulation challenges associated with the robust numerical analysis of complex ge-
ometries, nontrivial time-dependent boundary and interface conditions, including
contact, and parameterized material properties and shapes, need to be addressed.
Appropriate linear and nonlinear solvers, and preconditioning strategies must be
selected as well as stabilization terms added to avoid undesirable pathologies, e.g.,
spurious oscillations, and locking [69,70]. Existing literature directed towards this
issue for LCEs or similar responsive structures is lacking, except in the context of
simplified benchmarks [52].

• Implementing adjoint sensitivity analysis that can accommodate the dynamic nature
of advanced systems (e.g., controlled actuation in time of an LCE structure) introduces
another challenge, notably efficient check-pointing schemes [71]. Three-dimensional
design applications characterized by extensive arrays of design parameters call for
approaches that transcend rudimentary high-level programming or reliance on com-
mercial software [72]. Implementations must use alternative HPC simulation and
design libraries and AD tools to solve more complex engineering problems.

• Alternative shape optimization methodologies using the level set method (LSM, [73–75])
allow for topological changes and thus, potentially generate better performing de-
signs. The increased design freedom of LSMs is also favorable for designing systems
for which a suitable initial design is unknown, or organic geometries are expected
(e.g., biomimicry engineering). For LCE structures, the more flexible parameteriza-
tion offered by LSMs can accommodate additional manufacturing constraints such
as aligning the LC fibers with the printing direction. However, considerable addi-
tional effort both in the analysis and optimization is needed to guarantee a robust
framework [76–78].

6. Conclusions

We propose a gradient-based framework to optimize the liquid crystal orientation and
shape of liquid crystal elastomer structures. To simulate the structure motion when it is
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exposed to external stimuli, we combined nonlinear kinematics material and models with
a quasi static finite element analysis. A well-posed optimization problem is formulated by
using an energy filter to eliminate highly oscillatory design fields. We presented the neces-
sary sensitivity analyses and designed two- and three-dimensional structures to achieve
the desired target shape changes and maximal strain energy. Optimal designs performing
between one to two orders of magnitude better than the initial designs were obtained
when using combined liquid crystal orientation and shape optimization. Finally, we have
provided a discussion summarizing the challenges encountered, as well as considerations
for advanced applications and future work.
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